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1 Filters and Ultrafilters

theory Free-Ultrafilter
imports HOL— Library. Infinite-Set
begin

1.1 Definitions and basic properties

1.1.1 Ultrafilters

locale ultrafilter =

fixes F' :: 'a filter

assumes proper: F # bot

assumes ultra: eventually P F V eventually (Az. - P z) F
begin

lemma eventually-imp-frequently: frequently P F = eventually P F
using ultralof P] by (simp add: frequently-def)

lemma frequently-eq-eventually: frequently P F = eventually P F
using eventually-imp-frequently eventually-frequently] OF proper] ..

lemma eventually-disj-iff: eventually (Ax. Pz V Q z) F <— eventually P F V
eventually Q F
unfolding frequently-eg-eventually[symmetric] frequently-disj-iff ..

lemma eventually-all-iff: eventually (A\z. Vy. Pz y) F = (VY. eventually (Az. P
v (Y 2)) F)
using frequently-all[of P F| by (simp add: frequently-eq-eventually)

lemma eventually-imp-iff: eventually (\x. Pz — @ z) F <— (eventually P F
— eventually Q F)
using frequently-imp-iff[of P Q F] by (simp add: frequently-eq-eventually)

lemma cventually-iff-iff: eventually (A\x. P x +— Q z) F <— (eventually P F
«—— eventually Q F)

unfolding iff-conv-conj-imp eventually-conj-iff eventually-imp-iff by simp

lemma eventually-not-iff: eventually (Az. = P x) F +— — eventually P F
unfolding not-eventually frequently-eq-eventually ..

end

1.2 Maximal filter = Ultrafilter

A filter F is an ultrafilter iff it is a maximal filter, i.e. whenever G is a filter
and F C G then F = G

Lemma that shows existence of an extension to what was assumed to be a
maximal filter. Will be used to derive contradiction in proof of property of
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ultrafilter.

lemma extend-filter: frequently P F' —> inf F' (principal {z. P x}) # bot
by (simp add: trivial-limit-def eventually-inf-principal not-eventually)

lemma maz-filter-ultrafilter:
assumes F' # bot
assumes maz: NG. G # bot = G < F = F = (G
shows ultrafilter F
proof
show eventually PF V (Vpz in F. -~ P z) for P
proof (rule disjCI)
assume - (Vpz in F. = P 1)
then have inf F (principal {z. P x}) # bot
by (simp add: not-eventually extend-filter)
then have F: F = inf F (principal {z. P z})
by (rule max) simp
show eventually P F
by (subst F) (simp add: eventually-inf-principal)
qed
qed fact

lemma le-filter-frequently: F < G <— (V P. frequently P F — frequently P G)
unfolding frequently-def le-filter-def
apply auto
apply (erule-tac t=Az. = P z in allF)
apply auto
done

lemma (in ultrafilter) maz-filter:
assumes G: G # bot
and sub: G < F
shows F = G
proof (rule antisym)
show F < G
using sub
by (auto simp: le-filter-frequentlylof F| frequently-eq-eventually le-filter-def|of
G|
intro!: eventually-frequently G proper)
qed fact

1.3 Ultrafilter Theorem

lemma ex-maz-ultrafilter:
fixes F' :: 'a filter
assumes F: F # bot
shows F U<F. ultrafilter U
proof —
let ?X ={G. G # bot N G < F}
let R ={(b,a). a£bot Na<bAb<F}
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have bot-notin-R: ¢ € Chains R = bot ¢ c for ¢
by (auto simp: Chains-def)

have [simp]: Field ?R = ?X
by (auto simp: Field-def bot-unique)

have I3meField ?R. ¥V acField ?R. (m, a) € R — a = m (is 3me?A. ?B m)
proof (rule Zorns-po-lemma)
show Partial-order ?R
by (auto simp: partial-order-on-def preorder-on-def
antisym-def refl-on-def trans-def Field-def bot-unique)
show JueField ?R. VacC. (a, u) € ?R if C: C € Chains ?R for C
proof (simp, intro exl conjl balll)
have Inf-C: Inf C # bot Inf C < F if C # {}
proof —
from C that have Inf C' = bot «— (Jz€C. z = bot)
unfolding trivial-limit-def by (intro eventually-Inf-base) (auto simp:
Chains-def)
with C show Inf C # bot
by (simp add: bot-notin-R)
from that obtain x where z € C by auto
with C show Inf C < F
by (auto intro!: Inf-lower2[of z] simp: Chains-def)
qed
then have [simp]: inf F (Inf C) = (if C = {} then F else Inf C)
using C by (auto simp add: inf-absorb2)
from C show inf F' (Inf C') # bot
by (simp add: F Inf-C)
from C show inf F' (Inf C) < F
by (simp add: Chains-def Inf-C F)
with C show inf F (Inf C) < zz < Fif z € C for x
using that by (auto intro: Inf-lower simp: Chains-def)
qed
qed
then obtain U where U: U € ?A ?B U ..
show ?thesis
proof
from U show U < F A ultrafilter U
by (auto introl: max-filter-ultrafilter)
qed
qged

1.3.1 Free Ultrafilters

There exists a free ultrafilter on any infinite set.

locale freeultrafilter = ultrafilter +
assumes infinite: eventually P F = infinite {z. P z}
begin
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lemma finite: finite {z. P 2} = — eventually P F
by (erule contrapos-pn) (erule infinite)

lemma finite”: finite {x. - P £} = eventually P F
by (drule finite) (simp add: not-eventually frequently-eq-eventually)

lemma le-cofinite: F < cofinite
by (intro filter-lel)
(auto simp add: eventually-cofinite not-eventually frequently-eq-eventually dest!:

finite)

lemma singleton: — eventually (Az. z = a) F
by (rule finite) simp

lemma singleton”: — eventually ((=) a) F
by (rule finite) simp

lemma ultrafilter: ultrafilter F ..
end

lemma freeultrafilter- Ex:
assumes [simp]: infinite (UNIV :: 'a set)
shows 3 U::’a filter. freeultrafilter U
proof —
from ez-max-ultrafilter[of cofinite :: a filter]
obtain U : 'a filter where U < cofinite ultrafilter U
by auto
interpret ultrafilter U by fact
have freeultrafilter U
proof
fix P
assume eventually P U
with proper have frequently P U
by (rule eventually-frequently)
then have frequently P cofinite
using «U < cofinite) by (simp add: le-filter-frequently)
then show infinite {z. P z}
by (simp add: frequently-cofinite)
qed
then show ?thesis ..
qed

end

2 Construction of Star Types Using Ultrafilters

theory StarDef
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imports Free-Ultrafilter
begin

2.1 A Free Ultrafilter over the Naturals

definition FreeUltrafilterNat :: nat filter (WU»)
where U = (SOME U. freeultrafilter U)

lemma freeultrafilter-FreeUltrafilterNat: freeultrafilter U
unfolding FreeUltrafilter Nat-def
by (simp add: freeultrafilter-Ex somel-ex)

interpretation FreeUltrafilterNat: freeultrafilter U
by (rule freeultrafilter-Free Ultrafilter Nat)

2.2 Definition of star type constructor

definition starrel :: ((nat = 'a) x (nat = 'a)) set
where starrel = {(X, Y). eventually (An. X n = Y n) U}

definition star = (UNIV :: (nat = 'a) set) // starrel

typedef ‘a star = star :: (nat = 'a) set set
by (auto simp: star-def intro: quotientl)

definition star-n :: (nat = ’a) = 'a star
where star-n X = Abs-star (starrel < {X?})

theorem star-cases [case-names star-n, cases type: star]:
obtains X where z = star-n X
by (cases x) (auto simp: star-n-def star-def elim: quotientE)

lemma all-star-eq: (Vz. P z) +— (VX. P (star-n X))
by (metis star-cases)

lemma ex-star-eq: (3z. P z) «— (3 X. P (star-n X))
by (metis star-cases)

Proving that starrel is an equivalence relation.

lemma starrel-iff [iff]: (X, Y) € starrel «— eventually (An. X n =Y n) U
by (simp add: starrel-def)

lemma equiv-starrel: equiv UNIV starrel
proof (rule equivl)

show refl starrel by (simp add: refl-on-def)

show sym starrel by (simp add: sym-def eq-commute)

show trans starrel by (intro transl) (auto elim: eventually-elim2)
qed

11
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lemmas equiv-starrel-iff = eg-equiv-class-iff [OF equiv-starrel UNIV-I UNIV-I]

lemma starrel-in-star: starrel*{z} € star
by (simp add: star-def quotientl)

lemma star-n-eq-iff: star-n X = star-n Y «— eventually (An. X n =Y n) U
by (simp add: star-n-def Abs-star-inject starrel-in-star equiv-starrel-iff)

2.3 Transfer principle

This introduction rule starts each transfer proof.

lemma transfer-start: P = eventually (An. Q) U = Trueprop P = Trueprop Q
by (simp add: FreeUltrafilterNat.proper)

Standard principles that play a central role in the transfer tactic.
definition Ifun :: (‘a = 'b) star = 'a star = 'b star (<(- x/ -)» [300, 301] 300)
where Ifun f =
Az. Abs-star (\J F€Rep-star f. |J X€Rep-star ©. starrel*{An. F'n (X n)})

lemma Ifun-congruent2: congruent2 starrel starrel (AF X. starrel*{An. F n (X

n)})

by (auto simp add: congruent2-def equiv-starrel-iff elim!: eventually-rev-mp)

lemma Ifun-star-n: star-n F x star-n X = star-n (An. F n (X n))
by (simp add: Ifun-def star-n-def Abs-star-inverse starrel-in-star
UN-equiv-class2 [OF equiv-starrel equiv-starrel Ifun-congruent2])

lemma transfer-Ifun: f = star-n F — z = star-n X = f x & = star-n (An. F
n (X n))
by (simp only: Ifun-star-n)

definition star-of :: 'a = ’a star
where star-of © = star-n (An. x)

Initialize transfer tactic.

ML-file <transfer-principle. ML»

method-setup transfer =

CAttrib.thms >> (fn ths => fn ctzt => SIMPLE-METHOD' ( Transfer-Principle.transfer-tac
ctxt ths))

transfer principle

Transfer introduction rules.

lemma transfer-ex [transfer-intro):
(AX. p (star-n X) = eventually (An. Pn (X n)) U) =
Jx::’a star. p x = eventually (An. 3z. Pnx) U
by (simp only: ex-star-eq eventually-ex)
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lemma transfer-all [transfer-intro]:
(AX. p (star-n X) = eventually (An. Pn (X n)) U) =
V::'a star. p x = eventually (An. V. Pnxz) U
by (simp only: all-star-eq FreeUltrafilter Nat.eventually-all-iff)

lemma transfer-not [transfer-introl: p = eventually PU = — p = eventually (An.
- Pn)U
by (simp only: FreeUltrafilterNat.eventually-not-iff)

lemma transfer-conj [transfer-intro):

p = eventually P U = q = eventually Q U = p N\ q¢ = eventually (An. P n A
Qn)U

by (simp only: eventually-conj-iff)

lemma transfer-disj [transfer-intro):

p = eventually P U = q = eventually Q U = p V q = eventually (An. P n V
Qn)U

by (simp only: FreeUltrafilterNat.eventually-disj-iff)

lemma transfer-imp [transfer-introl:

p = eventually PU = q = eventually QU = p — q = eventually (An. P n
— Qn)U

by (simp only: FreeUltrafilterNat.eventually-imp-iff)

lemma transfer-iff [transfer-intro):

p = eventually P U = q = eventually Q U = p = q = eventually (An. P n =
Qn) U

by (simp only: FreeUltrafilter Nat.eventually-iff-iff)

lemma transfer-if-bool [transfer-intro):
p = eventually P U = z = eventually X U = y = eventually Y U =
(if p then z else y) = eventually (An. if P n then X n else Y n) U
by (simp only: if-bool-eq-conj transfer-conj transfer-imp transfer-not)

lemma transfer-eq [transfer-introl:
z = star-n X = y = star-n Y = z =y = eventually (An. Xn=Yn)U
by (simp only: star-n-eq-iff)

lemma transfer-if [transfer-intro]:
p = eventually (An. P n) U = z = star-n X = y = star-n ¥ =
(if p then z else y) = star-n (An. if P n then X n else Y n)
by (rule eg-reflection) (auto simp: star-n-eq-iff transfer-not elim!: eventually-mono)

lemma transfer-fun-eq [transfer-introl:
(AX. [ (star-n X) = g (star-n X) = eventually (An. Fn (X n) = Gn (X n))
U) =
f =g = eventually (An. Fn=Gn)U
by (simp only: fun-eq-iff transfer-all)



THEORY “StarDef” 14

lemma transfer-star-n [transfer-intro): star-n X = star-n (An. X n)
by (rule reflexive)

lemma transfer-bool [transfer-intro|: p = eventually (An. p) U
by (simp add: FreeUltrafilterNat.proper)

2.4 Standard elements

definition Standard :: 'a star set
where Standard = range star-of

Transfer tactic should remove occurrences of star-of.
setup < Transfer-Principle.add-const const-name (star-of»

lemma star-of-inject: star-of x = star-of y +— z =y
by transfer (rule refl)

lemma Standard-star-of [simp]: star-of © € Standard
by (simp add: Standard-def)

2.5 Internal functions

Transfer tactic should remove occurrences of Ifun.
setup < Transfer-Principle.add-const const-name <Ifuny»

lemma Ifun-star-of [simp]: star-of f * star-of x = star-of (f z)
by transfer (rule refl)

lemma Standard-Ifun [simp]: f € Standard = z € Standard = f * = € Standard
by (auto simp add: Standard-def)

Nonstandard extensions of functions.

definition starfun :: (Ya = 'b) = 'a star = b star (¢xfx -» [80] 80)
where starfun f = Ax. star-of f * x

definition starfun2 :: ('a = 'b = '¢) = 'a star = 'b star = 'c star (xf2% -
180] 80)
where starfun2 f = Az y. star-of f x x x y

declare starfun-def [transfer-unfold)
declare starfun2-def [transfer-unfold)

lemma starfun-star-n: ( xf* f) (star-n X) = star-n (An. f (X n))
by (simp only: starfun-def star-of-def Ifun-star-n)

lemma starfun2-star-n: ( xf2x f) (star-n X) (star-n Y) = star-n (An. f (X n) (Y
n))

by (simp only: starfun2-def star-of-def Ifun-star-n)
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lemma starfun-star-of [simp]: ( *fx* f) (star-of x) = star-of (f z)
by transfer (rule refl)

lemma starfun2-star-of [simp]: ( *f2x f) (star-of ) = *f* fz
by transfer (rule refl)

lemma Standard-starfun [simp]: x € Standard = starfun f z € Standard
by (simp add: starfun-def)

lemma Standard-starfun? [simp]: x € Standard = y € Standard = starfun2 f
z y € Standard
by (simp add: starfun2-def)

lemma Standard-starfun-iff:
assumes inj: Az y. fr=fy=—=z=y
shows starfun fx € Standard <+— z € Standard
proof
assume z € Standard
then show starfun fx € Standard by simp
next
from inj have inj: Az y. starfun fz = starfun fy = x =y
by transfer
assume starfun fz € Standard
then obtain b where b: starfun f x = star-of b
unfolding Standard-def ..
then have Jz. starfun f x = star-of b ..
then have da. f a = b by transfer
then obtain a« where fa = b ..
then have starfun f (star-of a) = star-of b by transfer
with b have starfun f z = starfun [ (star-of a) by simp
then have z = star-of a by (rule inj’)
then show z € Standard by (simp add: Standard-def)
qed

lemma Standard-starfun2-iff:
assumes inj: Aaba' b fab=fa' b= a=a"Ab=1"V’
shows starfun2 f x y € Standard <— x € Standard N y € Standard
proof
assume z € Standard A y € Standard
then show starfun?2 f x y € Standard by simp
next
have inj: Az y z w. starfun2 fzy = starfun2 fzw =2z =2 ANy =w
using inj by transfer
assume starfun?2 f x y € Standard
then obtain ¢ where c: starfun2 f x y = star-of ¢
unfolding Standard-def ..
then have Jz y. starfun2 f z y = star-of ¢ by auto
then have Ja b. fa b = ¢ by transfer
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then obtain a b where fa b = ¢ by auto

then have starfun2 f (star-of a) (star-of b) = star-of ¢ by transfer

with ¢ have starfun2 f z y = starfun2 f (star-of a) (star-of b) by simp

then have z = star-of a A y = star-of b by (rule inj’)

then show z € Standard A y € Standard by (simp add: Standard-def)
qed

2.6 Internal predicates

definition unstar :: bool star = bool
where unstar b +— b = star-of True

lemma unstar-star-n: unstar (star-n P) <— eventually P U
by (simp add: unstar-def star-of-def star-n-eq-iff)

lemma unstar-star-of [simp|: unstar (star-of p) = p
by (simp add: unstar-def star-of-inject)

Transfer tactic should remove occurrences of unstar.

setup < Transfer-Principle.add-const const-name <unstary»

lemma transfer-unstar [transfer-introl: p = star-n P = unstar p = eventually P
U

by (simp only: unstar-star-n)

definition starP :: (‘a = bool) = 'a star = bool (¢xpx -» [80] 80)
where xpx P = (A\z. unstar (star-of P x x))

definition starP2 :: (‘a = 'b = bool) = 'a star = 'b star = bool (<xp2x -» [80]
80)
where xp2x P = (Az y. unstar (star-of P x x x y))

declare starP-def [transfer-unfold]
declare starP2-def [transfer-unfold]

lemma starP-star-n: ( xpx P) (star-n X) = eventually (An. P (X n)) U
by (simp only: starP-def star-of-def Ifun-star-n unstar-star-n)

lemma starP2-star-n: ( xp2% P) (star-n X) (star-n Y) = (eventually (An. P (X
n) (Y n)) U)
by (simp only: starP2-def star-of-def Ifun-star-n unstar-star-n)

lemma starP-star-of [simpl: ( *p*x P) (star-of ) = Pz
by transfer (rule refl)

lemma starP2-star-of [simp]: ( *p2x P) (star-of x) = *px P x
by transfer (rule refl)
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2.7 Internal sets

definition Iset :: 'a set star = 'a star set
where Iset A = {z. ( *p2x (€)) z A}

lemma Iset-star-n: (star-n X € Iset (star-n A)) = (eventually (An. X n € A n)
u)
by (simp add: Iset-def starP2-star-n)

Transfer tactic should remove occurrences of Iset.

setup «Transfer-Principle.add-const const-name <Iset»»

lemma transfer-mem [transfer-introl:

z = star-n X = a = Iset (star-n A) = z € a = eventually (An. X n € A n)
U

by (simp only: Iset-star-n)

lemma transfer-Collect [transfer-introl:
(AX. p (star-n X) = eventually (An. P n (X n)) U) =
Collect p = Iset (star-n (An. Collect (P n)))
by (simp add: atomize-eq set-eq-iff all-star-eq Iset-star-n)

lemma transfer-set-eq [transfer-intro:

a = Iset (star-n A) = b = Iset (star-n B) = a = b = eventually (An. A n =
Bn)U

by (simp only: set-eq-iff transfer-all transfer-iff transfer-mem)

lemma transfer-ball [transfer-intro]:
a = Iset (star-n A) = (AX. p (star-n X) = eventually (An. Pn (X n)) U) =
Vazca. p x = eventually (An. Vz€A n. Pnx) U
by (simp only: Ball-def transfer-all transfer-imp transfer-mem)

lemma transfer-bex [transfer-introl:
a = Iset (star-n A) = (AX. p (star-n X) = eventually (An. Pn (X n)) U) =
dz€a. p x = eventually (An. 3z€A n. Pnz)U
by (simp only: Bex-def transfer-ex transfer-conj transfer-mem)

lemma transfer-Iset [transfer-intro|: a = star-n A = Iset a = Iset (star-n (An.
A n))

by simp
Nonstandard extensions of sets.

definition starset :: ‘a set = 'a star set («xsx -» [80] 80)
where starset A = Iset (star-of A)

declare starset-def [transfer-unfold]

lemma starset-mem: star-of x € xsx A «— z € A
by transfer (rule refl)
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lemma starset-UNIV: xsx (UNIV::'a set) = (UNIV::'a star set)
by (transfer UNIV-def) (rule refl)

lemma starset-empty: xsx {} = {}
by (transfer empty-def) (rule refl)

lemma starset-insert: xsx (insert x A) = insert (star-of z) ( xsx A)
by (transfer insert-def Un-def) (rule refl)

lemma starset-Un: xsx (A U B) = xsx A U *sx B
by (transfer Un-def) (rule refl)

lemma starset-Int: xsx (A N B) = xsx A N xsx B
by (transfer Int-def) (rule refl)

lemma starset-Compl: xsx —A = —( xsx A)
by (transfer Compl-eq) (rule refl)

lemma starset-diff: xsx (A — B) = xsx A — xsx B
by (transfer set-diff-eq) (rule refl)

lemma starset-image: xsx (f * A) = ( xfx f) ( xsx A)
by (transfer image-def) (rule refl)

lemma starset-vimage: xsx (f —°A) = ( xf* f) —¢( xsx A)
by (transfer vimage-def) (rule refl)

lemma starset-subset: ( xsx A C xsx B) «— A C B
by (transfer subset-eq) (rule refl)

lemma starset-eq: ( xsx A = xsx B) +— A =B
by transfer (rule refl)

lemmas starset-simps [simp] =
starset-mem starset-UNITV
starset-empty  starset-insert
starset-Un starset-Int
starset-Compl  starset-diff
starset-image starset-vimage
starset-subset starset-eq

2.8 Syntactic classes

instantiation star :: (zero) zero

begin
definition star-zero-def: 0 = star-of 0
instance ..

end

18
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instantiation star :: (one) one

begin
definition star-one-def: 1 = star-of 1
instance ..

end

instantiation star :: (plus) plus

begin
definition star-add-def: (+) = *f2x* (+)
instance ..

end

instantiation star :: (times) times

begin
definition star-mult-def: ((x)) = *f2% ((x))
instance ..

end

instantiation star :: (uminus) uminus

begin
definition star-minus-def: uminus = *f* uminus
instance ..

end

instantiation star :: (minus) minus
begin
definition star-diff-def: (=) = %f2x (=)
instance ..
end

instantiation star :: (abs) abs

begin
definition star-abs-def: abs = xfx abs
instance ..

end

instantiation star :: (sgn) sgn

begin
definition star-sgn-def: sgn = xf* sgn
instance ..

end

instantiation star :: (divide) divide

begin
definition star-divide-def: divide = xf2x divide
instance ..

end

instantiation star :: (inverse) inverse
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begin
definition star-inverse-def: inverse = xfx inverse
instance ..

end

instance star :: (Rings.dvd) Rings.dvd ..

instantiation star :: (modulo) modulo

begin
definition star-mod-def: (mod) = *f2x (mod)
instance ..

end

instantiation star :: (ord) ord

begin
definition star-le-def: (<) = *p2x (<)
definition star-less-def: (<) = *p2x (<)
instance ..

end

lemmas star-class-defs [transfer-unfold] =
star-zero-def — star-one-def
star-add-def star-diff-def  star-minus-def
star-mult-def  star-divide-def  star-inverse-def
star-le-def star-less-def  star-abs-def star-sgn-def
star-mod-def

Class operations preserve standard elements.
lemma Standard-zero: 0 € Standard

by (simp add: star-zero-def)

lemma Standard-one: 1 € Standard
by (simp add: star-one-def)

lemma Standard-add: x € Standard — y € Standard — x + y € Standard
by (simp add: star-add-def)

lemma Standard-diff: © € Standard = y € Standard = = — y € Standard
by (simp add: star-diff-def)

lemma Standard-minus: v € Standard —> — = € Standard
by (simp add: star-minus-def)

lemma Standard-mult: x € Standard = y € Standard = x * y € Standard
by (simp add: star-mult-def)

lemma Standard-divide: x € Standard — y € Standard = z / y € Standard
by (simp add: star-divide-def)
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lemma Standard-inverse: x € Standard —> inverse x € Standard
by (simp add: star-inverse-def)

lemma Standard-abs: x € Standard = |z| € Standard
by (simp add: star-abs-def)

lemma Standard-mod: x € Standard —> y € Standard = = mod y € Standard
by (simp add: star-mod-def)

lemmas Standard-simps [simp] =

Standard-zero Standard-one

Standard-add  Standard-diff — Standard-minus
Standard-mult Standard-divide Standard-inverse
Standard-abs  Standard-mod

star-of preserves class operations.
lemma star-of-add: star-of (¢ + y) = star-of x + star-of y
by transfer (rule refl)

lemma star-of-diff: star-of (x — y) = star-of x — star-of y
by transfer (rule refl)

lemma star-of-minus: star-of (—z) = — star-of «
by transfer (rule refl)

lemma star-of-mult: star-of (z * y) = star-of x * star-of y
by transfer (rule refl)

lemma star-of-divide: star-of (x /| y) = star-of © / star-of y
by transfer (rule refl)

lemma star-of-inverse: star-of (inverse x) = inverse (star-of x)
by transfer (rule refl)

lemma star-of-mod: star-of (x mod y) = star-of x mod star-of y
by transfer (rule refl)

lemma star-of-abs: star-of |z| = |star-of x|
by transfer (rule refl)

star-of preserves numerals.

lemma star-of-zero: star-of 0 = 0

by transfer (rule refl)

lemma star-of-one: star-of 1 = 1
by transfer (rule refl)

star-of preserves orderings.

lemma star-of-less: (star-of © < star-of y) = (z < y)
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by transfer (rule refl)

lemma star-of-le: (star-of © < star-of y) = (z < y)
by transfer (rule refl)

lemma star-of-eq: (star-of © = star-of y) = (z = y)
by transfer (rule refl)

As above, for 0.

lemmas star-of-0-less = star-of-less [of 0, simplified star-of-zero)
lemmas star-of-0-le = star-of-le  [of 0, simplified star-of-zero]
lemmas star-of-0-eq = star-of-eq [of 0, simplified star-of-zero]

lemmas star-of-less-0 = star-of-less [of - 0, simplified star-of-zero]
lemmas star-of-le-0 = star-of-le [of - 0, simplified star-of-zero]
lemmas star-of-eq-0 = star-of-eq [of - 0, simplified star-of-zero)

As above, for 1.

lemmas star-of-1-less = star-of-less [of 1, simplified star-of-one]
lemmas star-of-1-le = star-of-le [of 1, simplified star-of-one]
lemmas star-of-1-eq = star-of-eq [of 1, simplified star-of-one]

lemmas star-of-less-1 = star-of-less [of - 1, simplified star-of-one]
lemmas star-of-le-1 = star-of-le [of - 1, simplified star-of-one]
lemmas star-of-eq-1 = star-of-eq [of - 1, simplified star-of-one]

lemmas star-of-simps [simp] =
star-of-add  star-of-diff  star-of-minus
star-of-mult  star-of-divide star-of-inverse
star-of-mod  star-of-abs
star-of-zero  star-of-one
star-of-less  star-of-le star-of-eq
star-of-0-less star-of-0-le  star-of-0-eq
star-of-less-0  star-of-le-0  star-of-eq-0
star-of-1-less star-of-1-le  star-of-1-eq
star-of-less-1 star-of-le-1  star-of-eq-1

2.9 Ordering and lattice classes

instance star :: (order) order
proof
show Az y:'a star. (z <y)=(z <y A -y <z
by transfer (rule less-le-not-le)
show Az::'a star. x < z
by transfer (rule order-refl)
show Az y zia star. [ < y; y < 2] = 2 < 2
by transfer (rule order-trans)
show Az y:astar. [x < y;y<z] = 2=y
by transfer (rule order-antisym)

22
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qed

instantiation star :: (semilattice-inf) semilattice-inf
begin
definition star-inf-def [transfer-unfold): inf = *f2x inf
instance by (standard; transfer) auto
end

instantiation star :: (semilattice-sup) semilattice-sup
begin
definition star-sup-def [transfer-unfold]: sup = *f2% sup
instance by (standard; transfer) auto
end

instance star :: (lattice) lattice ..

instance star :: (distrib-lattice) distrib-lattice
by (standard; transfer) (auto simp add: sup-inf-distrib1)

lemma Standard-inf [simp]: € Standard = y € Standard = inf z y € Standard
by (simp add: star-inf-def)

lemma Standard-sup [simp]: © € Standard = y € Standard = sup x y € Stan-
dard
by (simp add: star-sup-def)

lemma star-of-inf [simp|: star-of (inf z y) = inf (star-of x) (star-of y)
by transfer (rule refl)

lemma star-of-sup [simp]: star-of (sup x y) = sup (star-of z) (star-of y)
by transfer (rule refl)

instance star :: (linorder) linorder
by (intro-classes, transfer, rule linorder-linear)

lemma star-max-def [transfer-unfold]: max = *f2% maz
unfolding maz-def
by (intro ext, transfer, simp)

lemma star-min-def [transfer-unfold]: min = xf2% min
unfolding min-def
by (intro ext, transfer, simp)

lemma Standard-max [simp|: z € Standard = y € Standard = maz z y €
Standard
by (simp add: star-maz-def)

lemma Standard-min [simp]: © € Standard = y € Standard = min z y €
Standard
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by (simp add: star-min-def)

lemma star-of-mazx [simp]: star-of (max = y) = max (star-of x) (star-of y)
by transfer (rule refl)

lemma star-of-min [simp|: star-of (min z y) = min (star-of z) (star-of y)
by transfer (rule refl)

2.10 Ordered group classes

instance star :: (semigroup-add) semigroup-add
by (intro-classes, transfer, rule add.assoc)

instance star :: (ab-semigroup-add) ab-semigroup-add
by (intro-classes, transfer, rule add.commute)

instance star :: (semigroup-mult) semigroup-mult
by (intro-classes, transfer, rule mult.assoc)

instance star :: (ab-semigroup-mult) ab-semigroup-mult
by (intro-classes, transfer, rule mult.commute)

instance star :: (comm-monoid-add) comm-monoid-add
by (intro-classes, transfer, rule comm-monoid-add-class.add-0)

instance star :: (monoid-mult) monoid-mult
apply intro-classes
apply (transfer, rule mult-1-left)
apply (transfer, rule mult-1-right)
done

instance star :: (power) power ..

instance star :: (comm-monoid-mult) comm-monoid-mult
by (intro-classes, transfer, rule mult-1)

instance star :: (cancel-semigroup-add) cancel-semigroup-add
apply intro-classes
apply (transfer, erule add-left-imp-eq)
apply (transfer, erule add-right-imp-eq)
done

instance star :: (cancel-ab-semigroup-add) cancel-ab-semigroup-add
by intro-classes (transfer, simp add: diff-diff-eq)+

instance star :: (cancel-comm-monoid-add) cancel-comm-monoid-add ..

instance star :: (ab-group-add) ab-group-add
apply intro-classes
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apply (transfer, rule left-minus)
apply (transfer, rule diff-conv-add-uminus)
done

instance star :: (ordered-ab-semigroup-add) ordered-ab-semigroup-add
by (intro-classes, transfer, rule add-left-mono)

instance star :: (ordered-cancel-ab-semigroup-add) ordered-cancel-ab-semigroup-add
instance star :: (ordered-ab-semigroup-add-imp-le) ordered-ab-semigroup-add-imp-le
by (intro-classes, transfer, rule add-le-imp-le-left)

instance star :: (ordered-comm-monoid-add) ordered-comm-monoid-add ..
instance star :: (ordered-ab-semigroup-monoid-add-imp-le) ordered-ab-semigroup-monoid-add-imp-le

instance star :: (ordered-cancel-comm-monoid-add) ordered-cancel-comm-monoid-add
instance star :: (ordered-ab-group-add) ordered-ab-group-add ..

instance star :: (ordered-ab-group-add-abs) ordered-ab-group-add-abs
by intro-classes (transfer, simp add: abs-ge-self abs-lel abs-triangle-ineq)+

instance star :: (linordered-cancel-ab-semigroup-add) linordered-cancel-ab-semigroup-add

2.11 Ring and field classes

instance star :: (semiring) semiring
by (intro-classes; transfer) (fact distrib-right distrib-left)+

instance star :: (semiring-0) semiring-0
by (intro-classes; transfer) simp-all

instance star :: (semiring-0-cancel) semiring-0-cancel ..

instance star :: (comm-semiring) comm-semiring
by (intro-classes; transfer) (fact distrib-right)

instance star :: (comm-semiring-0) comm-semiring-0 ..
instance star :: (comm-semiring-0-cancel) comm-semiring-0-cancel ..

instance star :: (zero-neg-one) zero-neg-one
by (intro-classes; transfer) (fact zero-neg-one)

instance star :: (semiring-1) semiring-1 ..
instance star :: (comm-semiring-1) comm-semiring-1 ..

declare dvd-def [transfer-refold)
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instance star :: (comm-semiring-1-cancel) comm-semiring-1-cancel
by (intro-classes; transfer) (fact right-diff-distrib’)

instance star :: (semiring-no-zero-divisors) semiring-no-zero-divisors
by (intro-classes; transfer) (fact no-zero-divisors)

instance star :: (semiring-1-no-zero-divisors) semiring-1-no-zero-divisors ..

instance star :: (semiring-no-zero-divisors-cancel) semiring-no-zero-divisors-cancel
by (intro-classes; transfer) simp-all

instance star :: (semiring-1- cancel) semiring-1-cancel .
instance star :: (ring) ring .

instance star :: (comm-ring) comm-m’ng .

instance star :: (ring-1) ring-1 .

instance star :: (comm-ring-1) comm-ring-1 .
instance star :: (semidom) semidom ..

instance star :: (semidom-divide) semidom-divide
by (intro-classes; transfer) simp-all

instance star :
instance star :
instance star ::
instance star :

ring-no-zero-divisors) ring-no-zero-divisors ..
ring-1-no-zero-divisors) ring-1-no-zero-divisors ..
idom) idom ..

idom-divide) idom-divide ..

Py

instance star :: (divide-trivial) divide-trivial
by (intro-classes; transfer) simp-all

instance star :: (division-ring) division-ring
by (intro-classes; transfer) (simp-all add: divide-inverse)

instance star :: (field) field
by (intro-classes; transfer) (simp-all add: divide-inverse)

instance star :: (ordered-semiring) ordered-semiring
by (intro-classes; transfer) (fact mult-left-mono mult-right-mono)+

instance star :: (ordered-cancel-semiring) ordered-cancel-semiring ..

instance star :: (linordered-semiring-strict) linordered-semiring-strict
by (intro-classes; transfer) (fact mult-strict-left-mono mult-strict-right-mono)+

instance star :: (ordered-comm-semiring) ordered-comm-semiring
by (intro-classes; transfer) (fact mult-left-mono)

instance star :: (ordered-cancel-comm-semiring) ordered-cancel-comm-semiring ..
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instance star :: (linordered-comm-semiring-strict) linordered-comm-semiring-strict
by (intro-classes; transfer) (fact mult-strict-left-mono)

instance star :: (ordered-ring) ordered-ring ..

instance star :: (ordered-ring-abs) ordered-ring-abs
by (intro-classes; transfer) (fact abs-eq-mult)

instance star :: (abs-if) abs-if
by (intro-classes; transfer) (fact abs-if)

instance star :: (linordered-ring-strict) linordered-ring-strict ..
instance star :: (ordered-comm-ring) ordered-comm-ring ..

instance star :: (linordered-semidom) linordered-semidom
by (intro-classes; transfer) (fact zero-less-one le-add-diff-inverse2)+

instance star :: (linordered-idom) linordered-idom
by (intro-classes; transfer) (fact sgn-if)

instance star :: (linordered-field) linordered-field ..
instance star :: (algebraic-semidom) algebraic-semidom ..

instantiation star :: (normalization-semidom) normalization-semidom
begin

definition unit-factor-star :: 'a star = 'a star
where [transfer-unfold]: unit-factor-star = *f* unit-factor

definition normalize-star :: 'a star = 'a star
where [transfer-unfold): normalize-star = *f* normalize

instance
by standard (transfer; simp add: is-unit-unit-factor unit-factor-mult)+

end

instance star :: (semidom-modulo) semidom-modulo
by standard (transfer; simp)

2.12 Power

lemma star-power-def [transfer-unfold): (7) = Az n. ( xfx (Ax. " n)) z
proof (rule eg-reflection, rule ext, rule ext)
show z " n = ( xfx (Az. £ " n)) z for n :: nat and z :: ‘a star
proof (induct n arbitrary: x)
case (
have Az::'a star. ( xfx (Ax. 1)) x = 1
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by transfer simp
then show Zcase by simp
next
case (Suc n)
have Az::'a star. z x ( xfx (Az:'a. £ " n)) z = (xfx Az/a. 2 x 2 " n))
by transfer simp
with Suc show ?case by simp
qed
qed

lemma Standard-power [simp]: x € Standard = = ~ n € Standard
by (simp add: star-power-def)

lemma star-of-power [simpl: star-of (x ~ n) = star-of t " n
by transfer (rule refl)

2.13 Number classes

instance star :: (numeral) numeral ..

lemma star-numeral-def [transfer-unfold]: numeral k = star-of (numeral k)
by (induct k) (simp-all only: numeral.simps star-of-one star-of-add)

lemma Standard-numeral [simp]: numeral k € Standard
by (simp add: star-numeral-def)

lemma star-of-numeral [simp|: star-of (numeral k) = numeral k
by transfer (rule refl)

lemma star-of-nat-def [transfer-unfold): of-nat n = star-of (of-nat n)
by (induct n) simp-all

lemmas star-of-compare-numeral [simp] =

star-of-less [of numeral k, simplified star-of-numeral)]
star-of-le  [of numeral k, simplified star-of-numeral)
star-of-eq  [of numeral k, simplified star-of-numeral]
star-of-less [of - numeral k, simplified star-of-numeral]
star-of-le  [of - numeral k, simplified star-of-numeral)
star-of-eq  |of - numeral k, simplified star-of-numeral]
star-of-less [of — numeral k, simplified star-of-numeral]
star-of-le  [of — numeral k, simplified star-of-numeral]
star-of-eq  [of — numeral k, simplified star-of-numeral)

star-of-less [of - — numeral k, simplified star-of-numeral)
star-of-le  [of - — numeral k, simplified star-of-numeral)]
star-of-eq  [of - — numeral k, simplified star-of-numeral] for k

lemma Standard-of-nat [simp|: of-nat n € Standard
by (simp add: star-of-nat-def)
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lemma star-of-of-nat [simp]: star-of (of-nat n) = of-nat n
by transfer (rule refl)

lemma star-of-int-def [transfer-unfold]: of-int z = star-of (of-int z)
by (rule int-diff-cases [of z]) simp

lemma Standard-of-int [simp]: of-int z € Standard
by (simp add: star-of-int-def)

lemma star-of-of-int [simpl: star-of (of-int z) = of-int z
by transfer (rule refl)

instance star :: (semiring-char-0) semiring-char-0
proof
have inj (star-of :: 'a = 'a star)
by (rule injI) simp
then have inj (star-of o of-nat :: nat = 'a star)
using inj-of-nat by (rule inj-compose)
then show inj (of-nat :: nat = 'a star)
by (simp add: comp-def)
qed

instance star :: (ring-char-0) ring-char-0 ..

2.14 Finite class

lemma starset-finite: finite A = xsx A = star-of ‘ A
by (erule finite-induct) simp-all

instance star :: (finite) finite
proof intro-classes
show finite (UNIV::'a star set)
by (metis starset-UNIV finite finite-imagel starset-finite)
qed

end

3 Hypernatural numbers

theory HyperNat
imports StarDef
begin
type-synonym hypnat = nat star

abbreviation hypnat-of-nat :: nat = nat star
where hypnat-of-nat = star-of

definition hSuc :: hypnat = hypnat
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where hSuc-def [transfer-unfold]: hSuc = xfx Suc

3.1 Properties Transferred from Naturals

lemma hSuc-not-zero [iff]: Am. hSuc m # 0
by transfer (rule Suc-not-Zero)

lemma zero-not-hSuc [iff]: Am. 0 # hSuc m
by transfer (rule Zero-not-Suc)

lemma hSuc-hSuc-eq [iff]: Am n. hSuc m = hSuc n +— m = n
by transfer (rule nat.inject)

lemma zero-less-hSuc [iff]: An. 0 < hSuc n
by transfer (rule zero-less-Suc)

lemma hypnat-minus-zero [simpl: N\z:hypnat. z — z = 0
by transfer (rule diff-self-eq-0)

lemma hypnat-diff-0-eqg-0 [simp]: An::hypnat. 0 — n = 0
by transfer (rule diff-0-eq-0)

lemma hypnat-add-is-0 [iff]: Am n::hypnat. m + n=0+— m=0An=20
by transfer (rule add-is-0)

lemma hypnat-diff-diff-left: Nij k:hypnat. i — j — k=14 — (j + k)
by transfer (rule diff-diff-left)

lemma hypnat-diff-commute: N\i j ki:hypnat. i — j — k=4 —k — j
by transfer (rule diff-commute)

lemma hypnat-diff-add-inverse [simp]: Am n:hypnat. n + m — n = m
by transfer (rule diff-add-inverse)

lemma hypnat-diff-add-inverse2 [simp]: Am n:hypnat. m + n — n=m
by transfer (rule diff-add-inverse2)

lemma hypnat-diff-cancel [simpl: Ak m n:hypnat. (k + m) — (k+n) =m — n
by transfer (rule diff-cancel)

lemma hypnat-diff-cancel2 [simp]: Nk m n::hypnat. (m + k) — (n + k) =m —n
by transfer (rule diff-cancel?)

lemma hypnat-diff-add-0 [simp]: Am n::hypnat. n — (n + m) = 0
by transfer (rule diff-add-0)

lemma hypnat-diff-mult-distrib: Nk m n:hypnat. (m — n) * k= (m * k) — (n *
k)
by transfer (rule diff-mult-distrib)
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lemma hypnat-diff-mult-distrib2: Ak m n::hypnat. k x (m — n) = (k * m) — (k %
n)
by transfer (rule diff-mult-distrib2)

lemma hypnat-le-zero-cancel [iff]: An:hypnat. n < 0 +— n =0
by transfer (rule le-0-eq)

lemma hypnat-mult-is-0 [simp]: Am n:hypnat. m * n =0 +— m =0V n =10
by transfer (rule mult-is-0)

lemma hypnat-diff-is-0-eq [simp]: Am n:hypnat. m — n =0 +— m < n
by transfer (rule diff-is-0-eq)

lemma hypnat-not-less0 [iff]: An:hypnat. = n < 0
by transfer (rule not-less0)

lemma hypnat-less-one [iff]: An:hypnat. n < 1 +— n =0
by transfer (rule less-one)

lemma hypnat-add-diff-inverse: Am n::hypnat. - m < n = n+ (m —n) =m
by transfer (rule add-diff-inverse)

lemma hypnat-le-add-diff-inverse [simp]: \m n::hypnat. n < m = n + (m — n)
:bT; transfer (rule le-add-diff-inverse)

lemma hypnat-le-add-diff-inverse2 [simp|: Am n:hypnat. n < m = (m — n) +
nb:y z’:"ansfer (rule le-add-diff-inverse2)

declare hypnat-le-add-diff-inverse2 [OF order-less-imp-le]

lemma hypnat-le0 [iff]: An:hypnat. 0 < n
by transfer (rule le0)

lemma hypnat-le-add1 [simp]: Az n::hypnat. < z + n
by transfer (rule le-addl)

lemma hypnat-add-self-le [simp]: Az n:hypnat. z < n + x
by transfer (rule le-add2)

lemma hypnat-add-one-self-less [simp]: ¢ < z + 1 for z :: hypnat
by (fact less-add-one)

lemma hypnat-neq0-conv [iff]: An:hypnat. n # 0 +— 0 < n
by transfer (rule neg0-conv)

lemma hypnat-gt-zero-iff: 0 < n +— 1 < n for n :: hypnat
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by (auto simp add: linorder-not-less [symmetric])

lemma hypnat-gt-zero-iff2: 0 < n +— (Im. n = m + 1) for n :: hypnat
by (auto intro!: add-nonneg-pos exI[of - n — 1] simp: hypnat-gt-zero-iff)

lemma hypnat-add-self-not-less: = = + y < x for x y :: hypnat
by (simp add: linorder-not-le [symmetric] add.commute [of x])

lemma hypnat-diff-split: P (a — b) «— (a<b— PO)AN(Vd.a=b+ d —
P d)
for a b :: hypnat
— elimination of — on hypnat
proof (cases a < b rule: case-split)
case True
then show ?thesis
by (auto simp add: hypnat-add-self-not-less order-less-imp-le hypnat-diff-is-0-eq
[THEN iffD2])
next
case Fulse
then show ?thesis
by (auto simp add: linorder-not-less dest: order-le-less-trans)
qged

3.2 Properties of the set of embedded natural numbers

lemma of-nat-eq-star-of [simp]: of-nat = star-of
proof
show of-nat n = star-of n for n
by transfer simp
qed

lemma Nats-eq-Standard: (Nats :: nat star set) = Standard
by (auto simp: Nats-def Standard-def)

lemma hypnat-of-nat-mem-Nats [simp]: hypnat-of-nat n € Nats
by (simp add: Nats-eq-Standard)

lemma hypnat-of-nat-one [simp|: hypnat-of-nat (Suc 0) = 1
by transfer simp

lemma hypnat-of-nat-Suc [simp]: hypnat-of-nat (Suc n) = hypnat-of-nat n + 1
by transfer simp

lemma of-nat-eq-add:

fixes d::hypnat

shows of-nat m = of-nat n + d = d € range of-nat
proof (induct n arbitrary: d)

case (Suc n)

then show ?case
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by (metis Nats-def Nats-eq-Standard Standard-simps(4) hypnat-diff-add-inverse
of-nat-in-Nats)
qed auto

lemma Nats-diff [simp]: a € Nats = b € Nats = o — b € Nats for a b
hypnat
by (simp add: Nats-eq-Standard)

3.3 Infinite Hypernatural Numbers — HNatInfinite

The set of infinite hypernatural numbers.

definition HNatInfinite :: hypnat set
where HNatInfinite = {n. n ¢ Nats}

lemma Nats-not-HNatInfinite-iff: © € Nats <— x ¢ HNatInfinite
by (simp add: HNatInfinite-def)

lemma HNatInfinite-not-Nats-iff: © € HNatInfinite +— x ¢ Nats
by (simp add: HNatInfinite-def)

lemma star-of-neq-HNatInfinite: N € HNatInfinite = star-of n # N
by (auto simp add: HNatInfinite-def Nats-eq-Standard)

lemma star-of-Suc-lessI: AN. star-of n < N = star-of (Suc n) # N = star-of
(Sucn) < N
by transfer (rule Suc-lessI)

lemma star-of-less-HNatInfinite:
assumes N: N € HNatInfinite
shows star-of n < N
proof (induct n)
case (
from N have star-of 0 # N
by (rule star-of-neq-HNatInfinite)
then show ?case by simp
next
case (Suc n)
from N have star-of (Suc n) # N
by (rule star-of-neq-HNatInfinite)
with Suc show ?case
by (rule star-of-Suc-lessI)
qed

lemma star-of-le-HNatInfinite: N € HNatInfinite =—> star-of n < N
by (rule star-of-less-HNatInfinite [THEN order-less-imp-le])

3.3.1 Closure Rules
lemma Nats-less-HNatInfinite: © € Nats =—> y € HNatInfinite — x < y
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by (auto simp add: Nats-def star-of-less-HNatInfinite)

lemma Nats-le-HNatInfinite: © € Nats = y € HNatInfinite — z < y
by (rule Nats-less-HNatInfinite [THEN order-less-imp-le])

lemma zero-less-HNatInfinite: x € HNatInfinite — 0 < z
by (simp add: Nats-less-HNatInfinite)

lemma one-less-HNatInfinite: © € HNatInfinite — 1 < x
by (simp add: Nats-less-HNatInfinite)

lemma one-le-HNatInfinite: x € HNatInfinite — 1 < z
by (simp add: Nats-le-HNatInfinite)

lemma zero-not-mem-HNatInfinite [simp]: 0 ¢ HNatInfinite
by (simp add: HNatInfinite-def)

lemma Nats-downward-closed: © € Nats = y < © = y € Nats for z y :: hypnat
using HNatInfinite-not-Nats-iff Nats-le-HNatInfinite by fastforce

lemma HNatInfinite-upward-closed: x € HNatInfinite — =z < y = y € HNat-
Infinite
using HNatInfinite-not-Nats-iff Nats-downward-closed by blast

lemma HNatInfinite-add: x € HNatInfinite = x + y € HNatInfinite
using HNatInfinite-upward-closed hypnat-le-addl by blast

lemma HNatInfinite-diff: [x € HNatInfinite; y € Nats] = x — y € HNatInfinite
by (metis HNatInfinite-not-Nats-iff Nats-add Nats-le-HNatInfinite le-add-diff-inverse)

lemma HNatInfinite-is-Suc: x € HNatInfinite = Jy. v = y + 1 for z :: hypnat
using hypnat-gt-zero-iff2 zero-less-HNatInfinite by blast

3.4 Existence of an infinite hypernatural number

w is in fact an infinite hypernatural number = [<1, 2, 3, ... >]

definition whn :: hypnat
where hypnat-omega-def: whn = star-n (An:nat. n)

lemma hypnat-of-nat-neqg-whn: hypnat-of-nat n # whn
by (simp add: FreeUltrafilterNat.singleton’ hypnat-omega-def star-of-def star-n-eq-iff)

lemma whn-neg-hypnat-of-nat: whn # hypnat-of-nat n
by (simp add: FreeUltrafilterNat.singleton hypnat-omega-def star-of-def star-n-eq-iff)

lemma whn-not-Nats [simp]: whn ¢ Nats
by (simp add: Nats-def image-def whn-neq-hypnat-of-nat)

lemma HNatInfinite-whn [simpl: whn € HNatInfinite
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by (simp add: HNatInfinite-def)

lemma lemma-unbounded-set [simp]: eventually (An:nat. m < n) U
by (rule filter-leD[OF FreeUltrafilterNat.le-cofinite])
(auto simp add: cofinite-eq-sequentially eventually-at-top-dense)

lemma hypnat-of-nat-eq: hypnat-of-nat m = star-n (An::nat. m)
by (simp add: star-of-def)

lemma SHNat-eq: Nats = {n. IN. n = hypnat-of-nat N}
by (simp add: Nats-def image-def)

lemma Nats-less-whn: n € Nats — n < whn
by (simp add: Nats-less-HNatInfinite)

lemma Nats-le-whn: n € Nats = n < whn
by (simp add: Nats-le-HNatInfinite)

lemma hypnat-of-nat-less-whn [simp]: hypnat-of-nat n < whn
by (simp add: Nats-less-whn)

lemma hypnat-of-nat-le-whn [simp]: hypnat-of-nat n < whn
by (simp add: Nats-le-whn)

lemma hypnat-zero-less-hypnat-omega [simp]: 0 < whn
by (simp add: Nats-less-whn)

lemma hypnat-one-less-hypnat-omega [simp]: 1 < whn
by (simp add: Nats-less-whn)

3.4.1 Alternative characterization of the set of infinite hypernat-
urals

HNatInfinite = {N.VneN. n < N}

unused, but possibly interesting

lemma HNatInfinite-Free Ultrafilter Nat-eventually:
assumes Ak:nat. eventually (An. fn # k) U
shows eventually (An. m < fn) U
proof (induct m)
case ()
then show ?case
using assms eventually-mono by fastforce
next
case (Suc m)
then show ?case
using assms [of Suc m] eventually-elim2 by fastforce
qed
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lemma HNatInfinite-iff: HNatInfinite = {N.Vn € Nats. n < N}
using HNatInfinite-def Nats-less-HNatInfinite by auto

3.4.2 Alternative Characterization of HNatInfinite using Free Ul-
trafilter

lemma HNatInfinite-FreeUltrafilterNat:
star-n X € HNatInfinite = V u. eventually (An. u < X n) U
by (metis (full-types) starP2-star-of starP-star-n star-less-def star-of-less-HNatInfinite)

lemma FreeUltrafilterNat-HNatInfinite:

Vu. eventually (An. w < X n) U = star-n X € HNatInfinite

by (auto simp add: star-less-def starP2-star-n HNatInfinite-iff SHNat-eq hyp-
nat-of-nat-eq)

lemma HNatiInfinite-Free Ultrafilter Nat-iff :
(star-n X € HNatInfinite) = (Vu. eventually (An. u < X n) U)
by (rule iffl |OF HNatInfinite-FreeUltrafilterNat FreeUltrafilterNat- HNatInfinite))

3.5 Embedding of the Hypernaturals into other types
definition of-hypnat :: hypnat = 'a::semiring-1-cancel star

where of-hypnat-def [transfer-unfold]: of-hypnat = xfx of-nat

lemma of-hypnat-0 [simp]: of-hypnat 0 = 0
by transfer (rule of-nat-0)

lemma of-hypnat-1 [simpl: of-hypnat 1 = 1
by transfer (rule of-nat-1)

lemma of-hypnat-hSuc: Am. of-hypnat (hSuc m) = 1 + of-hypnat m
by transfer (rule of-nat-Suc)

lemma of-hypnat-add [simp]: Am n. of-hypnat (m + n) = of-hypnat m + of-hypnat
n
by transfer (rule of-nat-add)

lemma of-hypnat-mult [simp]: Am n. of-hypnat (m * n) = of-hypnat m x of-hypnat
n
by transfer (rule of-nat-mult)

lemma of-hypnat-less-iff [simp]:
Am n. of-hypnat m < (of-hypnat n::'a::linordered-semidom star) «— m < n
by transfer (rule of-nat-less-iff)

lemma of-hypnat-0-less-iff [simp):
An. 0 < (of-hypnat n::’a::linordered-semidom star) +— 0 < n
by transfer (rule of-nat-0-less-iff)
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lemma of-hypnat-less-0-iff [simp]: Am. = (of-hypnat m::'a::linordered-semidom
star) < 0
by transfer (rule of-nat-less-0-iff)

lemma of-hypnat-le-iff [simp]:
Am n. of-hypnat m < (of-hypnat n::'a::linordered-semidom star) +— m < n
by transfer (rule of-nat-le-iff)

lemma of-hypnat-0-le-iff [simp]: An. 0 < (of-hypnat n::'a:linordered-semidom
star)
by transfer (rule of-nat-0-le-iff)

lemma of-hypnat-le-0-iff [simp]: Am. (of-hypnat m::’a::linordered-semidom star)
<0—m=20
by transfer (rule of-nat-le-0-iff)

lemma of-hypnat-eq-iff [simp]:
Am n. of-hypnat m = (of-hypnat n::'a::linordered-semidom star) +— m = n
by transfer (rule of-nat-egq-iff)

lemma of-hypnat-eq-0-iff [simp]: Am. (of-hypnat m::'a::linordered-semidom star)
=0+—m=20

by transfer (rule of-nat-eq-0-iff)
lemma HNatInfinite-of-hypnat-gt-zero:

N € HNatInfinite = (0::'a::linordered-semidom star) < of-hypnat N

by (rule ccontr) (simp add: linorder-not-less)

end

4 Construction of Hyperreals Using Ultrafilters
theory HyperDef

imports Complex-Main HyperNat
begin

type-synonym hypreal = real star

abbreviation hypreal-of-real :: real = real star
where hypreal-of-real = star-of

abbreviation hypreal-of-hypnat :: hypnat = hypreal
where hypreal-of-hypnat = of-hypnat

definition omega :: hypreal (w)
where w = star-n (An. real (Suc n))

— an infinite number = [<1, 2, &, ...>]

definition epsilon :: hypreal (e)
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where ¢ = star-n (An. inverse (real (Suc n)))
— an infinitesimal number = [<1, 1/2, 1/3, ...>]

4.1 Real vector class instances

instantiation star :: (scaleR) scaleR

begin
definition star-scaleR-def [transfer-unfold]: scaleR r = xfx (scaleR )
instance ..

end

lemma Standard-scaleR [simp]: © € Standard => scaleR r x € Standard
by (simp add: star-scaleR-def)

lemma star-of-scaleR [simp]: star-of (scaleR r x) = scaleR r (star-of )
by transfer (rule refl)

instance star :: (real-vector) real-vector
proof
fix a b :: real
show Az y::'a star. scaleR a (x + y) = scaleR a © + scaleR a y
by transfer (rule scaleR-right-distrib)
show Az::’a star. scaleR (a + b) x = scaleR a x + scaleR b x
by transfer (rule scaleR-left-distrib)
show Az::’a star. scaleR a (scaleR b x) = scaleR (a x b) x
by transfer (rule scaleR-scaleR)
show Az::'a star. scaleR 1z = x
by transfer (rule scaleR-one)
qged

instance star :: (real-algebra) real-algebra
proof
fix a :: real
show Az y::’a star. scaleR a x x y = scaleR a (x * y)
by transfer (rule mult-scaleR-left)
show Az y::'a star. x % scaleR a y = scaleR a (z * y)
by transfer (rule mult-scaleR-right)
qed

instance star :: (real-algebra-1) real-algebra-1 ..
instance star :: (real-div-algebra) real-div-algebra ..
instance star :: (field-char-0) field-char-0 ..
instance star :: (real-field) real-field ..

lemma star-of-real-def [transfer-unfold]: of-real r = star-of (of-real r)
by (unfold of-real-def, transfer, rule refl)
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lemma Standard-of-real [simp]: of-real r € Standard
by (simp add: star-of-real-def)

lemma star-of-of-real [simp]: star-of (of-real r) = of-real r
by transfer (rule refl)

lemma of-real-eq-star-of [simpl: of-real = star-of
proof
show of-real r = star-of r for r :: real
by transfer simp
qed

lemma Reals-eq-Standard: (R :: hypreal set) = Standard
by (simp add: Reals-def Standard-def)

4.2 Injection from hypreal
definition of-hypreal :: hypreal = 'a::real-algebra-1 star
where [transfer-unfold]: of-hypreal = *f* of-real

lemma Standard-of-hypreal [simp: r € Standard = of-hypreal r € Standard
by (simp add: of-hypreal-def)

Il
S

lemma of-hypreal-0 [simp]: of-hypreal 0
by transfer (rule of-real-0)

lemma of-hypreal-1 [simpl: of-hypreal 1 = 1
by transfer (rule of-real-1)

lemma of-hypreal-add [simp]: Az y. of-hypreal (x + y) = of-hypreal x + of-hypreal

)
by transfer (rule of-real-add)

lemma of-hypreal-minus [simp]: Az. of-hypreal (— x) = — of-hypreal =
by transfer (rule of-real-minus)

lemma of-hypreal-diff [simp]: Az y. of-hypreal (z — y) = of-hypreal x — of-hypreal

)
by transfer (rule of-real-diff)

lemma of-hypreal-mult [simp]: Nz y. of-hypreal (x * y) = of-hypreal x x of-hypreal

)
by transfer (rule of-real-mult)

lemma of-hypreal-inverse [simp]:
Nz. of-hypreal (inverse x) =
inverse (of-hypreal = :: 'a::{real-div-algebra, division-ring} star)
by transfer (rule of-real-inverse)
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lemma of-hypreal-divide [simp]:

Az y. of-hypreal (z | y) =
(of-hypreal x | of-hypreal y :: 'a::{real-field, field} star)
by transfer (rule of-real-divide)

lemma of-hypreal-eq-iff [simp]: Az y. (of-hypreal x = of-hypreal y) = (z = y)
by transfer (rule of-real-eq-iff)

lemma of-hypreal-eq-0-iff [simp]: Nz. (of-hypreal z = 0) = (x = 0)
by transfer (rule of-real-eq-0-iff)
4.3 Properties of starrel

lemma lemma-starrel-refl [simp: © € starrel “ {x}
by (simp add: starrel-def)

lemma starrel-in-hypreal [simp]: starrel‘{z}€estar
by (simp add: star-def starrel-def quotient-def, blast)

declare Abs-star-inject [simp] Abs-star-inverse [simp)
declare equiv-starrel [THEN eq-equiv-class-iff, simp]

4.4  hypreal-of-real: the Injection from real to hypreal
lemma inj-star-of: inj star-of

by (rule inj-onl) simp

lemma mem-Rep-star-iff: X € Rep-star © +— = = star-n X
by (cases x) (simp add: star-n-def)

lemma Rep-star-star-n-iff [simp]: X € Rep-star (star-n Y) <— eventually (An.
Yn=Xn)U
by (simp add: star-n-def)

lemma Rep-star-star-n: X € Rep-star (star-n X)
by simp

4.5 Properties of star-n

lemma star-n-add: star-n X + star-n Y = star-n (An. X n + Y n)
by (simp only: star-add-def starfun2-star-n)

lemma star-n-minus: — star-n X = star-n (An. —(X n))
by (simp only: star-minus-def starfun-star-n)

lemma star-n-diff: star-n X — star-n Y = star-n (An. X n — Y n)
by (simp only: star-diff-def starfun2-star-n)

lemma star-n-mult: star-n X * star-n Y = star-n (An. X n x Y n)
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by (simp only: star-mult-def starfun2-star-n)

lemma star-n-inverse: inverse (star-n X) = star-n (An. inverse (X n))
by (simp only: star-inverse-def starfun-star-n)

lemma star-n-le: star-n X < star-n Y = eventually (An. X n < Y n) U
by (simp only: star-le-def starP2-star-n)

lemma star-n-less: star-n X < star-n Y = eventually (An. X n < Y n) U
by (simp only: star-less-def starP2-star-n)

lemma star-n-zero-num: 0 = star-n (An. 0)
by (simp only: star-zero-def star-of-def)

lemma star-n-one-num: 1 = star-n (An. 1)
by (simp only: star-one-def star-of-def)

lemma star-n-abs: |star-n X| = star-n (An. | X n|)
by (simp only: star-abs-def starfun-star-n)

lemma hypreal-omega-gt-zero [simp]: 0 < w
by (simp add: omega-def star-n-zero-num star-n-less)

4.6 Existence of Infinite Hyperreal Number

Existence of infinite number not corresponding to any real number. Use
assumption that member U is not finite.

lemma hypreal-of-real-not-eq-omega: hypreal-of-real x # w
proof —
have Fuolse if Vp ninU. = 1 + real n for z
proof —
have finite {n::nat. x = 1 + real n}
by (simp add: finite-nat-set-iff-bounded-le) (metis add.commute nat-le-linear
nat-le-real-less)
then show Fulse
using FreeUltrafilterNat.finite that by blast
qed
then show ?thesis
by (auto simp a