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theory Congruence
imports
Main
"HOL-Library.FuncSet"
begin

1 Objects

1.1 Structure with Carrier Set.

record ’a partial_object =
carrier :: "’a set"

lemma funcset_carrier:
"[ £ € carrier X — carrier Y; x € carrier X | = f x € carrier Y"
by (fact funcset_mem)

lemma funcset_carrier’:

"[ £ € carrier A — carrier A; x € carrier A | = f x € carrier A"
by (fact funcset_mem)

1.2 Structure with Carrier and Equivalence Relation eq

record ’a eq_object = "’a partial_object" +
eq :: "’a = ’a = bool" (infixl ".=2" 50)
definition
elem :: "_ = ’a = ’a set = bool" (infixl ".€2" 50)

where "x .€g A +— (dy € A. x .=g y)"

definition
set_eq :: "_ = ’a set = ’a set = bool" (infixl "{.=}2" 50)
where "A {.=}g B +— ((Vx € A. x .€g B) A (Vx € B. x .€g A"

definition
eq_class_of :: "_ = ’a = ’a set" ("class’_ofz")
where '"class_ofg x = {y € carrier S. x .=g y}"

definition
eq_classes :: "_ = (’a set) set" ("classesz")
where "classesg = {class_ofg x | x. x € carrier S}"

definition
eq_closure_of :: "_ = ’a set = ’a set" ("closure’_ofz")

where "closure_ofg A = {y € carrier S. y .€g A}"

definition
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eq_is_closed :: "_ = ’a set = bool" ("is’_closedz")
where "is_closedg A <— A C carrier S A closure_ofg A = A"

abbreviation
not_eq :: "_ = ’a = ’a = bool" (infixl ".#2" 50)
where "x .#g y = - (x .=g y)"

abbreviation
not_elem :: "_ = ’a = ’a set = bool" (infixl ".¢2" 50)
where "x .¢g A = —(x .€g M)"

abbreviation
set_not_eq :: "_ = ’a set = ’a set = bool" (infixl "{.#}2" 50)
where "A {.#}g B = (A {.=}g B)"

locale equivalence =
fixes S (structure)
assumes refl [simp, intro]: "x € carrier S = x .= x"
and sym [sym]l: "[ x .= y; x € carrier S; y € carrier S| = y .=

X"
and trans [trans]:
" x .=y; y .= 2; x € carrier S; y € carrier S; z € carrier S |
- x .= z"

lemma equivalencel:
fixes P :: "’a = ’a = bool" and E :: "’a set"
assumes refl: "Ax. [x e E] = P x x"
and sym: "Axy. [x€E y€E]=Pxy= Pyx"
and trans: "Ax yz. [x €E; y€EE; z€E] =Pxy=Pyz
= P x z"
shows "equivalence ( carrier = E, eq = P "
unfolding equivalence_def using assms
by (metis eq_object.select_convs(1l) partial_object.select_convs(1))

locale partition =
fixes A :: "’a set" and B :: "(’a set) set"
assumes unique_class: "\a. a € A = J!b € B. a € b"
and incl: "Ab. b € B = b C A"

lemma equivalence_subset:
assumes "equivalence L" "A C carrier L"
shows "equivalence (L( carrier := A |)"
proof -
interpret L: equivalence L
by (simp add: assms)
show 7thesis
by (unfold_locales, simp_all add: L.sym assms rev_subsetD, meson L.trans
assms(2) contra_subsetD)
qed



lemma elemI:
fixes R (structure)
assumes "a’ € A" "a .= a’"
shows "a .€ A"
unfolding elem_def using assms by auto

lemma (in equivalence) elem_exact:
assumes "a € carrier 3" "a € A"
shows "a .€ A"
unfolding elem_def using assms by auto

lemma elemE:
fixes S (structure)
assumes "a .€ A"
and "Aa’. [a’ € A; a .= a’] = P"
shows "P"
using assms unfolding elem_def by auto

lemma (in equivalence) elem_cong_1l [trans]:

assumes "a € carrier S" "a’ € carrier S" "A C carrier S"

and "a’ .= a" "a .€ A"
shows "a’ .e A"
using assms by (meson elem_def trans subsetCE)

lemma (in equivalence) elem_subsetD:
assumes "A C B" "a .€ A"
shows "a .€ B"

using assms by (fast intro: elemI elim: elemE dest:

lemma (in equivalence) mem_imp_elem [simp, intro]:
assumes "x € carrier S"
shows "x € A = x .€ A"
using assms unfolding elem_def by blast

lemma set_eql:
fixes R (structure)
assumes "Aa. a € A = a .€ B"
and "/\b. beB=5b.c A"
shows "A {.=} B"
using assms unfolding set_eq_def by auto

lemma set_eqI2:
fixes R (structure)
assumes "Aa. a € A = Ib € B. a .= b"
and "Ab. b € B = Ja € A. b .=a"

subsetD)

15
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shows "A {.=} B"
using assms by (simp add: set_eql elem_def)

lemma set_egD1:
fixes R (structure)
assumes "A {.=} A’" and "a € A"
shows "Ja’€A’. a .= a’"
using assms by (simp add: set_eq_def elem_def)

lemma set_eqD2:
fixes R (structure)
assumes "A {.=} A’" and "a’ € A"
shows "da€cA. a’ .= a"
using assms by (simp add: set_eq_def elem_def)

lemma set_eqE:
fixes R (structure)
assumes "A {.=} B"
and "[ Va € A. a .€ B; Vb € B. b .€ A ] = P"
shows "P"
using assms unfolding set_eq_def by blast

lemma set_eqE2:
fixes R (structure)
assumes "A {.=} B"
and "[ Va € A. 3b € B. a .=b; Vb €B. Ja€ A. b .=a] = P"
shows "P"
using assms unfolding set_eq_def by (simp add: elem_def)

lemma set_eqE’:
fixes R (structure)
assumes "A {.=} B" "a € A" "b € B"
and "Aa’ b’. [a’ € A; b’ € B] = Db .=a’ = a .=b’ = P"
shows "P"
using assms by (meson set_eqE2)

lemma (in equivalence) eq_elem_cong_r [trans]:
assumes "A C carrier S" "A’ C carrier S" "A {.=} A"
shows "[ a € carrier S| = a .€ A = a .€ A’"
using assms by (meson elemE elem_cong_l set_eqE subset_eq)

lemma (in equivalence) set_eq_sym [sym]:
assumes "A C carrier 8" "B C carrier S"
shows "A {.=} B = B {.=} A"
using assms unfolding set_eq_def elem_def by auto

lemma (in equivalence) equal_set_eq_trans [trans]:
"l[A=B; B{.=xC] = A {.=}C"
by simp



17

lemma (in equivalence) set_eq_equal_trans [trans]:
"[A{.=}B; B=C] = A {.=} C"
by simp

lemma (in equivalence) set_eq_trans_aux:
assumes "A C carrier S" "B C carrier 8" "C C carrier S"
and "A {.=} B" "B {.=} C"
shows "Aa. a € A = a .€ C"
using assms by (simp add: eq_elem_cong_r subset_iff)

corollary (in equivalence) set_eq_trans [trans]:
assumes "A C carrier S" "B C carrier S" "C C carrier S"
and "A {.=} B" " B {.=} C"
shows "A {.=} C"
proof (intro set_eql)
show "Aa. a € A = a .€ C" using set_eq_trans_aux assms by blast

next

show "/\b. b € C = b .€ A" using set_eq_trans_aux set_eq_sym assms
by blast
qed

lemma (in equivalence) is_closedI:
assumes closed: "Ax y. [x .= y; x € A; y € carrier §] = y € A"
and S: "A C carrier S"
shows "is_closed A"
unfolding eq_is_closed_def eq_closure_of_def elem_def
using S
by (blast dest: closed sym)

lemma (in equivalence) closure_of_eq:
assumes "A C carrier S" "x € closure_of A"
shows "[ x’ € carrier S; x .= x’ | = x’ € closure_of A"
using assms elem_cong_1l sym unfolding eq_closure_of_def by blast

lemma (in equivalence) is_closed_eq [dest]:

assumes "is_closed A" "x € A"

shows "[ x .= x’; x’ € carrier S | = x’> € A"

using assms closure_of_eq [where A = A] unfolding eq_is_closed_def
by simp

corollary (in equivalence) is_closed_eq_rev [dest]:
assumes "is_closed A" "x’ € A"
shows "[ x .= x’; x € carrier S | = x € A"
using sym is_closed_eq assms by (meson contra_subsetD eq_is_closed_def)

lemma closure_of_closed [simp, intro]:
fixes S (structure)
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shows "closure_of A C carrier S"
unfolding eq_closure_of_def by auto

lemma closure_of_memI:
fixes S (structure)
assumes "a .€ A" "a € carrier S"
shows "a € closure_of A"
by (simp add: assms eq_closure_of_def)

lemma closure_ofI2:
fixes S (structure)
assumes "a .= a’" and "a’ € A" and "a € carrier S"
shows "a € closure_of A"
by (meson assms closure_of_memI elem_def)

lemma closure_of_memE:
fixes S (structure)
assumes "a € closure_of A"
and "[a € carrier 8; a .€ A] = P"
shows "P"
using eq_closure_of_def assms by fastforce

lemma closure_ofE2:
fixes S (structure)
assumes "a € closure_of A"
and "Aa’. [a € carrier S; a’ € A; a .= a’] = P"
shows "P"
using assms by (meson closure_of_memE elemE)

lemma (in partition) equivalence_from_partition:
"equivalence (| carrier = A, eq = (Ax y. y € (THEb. b € B A x € b)))"
unfolding partition_def equivalence_def
proof (auto)
let 7f = "Ax. THE b. b € B A x € b"
show "Ax. x € A = x € ?7f x"
using unique_class by (metis (mono_tags, lifting) thel’)
show "A\x y. [x € A; yeEA] =y €7 x = x € ?fy"
using unique_class by (metis (mono_tags, lifting) the_equality)
show "A\x yz. [x €A yeEA zeLA] = yerMx=—z€c?My—
z € 7f x"
using unique_class by (metis (mono_tags, lifting) the_equality)
qed

lemma (in partition) partition_coverture: "[JB = A"
by (meson Sup_le_iff UnionI unique_class incl subsetI subset_antisym)

lemma (in partition) disjoint_union:
assumes "bl € B" "b2 € B"
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and "bl N b2 # {}"
shows "bl = b2"
proof (rule ccontr)
assume "bl # b2"
obtain a where "a € A" "a € bl" "a € b2"
using assms(2-3) incl by blast
thus False using unique_class <bl # b2> assms(l) assms(2) by blast
qed

lemma partitionI:
fixes A :: "’a set" and B :: "(’a set) set"
assumes " JB = A"
and "Abl b2. [ bl € B; b2 € B = bl N b2 # {} = bl = b2"
shows "partition A B"
proof
show "Aa. a € A = 3!b. b € B A a € b"
proof (rule ccontr)
fix a assume "a € A" "ﬂ!b. beBAachb"
then obtain bl b2 where "bl € B" "a € b1"
and "b2 € B" "a € b2" "bl # b2" using assms(1)

by blast
thus False using assms(2) by blast
qed
next
show "Ab. b € B = b C A" using assms(1) by blast
qed

lemma (in partition) remove_elem:
assumes "b € B"
shows "partition (A - b) (B - {bh)"
proof
show "Aa. a € A -b = JIb’. b> € B - {b} A a € b’
using unique_class by fastforce
next
show "Ab’. b> € B - {b} = b> C A - b"
using assms unique_class incl partition_axioms partition_coverture
by fastforce
qed

lemma disjoint_sum:

"[ finite B; finite A; partition A B] = (3 beB. ) acb. f a) = (5 acA.
f a) n
proof (induct arbitrary: A set: finite)

case empty thus 7case using partition.unique_class by fastforce
next

case (insert b B’)

have "(} be(insert b B’). > acb. f a) = () acb. f a) + (O_beEB’. > acb.
f a) n

by (simp add: insert.hyps(1l) insert.hyps(2))
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also have "... = (OJacb. £ a) + (3 ae(A - b). £ a)"
using partition.remove_elem[of A "insert b B’" b] insert.hyps insert.prems
by (metis Diff_insert_absorb finite_Diff insert_iff)
finally show "(> be&(insert b B’). > acb. f a) = () acA. f a)"
using partition.remove_elem[of A "insert b B’" b] insert.prems
by (metis add.commute insert_iff partition.incl sum.subset_diff)
qed

lemma (in partition) disjoint_sum:

assumes "finite A"

shows "(> beB. Y acb. f a) = (3 acA. f a)"
proof -

have "finite B"

by (simp add: assms finite_UnionD partition_coverture)

thus 7thesis using disjoint_sum assms partition_axioms by blast

qed

lemma (in equivalence) set_eq_insert_aux:
assumes "A C carrier S"
and "x € carrier S" "x’ € carrier S" "x .= x’"
and "y € insert x A"
shows "y .€ insert x’ A"
by (metis assms(1l) assms(4) assms(5) contra_subsetD elemI elem_exact
insert_iff)

corollary (in equivalence) set_eq_insert:
assumes "A C carrier S"
and "x € carrier S" "x’ € carrier S"
shows "insert x A {.=} insert x’ A"
by (meson set_eql assms set_eq_insert_aux sym equivalence_axioms)

x .= x’"

lemma (in equivalence) set_eq_pairI:
assumes xx’: "
and carr: "x € carrier S"
shows "{x, y} {.=} {x’, y}"
using assms set_eq_insert by simp

x .= x’"

"x’ € carrier 8" "y € carrier S"

lemma (in equivalence) closure_inclusion:
assumes "A C B"
shows "closure_of A C closure_of B"
unfolding eq_closure_of_def using assms elem_subsetD by auto

lemma (in equivalence) classes_small:
assumes "is_closed B"
and "A C B"
shows "closure_of A C B"
by (metis assms closure_inclusion eq_is_closed_def)

lemma (in equivalence) classes_eq:
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assumes "A C carrier S"

shows "A {.=} closure_of A"
using assms by (blast intro: set_eql elem_exact closure_of_memI elim:

closure_of_memE)

lemma (in equivalence) complete_classes:

assumes "is_closed A"
shows "A = closure_of A"
using assms by (simp add: eq_is_closed_def)

lemma (in equivalence) closure_idem_weak:
"closure_of (closure_of A) {.=} closure_of A"

by (simp add: classes_eq set_eq_sym)

lemma (in equivalence) closure_idem_strong:

assumes "A C carrier 3"
= closure_of A"

shows "closure_of (closure_of A)
using assms closure_of_eq complete_classes is_closedI by auto

lemma (in equivalence) classes_consistent:

assumes "A C carrier S"

shows "is_closed (closure_of A)"
using closure_idem_strong by (simp add: assms eq_is_closed_def)

lemma (in equivalence) classes_coverture:

"Jclasses = carrier S"

proof
show "|Jclasses C carrier S"
unfolding eq_classes_def eq_class_of_def by blast

next
show "carrier S C |Jclasses" unfolding eq_classes_def eq_class_of_def

proof
fix x assume "x € carrier S"
= y}" using refl by simp

hence "x € {y € carrier S. x
thus "x € J{{y € carrier S. x .= y} Ix. x € carrier S}" by blast

qed
qed

lemma (in equivalence) disjoint_union:
assumes "classl € classes" '"class2 € classes"
and "classl N class2 # {}"

shows "classl = class2"
= class_of x"

proof -
class_of y"

obtain x y where x: "x € carrier S" "classl
and y: "y € carrier S" '"class2

using assms(1-2) unfolding eq_classes_def by blast
"z € carrier S" "z € classl N class2"

obtain z  where z:
using assms classes_coverture by fastforce
hence "x .= z A y .= 2" using x y unfolding eq_class_of_def by blast
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hence "x .= y" using x y z trans sym by meson
hence "class_of x = class_of y"
unfolding eq_class_of_def using local.sym trans x y by blast
thus 7thesis using x y by simp
qed

lemma (in equivalence) partition_from_equivalence:
"partition (carrier S) classes"
proof (intro partitionI)
show "|Jclasses = carrier S" using classes_coverture by simp
next
show "Aclassl class2. [ classl € classes; class2 € classes | =
classl N class2 # {} = classl = class2"
using disjoint_union by simp
qed

lemma (in equivalence) disjoint_sum:

assumes "finite (carrier S)"

shows "(>  ceclasses. Y x€c. f x) = () x€(carrier 8). £ x)"
proof -

have "finite classes"

unfolding eq_classes_def using assms by auto

thus 7thesis using disjoint_sum assms partition_from_equivalence by
blast
qed

end

theory Order

imports
Congruence

begin
2  Orders
2.1 Partial Orders
record ’a gorder = "’a eq_object" +

le :: "[’a, ’a] => bool" (infixl "C2" 50)
abbreviation inv_gorder :: "_ = ’a gorder" where

"inv_gorder L =
( carrier = carrier L,
eq = (.=1),
le= (Axy.yLCpx) )"

lemma inv_gorder_inv:
"inv_gorder (inv_gorder L) = L"
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by simp

locale weak_partial_order = equivalence L for L (structure) +
assumes le_refl [intro, simp]:
"x € carrier L — x C x"
and weak_le_antisym [intro]:
"[x Cy; y C x; x € carrier L; y € carrier L] = x .=y
and le_trans [trans]:
"[x Ey; vy C z; x € carrier L; y € carrier L; z € carrier L] =
x C z"
and le_cong:
"[[x .= y; 2 .= W; X € carrier L; y € carrier L; z € carrier L; w
€ carrier L] =
xCz<+—yLCw"

definition
lless :: "[_, ’a, ’a]l => bool" (infixl "C2" 50)
where "x Cp vy «— x Cp, vy A x .#L y"

2.1.1 The order relation

context weak_partial_order
begin

lemma le_cong_1 [intro, trans]:

"[[x .=y; y L z; x € carrier L; y € carrier L; z € carrier L] — X
C 2"

by (auto intro: le_cong [THEN iffD2])

lemma le_cong_r [intro, trans]:

"[x £ y; y .= z; x € carrier L; y € carrier L; z € carrier L] = x
C z"

by (auto intro: le_cong [THEN iffD1])

lemma weak_refl [intro, simp]l: "[x .= y; x € carrier L; y € carrier
L] = x C y"
by (simp add: le_cong_1)

end

lemma weak_llessI:
fixes R (structure)
assumes "x C y" and "—(x .= y)"
shows "x C y"
using assms unfolding lless_def by simp

lemma lless_imp_le:
fixes R (structure)
assumes "x C y"
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shows "x C y"
using assms unfolding lless_def by simp

lemma weak_lless_imp_not_eq:
fixes R (structure)
assumes "x C y"
shows "= (x .= y)"
using assms unfolding lless_def by simp

lemma weak_llessE:
fixes R (structure)
assumes p: "x C y" and e: "[x C y; = (x .= y)] = P"
shows "P"
using p by (blast dest: lless_imp_le weak_lless_imp_not_eq e)

lemma (in weak_partial_order) lless_cong_l [trans]:
assumes xx’: "
and xy: "x’ C y"
and carr: "x € carrier L" "x’ € carrier L" "y € carrier L"
shows "x C y"
using assms unfolding lless_def by (auto intro: trans sym)

x .= x’"

lemma (in weak_partial_order) lless_cong_r [trans]:
assumes xy: "x C y"
and yy’: "y .= y’"
and carr: "x € carrier L" "y € carrier L" "y’ € carrier L"
shows "x C y’"
using assms unfolding lless_def by (auto intro: trans sym)

lemma (in weak_partial_order) lless_antisym:
assumes "a € carrier L" "b € carrier L"
and "a C” b" "b C a"
shows "P"
using assms
by (elim weak_llessE) auto

lemma (in weak_partial_order) lless_trans [trans]:
assumes "a C b" "b C c"
and carr[simp]: "a € carrier L" "b € carrier L" "c &€ carrier L"
shows "a C c"
using assms unfolding lless_def by (blast dest: le_trans intro: sym)

lemma weak_partial_order_subset:
assumes "weak_partial_order L" "A C carrier L"
shows "weak_partial_order (L( carrier := A |))"
proof -
interpret L: weak_partial_order L
by (simp add: assms)
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interpret equivalence "(L( carrier := A |))"
by (simp add: L.equivalence_axioms assms(2) equivalence_subset)
show ?thesis
apply (unfold_locales, simp_all)
using assms(2) apply auto[1]
using assms(2) apply auto[1]
apply (meson L.le_trans assms(2) contra_subsetD)
apply (meson L.le_cong assms(2) subsetCE)
done
qed

2.1.2 Upper and lower bounds of a set

definition

Upper :: "[_, ’a set] => ’a set"

where "Upper L A = {u. (Vx. x € A N carrier L — x Cp, w)} N carrier
Lll

definition

Lower :: "[_, ’a set] => ’a set"

where "Lower L A = {1. (Vx. x € A N carrier L — 1 L x)} N carrier
L"

lemma Lower_dual [simp]:
"Lower (inv_gorder L) A = Upper L A"
by (simp add:Upper_def Lower_def)

lemma Upper_dual [simp]:
"Upper (inv_gorder L) A = Lower L A"
by (simp add:Upper_def Lower_def)

lemma (in weak_partial_order) equivalence_dual: "equivalence (inv_gorder
L) n
by (rule equivalence.intro) (auto simp: intro: sym trans)

lemma (in weak_partial_order) dual_weak_order: "weak_partial_order (inv_gorder
L) "

by intro_locales (auto simp add: weak_partial_order_axioms_def le_cong
intro: equivalence_dual le_trans)

lemma (in weak_partial_order) dual_eq iff [simp]: "A {.=}inv_gorder L
A — A {.=F A0
by (auto simp: set_eq_def elem_def)

lemma dual_weak_order_iff:

"weak_partial_order (inv_gorder A) ¢<— weak_partial_order A"
proof

assume "weak_partial_order (inv_gorder A)"

then interpret dpo: weak_partial_order "inv_gorder A"
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rewrites "carrier (inv_gorder A) = carrier A"
and "le (inv_gorder A) = (Axy.leAyx)"
and "eq (inv_gorder A) = eq A"
by (simp_all)
show "weak_partial_order A"
by (unfold_locales, auto intro: dpo.sym dpo.trans dpo.le_trans)
next
assume "weak_partial_order A"
thus "weak_partial_order (inv_gorder A)"
by (metis weak_partial_order.dual_weak_order)
qed

lemma Upper_closed [iff]:
"Upper L A C carrier L"
by (unfold Upper_def) clarify

lemma Upper_memD [dest]:

fixes L (structure)

shows "[u € Upper L A; x € A; A C carrier L] = x C u A u € carrier
Lll

by (unfold Upper_def) blast

lemma (in weak_partial_order) Upper_elemD [dest]:
"[u .€ Upper L A; u € carrier L; x € A; A C carrier L] = x C u"
unfolding Upper_def elem_def
by (blast dest: sym)

lemma Upper_memI:
fixes L (structure)
shows "[!! y. y € A = y C x; x € carrier L] = x € Upper L A"
by (unfold Upper_def) blast

lemma (in weak_partial_order) Upper_elemI:
"['"y. y € A= y LC x; x € carrier L] = x .€ Upper L A"
unfolding Upper_def by blast

lemma Upper_antimono:
"A C B = Upper L B C Upper L A"
by (unfold Upper_def) blast

lemma (in weak_partial_order) Upper_is_closed [simp]:
"A C carrier L = is_closed (Upper L A)"
by (rule is_closedI) (blast intro: Upper_memI)+

lemma (in weak_partial_order) Upper_mem_cong:
assumes "a’ € carrier L" "A C carrier L" "a .= a’" "a € Upper L A"
shows "a’ € Upper L A"
by (metis assms Upper_closed Upper_is_closed closure_of_eq complete_classes)



27

lemma (in weak_partial_order) Upper_semi_cong:

assumes "A C carrier L" "A {.=} A"

shows "Upper L A C Upper L A"

unfolding Upper_def

by clarsimp (meson assms equivalence.refl equivalence_axioms le_cong
set_eqD2 subset_eq)

lemma (in weak_partial_order) Upper_cong:
assumes "A C carrier L" "A’ C carrier L" "A {.=} A’"
shows "Upper L A = Upper L A’"
using assms by (simp add: Upper_semi_cong set_eq_sym subset_antisym)

lemma Lower_closed [intro!, simp]:
"Lower L A C carrier L"
by (unfold Lower_def) clarify

lemma Lower_memD [dest]:

fixes L (structure)

shows "[1 € Lower L A; x € A; A C carrier L] = 1 C x A 1 € carrier
Lll

by (unfold Lower_def) blast

lemma Lower_memI:
fixes L (structure)
shows "[!! y. y € A = x C y; x € carrier L] = x € Lower L A"
by (unfold Lower_def) blast

lemma Lower_antimono:
"A C B — Lower L B C Lower L A"
by (unfold Lower_def) blast

lemma (in weak_partial_order) Lower_is_closed [simp]:
"A C carrier L —> is_closed (Lower L A)"
by (rule is_closedI) (blast intro: Lower_memI dest: sym)+

lemma (in weak_partial_order) Lower_mem_cong:
assumes "a’ € carrier L" "A C carrier L" "a .= a’" "a € Lower L A"
shows "a’ € Lower L A"
by (meson assms Lower_closed Lower_is_closed is_closed_eq subsetCE)

lemma (in weak_partial_order) Lower_cong:

assumes "A C carrier L" "A’ C carrier L" "A {.=} A"

shows "Lower L A = Lower L A’"

unfolding Upper_dual [symmetric]

by (rule weak_partial_order.Upper_cong [OF dual_weak_order]) (simp_all
add: assms)

Jacobson: Theorem 8.1

lemma Lower_empty [simp]:
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"Lower L {} = carrier L"
by (unfold Lower_def) simp

lemma Upper_empty [simp]:
"Upper L {} = carrier L"
by (unfold Upper_def) simp

2.1.3 Least and greatest, as predicate

definition
least :: "[_, ’a, ’a set] => bool"
where "least L 1 A «— A C carrier LA 1 € A A (Vx€A. 1 Cp x)"

definition
greatest :: "[_, ’a, ’a set] => bool"
where "greatest L g A «— A C carrier L A g € A A (Vx€EA. x Cp g

Could weaken thesetol € carrier L A 1 .€ Aandg € carrier L A g .€
A.

lemma least_dual [simp]:
"least (inv_gorder L) x A = greatest L x A"
by (simp add:least_def greatest_def)

lemma greatest_dual [simp]:
"greatest (inv_gorder L) x A = least L x A"
by (simp add:least_def greatest_def)

lemma least_closed [intro, simp]:
"least L1 A — 1 € carrier L"
by (unfold least_def) fast

lemma least_mem:
"least L1 A — 1 € A"
by (unfold least_def) fast

lemma (in weak_partial_order) weak_least_unique:
"[least L x A; least L y A] = x .= y"
by (unfold least_def) blast

lemma least_le:
fixes L (structure)
shows "[least L x A; a € A] = x C a"
by (unfold least_def) fast

lemma (in weak_partial_order) least_cong:

"[x .= x’; x € carrier L; x’ € carrier L; is_closed A] — least L x
A = least L x’ A"

unfolding least_def

by (meson is_closed_eq is_closed_eq_rev le_cong local.refl subset_iff)
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abbreviation is_lub :: "[_, ’a, ’a set] => bool"
where "is_lub L x A = least L x (Upper L A)"

least is not congruent in the second parameter for A {.=} A’

lemma (in weak_partial_order) least_Upper_cong_l:
assumes "x .= x’"
and "x € carrier L" "x’ € carrier L"
and "A C carrier L"
shows "least L x (Upper L A) = least L x’ (Upper L A)"
apply (rule least_cong) using assms by auto

lemma (in weak_partial_order) least_Upper_cong_r:
assumes "A C carrier L" "A’ C carrier L" "A {.=} A"
shows "least L x (Upper L A) = least L x (Upper L A’)"
using Upper_cong assms by auto

lemma least_UpperI:
fixes L (structure)

assumes above: "!! x. x € A — x C s"
and below: "!! y. y € Upper L A = s C y"
and L: "A C carrier L" "s € carrier L"
shows "least L s (Upper L A)"
proof -

have "Upper L A C carrier L" by simp
moreover from above L have "s € Upper L A" by (simp add: Upper_def)
moreover from below have "Vx € Upper L A. s C x" by fast
ultimately show ?thesis by (simp add: least_def)

qed

lemma least_Upper_above:
fixes L (structure)
shows "[least L s (Upper L A); x € A; A C carrier L] = x C s"
by (unfold least_def) blast

lemma greatest_closed [intro, simp]:
"greatest L 1 A — 1 € carrier L"
by (unfold greatest_def) fast

lemma greatest_mem:
"greatest L1 A = 1 € A"
by (unfold greatest_def) fast

lemma (in weak_partial_order) weak_greatest_unique:
"[greatest L x A; greatest L y A] — x .= y"
by (unfold greatest_def) blast

lemma greatest_le:
fixes L (structure)



30

shows "[greatest L x A; a € A] = a C x"
by (unfold greatest_def) fast

lemma (in weak_partial_order) greatest_cong:
"[[x .= x’; x € carrier L; x’ € carrier L; is_closed Aﬂ —
greatest L x A = greatest L x’ A"
unfolding greatest_def
by (meson is_closed_eq_rev le_cong_r local.sym subset_eq)

abbreviation is_glb :: "[_, ’a, ’a set] => bool"
where "is_glb L x A = greatest L x (Lower L A)"

greatest is not congruent in the second parameter for A {.=} A’

lemma (in weak_partial_order) greatest_Lower_cong_l:
assumes "x .= x’"
and "x € carrier L" "x’ € carrier L"
shows "greatest L x (Lower L A) = greatest L x’ (Lower L A)"

proof -
have "VA. is_closed (Lower L (A N carrier L))"
by simp

then show ?thesis
by (simp add: Lower_def assms greatest_cong)
qed

lemma (in weak_partial_order) greatest_Lower_cong_ r:
assumes "A C carrier L" "A’ C carrier L" "A {.=} A"
shows "greatest L x (Lower L A) = greatest L x (Lower L A’)"
using Lower_cong assms by auto

lemma greatest_LowerI:
fixes L (structure)
assumes below: "!! x. x € A = i C x"
and above: "!! y. y € Lower L A = y C i"
and L: "A C carrier L" "i € carrier L"
shows "greatest L i (Lower L A)"
proof -
have "Lower L A C carrier L" by simp
moreover from below L have "i € Lower L A" by (simp add: Lower_def)
moreover from above have "Vx € Lower L A. x C i" by fast
ultimately show ?thesis by (simp add: greatest_def)
qed

lemma greatest_Lower_below:
fixes L (structure)
shows "[greatest L i (Lower L A); x € A; A C carrier L] = i C x"
by (unfold greatest_def) blast
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2.1.4 Intervals

definition

at_least_at_most :: "(’a, ’c) gorder_scheme = ’a => ’a => ’a set" ("(1{_

where "{1..uf}p = {x € carrier A. 1 Cy x A x Ty u}"

context weak_partial_order
begin

lemma at_least_at_most_upper [dest]:
"x € {a..b}] = x C b"
by (simp add: at_least_at_most_def)

lemma at_least_at_most_lower [dest]:
"x € {a..b} = a C x"

by (simp add: at_least_at_most_def)

lemma at_least_at_most_closed: "{]a. .b} C carrier L"
by (auto simp add: at_least_at_most_def)

lemma at_least_at_most_member [intro]:
"[x € carrier L; a C x; x C b] = x € {a..b}"
by (simp add: at_least_at_most_def)

end

2.1.5 Isotone functions

definition isotone :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (a = ’b) = bool"
where

"isotone A B f =
weak_partial_order A A weak_partial_order B A
(Vx€carrier A. Vy€Ecarrier A. x Cp y — £ x Cg £ y)"

lemma isotonel [intro?]:
fixes £ :: "’a = ’b"
assumes "weak_partial_order L1"
"weak_partial_order L2"
"(Ax y. [x € carrier L1; y € carrier L1; x Crq ¥]
— £ x Cpp £ "
shows "isotone L1 L2 f"
using assms by (auto simp add:isotone_def)

abbreviation Monotone :: "(’a, ’b) gorder_scheme = (’a = ’a) = bool"
("Monoz ")
where "Monotone L f = isotone L L f"

lemma use_isol:
"[isotone A A f; x € carrier A; y € carrier A; x [ y] =

M
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fxCy £fy"
by (simp add: isotone_def)

lemma use_iso2:
"[isotone A B f; x € carrier A; y € carrier A; x [y y] =
fxCgfy"
by (simp add: isotone_def)

lemma iso_compose:

"[f € carrier A — carrier B; isotone A B f; g € carrier B — carrier
C; isotone B C g] =

isotone A C (g o £)"

by (simp add: isotone_def, safe, metis Pi_iff)

lemma (in weak_partial_order) inv_isotone [simp]:
"isotone (inv_gorder A) (inv_gorder B) f = isotone A B f"
by (auto simp add:isotone_def dual_weak_order dual_weak_order_iff)

2.1.6 Idempotent functions

definition idempotent
"(’a, ’b) gorder_scheme = (’a = ’a) = bool" ("Idem:") where
"idempotent L f = Vxé€carrier L. £ (f x) .= f x"

lemma (in weak_partial_order) idempotent:

"[Idem f; x € carrier L] = f (f x) .= f x"
by (auto simp add: idempotent_def)

2.1.7 Order embeddings

definition order_emb :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (’a = ’b) = bool"
where

"order_emb A B f = weak_partial_order A
N weak_partial_order B
A (Vx€carrier A. Vy€ccarrier A. £ x Cg f y ¢— x [y

y)Il

lemma order_emb_isotone: "order_emb A B f —> isotone A B f"
by (auto simp add: isotone_def order_emb_def)

2.1.8 Commuting functions

definition commuting :: "(’a, ’c) gorder_scheme = (’a = ’a) = (’a =
’a) = bool" where
"commuting A f g = (Vx€carrier A. (f o g) x .= (g o £) x)"

2.2 Partial orders where eq is the Equality

locale partial_order = weak_partial_order +
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assumes eq_is_equal: "(.=) = (=)"
begin

declare weak_le_antisym [rule dell

lemma le_antisym [intro]:
"[x C y; vy C x; x € carrier L; y € carrier L] = x = y"
using weak_le_antisym unfolding eq_is_equal .

lemma lless_eq:
"xCy<+—>xLCyAxF#y"
unfolding lless_def by (simp add: eq_is_equal)

lemma set_eq_is_eq: "A {.=} B «+— A = B"
by (auto simp add: set_eq_def elem_def eq_is_equal)

end

lemma (in partial_order) dual_order:
"partial_order (inv_gorder L)"
proof -
interpret dwo: weak_partial_order "inv_gorder L"
by (metis dual_weak_order)
show 7thesis
by (unfold_locales, simp add:eq_is_equal)
qed

lemma dual_order_iff:
"partial_order (inv_gorder A) <— partial_order A"
proof
assume assm:"partial_order (inv_gorder A)"
then interpret po: partial_order "inv_gorder A"
rewrites "carrier (inv_gorder A) = carrier A"
and "le (inv_gorder A) = (Axy. leAyx)"
and "eq (inv_gorder A) = eq A"
by (simp_all)
show "partial_order A"
apply (unfold_locales, simp_all add: po.sym)
apply (metis po.trans)
apply (metis po.weak_le_antisym, metis po.le_trans)
apply (metis (full_types) po.eq_is_equal, metis po.eq_is_equal)
done
next
assume "partial_order A"
thus "partial_order (inv_gorder A)"
by (metis partial_order.dual_order)
qed

Least and greatest, as predicate
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lemma (in partial_order) least_unique:
"[least L x A; least L y A] = x = y"
using weak_least_unique unfolding eq_is_equal .

lemma (in partial_order) greatest_unique:
"[greatest L x A; greatest L y A] = x =y
using weak_greatest_unique unfolding eq_is_equal .

2.3 Bounded Orders

definition
top :: "_ =>’a" ("T2") where
"Ty = (SOME x. greatest L x (carrier L))"

definition
bottom :: "_ => ’a" ("L2") where
"1 = (SOME x. least L x (carrier L))"

locale weak_partial_order_bottom = weak_partial_order L for L (structure)
+

assumes bottom_exists: "d x. least L x (carrier L)"
begin

lemma bottom_least: "least L L (carrier L)"
proof -
obtain x where "least L x (carrier L)"
by (metis bottom_exists)

thus ?thesis
by (auto intro:somel2 simp add: bottom_def)
qed

lemma bottom_closed [simp, intro]:
"l € carrier L"
by (metis bottom_least least_mem)

lemma bottom_lower [simp, intro]:
"x € carrier L — 1 LC x"
by (metis bottom_least least_le)

end

locale weak_partial_order_top = weak_partial_order L for L (structure)
+

assumes top_exists: "3 x. greatest L x (carrier L)"
begin

lemma top_greatest: "greatest L T (carrier L)"
proof -
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obtain x where "greatest L x (carrier L)"
by (metis top_exists)

thus 7thesis
by (auto intro:someI2 simp add: top_def)
qed

lemma top_closed [simp, intro]:
"T € carrier L"
by (metis greatest_mem top_greatest)

lemma top_higher [simp, intro]:
"x € carrier L — x C T"
by (metis greatest_le top_greatest)

end

2.4 Total Orders

locale weak_total_order = weak_partial_order +
assumes total: "[x € carrier L; y € carrier L] = x C y V y C x"

Introduction rule: the usual definition of total order

lemma (in weak_partial_order) weak_total_orderI:

assumes total: "!!x y. [x € carrier L; y € carrier L] = x C y V y
I: X"

shows "weak_total_order L"

by unfold_locales (rule total)

2.5 Total orders where eq is the Equality

locale total_order = partial_order +
assumes total_order_total: "[[x € carrier L; y € carrier L]] — x C
y \/ y E X"

sublocale total_order < weak?: weak_total_order
by unfold_locales (rule total_order_total)

Introduction rule: the usual definition of total order

lemma (in partial_order) total_orderI:

assumes total: "!!x y. [x € carrier L; y € carrier L] = x C y V y
I: Xll

shows "total_order L"

by unfold_locales (rule total)

end

theory Lattice



imports Order
begin

3 Lattices

3.1 Supremum and infimum

definition
sup :: "[_, ’a set]l => ’a" ("|]2_" [90] 90)
where "| |1 A = (SOME x. least L x (Upper L A))"

definition
inf :: "[_, ’a set] => ’a" ("[]2_" [90] 90)
where "[|pLA = (SOME x. greatest L x (Lower L A))"

definition supr ::
"(’a, ’b) gorder_scheme = ’c set = (’c = ’a) = ’a "
where "supr L A £ = | |p(f ¢ A"

definition infi ::
"(’a, ’b) gorder_scheme = ’c set = (’c = ’a) = ’a "
where "infi L A £ = [|p(f ¢ A"
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syntax

"_infl" :: "(Pa, ’b) gorder_scheme = pttrns = ’a = ’a" ("(3IINF:
_./ )" [0, 10] 10)

"_inf" :: "(’a, ’b) gorder_scheme = pttrn = ’c set = ’a = ’a"
("(3IINF2 _:_./ _O" [0, 0, 10] 10)

" _supl" :: "(Pa, ’b) gorder_scheme = pttrns = ’a = ’a" ("(3SSUP:
_./ )" [0, 10] 10)

" _sup" :: "(Pa, ’b) gorder_scheme = pttrn = ’c set = ’a = ’a"
("(38ssupP+ _:_./ _)" [0, 0, 10] 10)
translations

"IINF;, x. B" == "CONST infi L CONST UNIV (%x. B)"

"IINFp x:A. B" == "CONST infi L A (%x. B)"

"SSUP;, x. B" == "CONST supr L CONST UNIV (%x. B)"

"SSUPL, x:A. B" == "CONST supr L A (%x. B)"
definition

join :: "[_, ’a, ’al => ’a" (infix] "U2" 65)

where "x Uy y = | |o{x, y}"
definition
meet :: "[_, ’a, ’a] => ’a" (infix]l "M2" 70)

where "x My y = [o{x, y}"

definition

LEAST_FP :: "(’a, ’b) gorder_scheme = (’a = ’a) = ’a" ("LFPz") where
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"LEAST FP L f =[] {u € carrier L. f u Cp u}" — least fixed point

definition

GREATEST_FP:: "(’a, ’b) gorder_scheme = (’a = ’a) = ’a" ("GFP:")
where

"GREATEST FP L f = | |1 {u € carrier L. u Cp f u}" — greatest fixed
point

3.2 Dual operators

lemma sup_dual [simp]:

"l_] inv_gorder LA = I_lLA"
by (simp add: sup_def inf_def)

lemma inf_dual [simp]:

"l inv_gorder LA = LILA"
by (simp add: sup_def inf_def)

lemma join_dual [simp]:

"p Uinv_gorder L. 4 = P L q"
by (simp add:join_def meet_def)

lemma meet_dual [simp]:

"P Minv_gorder L. 4 = P UL q"
by (simp add:join_def meet_def)

lemma top_dual [simp]:

"Tinv_gorder L= 1"
by (simp add: top_def bottom_def)

lemma bottom_dual [simp]:

"J—inv_gorder L= TL"
by (simp add: top_def bottom_def)

lemma LFP_dual [simp]:
"LEAST_FP (inv_gorder L) f = GREATEST_FP L f"
by (simp add:LEAST_FP_def GREATEST_FP_def)

lemma GFP_dual [simp]:
"GREATEST_FP (inv_gorder L) f = LEAST_FP L f"
by (simp add:LEAST_FP_def GREATEST FP_def)

3.3 Lattices

locale weak_upper_semilattice = weak_partial_order +
assumes sup_of_two_exists:
"[| x € carrier L; y € carrier L |] ==> Js. least L s (Upper L {x,
y})u

locale weak_lower_semilattice = weak_partial_order +
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assumes inf_of two_exists:
"[| x € carrier L; y € carrier L |] ==> ds. greatest L s (Lower L

{x, yH
locale weak_lattice = weak_upper_semilattice + weak_lower_semilattice

lemma (in weak_lattice) dual_weak_lattice:

"weak_lattice (inv_gorder L)"
proof -

interpret dual: weak_partial_order "inv_gorder L"

by (metis dual_weak_order)

show 7thesis

proof ged (simp_all add: inf_of_two_exists sup_of_two_exists)
qed

3.3.1 Supremum

lemma (in weak_upper_semilattice) joinI:
"[] ''1. least L 1 (Upper L {x, y}) ==> P 1; x € carrier L; y € carrier
L I]

==>P (x U y)"
proof (unfold join_def sup_def)
assume L: "x € carrier L" "y € carrier L"
and P: "!!1. least L 1 (Upper L {x, y}) ==> P 1"
with sup_of_two_exists obtain s where "least L s (Upper L {x, y})"
by fast

with L show "P (SOME 1. least L 1 (Upper L {x, y})"
by (fast intro: someI2 P)
qed

lemma (in weak_upper_semilattice) join_closed [simp]:
"[| x € carrier L; y € carrier L |] ==> x U y € carrier L"
by (rule joinI) (rule least_closed)

lemma (in weak_upper_semilattice) join_cong_l:
assumes carr: "x € carrier L" "x’ € carrier L" "y € carrier L"
and xx’: "x .= x’"
shows "x LUy .= x> U y"
proof (rule joinI, rule joinI)
fix ab
from xx’ carr
have seq: "{x, y} {.=} {x’, y}" by (rule set_eq_pairI)

assume leasta: "least L a (Upper L {x, y}D"
assume "least L b (Upper L {x’, y}H)"
with carr

have leastb: "least L b (Upper L {x, y})"

by (simp add: least_Upper_cong_r[0F _ _ seql)
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from leasta leastb
show "a .= b" by (rule weak_least_unique)
qged (rule carr)+

lemma (in weak_upper_semilattice) join_cong_r:
assumes carr: "x € carrier L" "y € carrier L" "y’ € carrier L"
and yy’: "y .= y’"
shows "x Uy .=x U y’"
proof (rule joinI, rule joinI)
fix ab
have "{x, y} = {y, x}" by fast
also from carr yy’
have "{y, x} {.=} {y’, x}" by (intro set_eq_pairIl)
also have "{y’, x} = {x, y’}" by fast
finally
have seq: "{x, y} {.=} {x, y’}" .

assume leasta: "least L a (Upper L {x, y}H"
assume "least L b (Upper L {x, y’})"

with carr
have leastb: "least L b (Upper L {x, y})"
by (simp add: least_Upper_cong_r[0F _ _ seql)

from leasta leastb
show "a .= b" by (rule weak_least_unique)
qged (rule carr)+

lemma (in weak_partial_order) sup_of_singletonI:
"x € carrier L ==> least L x (Upper L {x})"
by (rule least_UpperI) auto

lemma (in weak_partial_order) weak_sup_of_singleton [simp]:
"x € carrier L ==> | |{x} .= x"
unfolding sup_def
by (rule someI2) (auto intro: weak_least_unique sup_of_singletonI)

lemma (in weak_partial_order) sup_of_singleton_closed [simp]:
"x € carrier L = | |[{x} € carrier L"
unfolding sup_def
by (rule someI2) (auto intro: sup_of_singletonI)

Condition on A: supremum exists.

lemma (in weak_upper_semilattice) sup_insertI:
"[] ''s. least L s (Upper L (insert x A)) ==> P s;
least L a (Upper L A); x € carrier L; A C carrier L |]
==> P (| | (insert x A))"
proof (unfold sup_def)
assume L: "x € carrier L" "A C carrier L"
and P: "!11. least L 1 (Upper L (insert x A)) ==> P 1"
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and least_a: "least L a (Upper L A)"
from L least_a have La: "a € carrier L" by simp
from L sup_of_two_exists least_a
obtain s where least_s: "least L s (Upper L {a, x})" by blast
show "P (SOME 1. least L 1 (Upper L (insert x A)))"
proof (rule someI2)
show "least L s (Upper L (insert x A))"
proof (rule least_UpperI)
fix z
assume "z € insert x A"
then show "z C s"
proof
assume "z = x" then show 7thesis
by (simp add: least_Upper_above [OF least_s] L La)
next
assume "z € A"
with L least_s least_a show ?7thesis
by (rule_tac le_trans [where y = a]) (auto dest: least_Upper_above)
qed
next
fix y
assume y: "y € Upper L (insert x A)"
show "s C y"
proof (rule least_le [OF least_s], rule Upper_memI)
fix z
assume z: "z € {a, x}"
then show "z C y"
proof
have y’: "y € Upper L A"
by (meson Upper_antimono in_mono subset_insertI y)
assume "z = a"
with y’ least_a show 7thesis by (fast dest: least_le)
next
assume "z € {x}"
with y L show 7thesis by blast
qed
qed (rule Upper_closed [THEN subsetD, OF y])
next
from L show "insert x A C carrier L" by simp
from least_s show "s € carrier L" by simp
qed
qged (rule P)
qed

lemma (in weak_upper_semilattice) finite_sup_least:

"[| finite A; A C carrier L; A # {} |] ==> least L (| |A) (Upper L A)"
proof (induct set: finite)

case empty

then show ?7case by simp
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next
case (insert x A)
show 7case
proof (cases "A = {}")
case True
with insert show ?thesis
by simp (simp add: least_cong [OF weak_sup_of_singleton] sup_of_singletonI)

next
case False
with insert have "least L (| |A) (Upper L A)" by simp
with _ show ?7thesis
by (rule sup_insertI) (simp_all add: insert [simplified])
qed
qed

lemma (in weak_upper_semilattice) finite_sup_insertI:
assumes P: "!11. least L 1 (Upper L (insert x A)) ==> P 1"
and xA: "finite A" "x € carrier L" "A C carrier L"
shows "P (|| (insert x A))"
proof (cases "A = {}")
case True with P and xA show ?thesis
by (simp add: finite_sup_least)
next
case False with P and xA show 7thesis
by (simp add: sup_insertI finite_sup_least)
qed

lemma (in weak_upper_semilattice) finite_sup_closed [simp]:
"[| finite A; A C carrier L; A # {} |1 ==> | |A € carrier L"
proof (induct set: finite)
case empty then show 7case by simp
next
case insert then show 7case
by - (rule finite_sup_insertI, simp_all)
qed

lemma (in weak_upper_semilattice) join_left:
"[| x € carrier L; y € carrier L |] ==>x C x U y"
by (rule joinI [folded join_def]) (blast dest: least_mem)

lemma (in weak_upper_semilattice) join_right:
"[| x € carrier L; y € carrier L |] ==>y C x U y"
by (rule joinI [folded join_def]) (blast dest: least_mem)

lemma (in weak_upper_semilattice) sup_of_two_least:

"[| x € carrier L; y € carrier L |] ==> least L (| |{x, y}) (Upper L
{x, yH"
proof (unfold sup_def)
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assume L: "x € carrier L" "y € carrier L"

with sup_of_two_exists obtain s where "least L s (Upper L {x, y})"
by fast

with L show "least L (SOME z. least L z (Upper L {x, y})) (Upper L
{x, yH

by (fast intro: someI2 weak_least_unique)
qed

lemma (in weak_upper_semilattice) join_le:

assumes sub: "x C z" "y T z"

and x: "x € carrier L" and y: "y € carrier L" and z: "z € carrier

Lll

shows "x Uy C z"
proof (rule joinI [OF _ x yl)

fix s

assume "least L s (Upper L {x, y}"

with sub z show "s C z" by (fast elim: least_le intro: Upper_memI)
qed

lemma (in weak_lattice) weak_le_iff _meet:

assumes "x € carrier L" "y € carrier L"

shows "x C y +— (x U y) .= y"

by (meson assms(1l) assms(2) join_closed join_le join_left join_right
le_cong_r local.le_refl weak_le_antisym)

lemma (in weak_upper_semilattice) weak_join_assoc_lemma:
assumes L: "x € carrier L" "y € carrier L" "z € carrier L"
shows "x U (y U z) .= | |{x, y, z}"
proof (rule finite_sup_insertI)
— The textbook argument in Jacobson I, p 457
fix s
assume sup: "least L s (Upper L {x, y, z}H)"
show "x U (y U z) .= s"
proof (rule weak_le_antisym)
from sup L show "x U (y U z) C s"
by (fastforce intro!: join_le elim: least_Upper_above)
next
from sup L show "s C x U (y U z)"
by (erule_tac least_le)
(blast intro!: Upper_memI intro: le_trans join_left join_right join_closed)
ged (simp_all add: L least_closed [OF supl)
qged (simp_all add: L)

Commutativity holds for =.

lemma join_comm:
fixes L (structure)
shows "x LUy =y U x"
by (unfold join_def) (simp add: insert_commute)
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lemma (in weak_upper_semilattice) weak_join_assoc:

assumes L: "x € carrier L" "y € carrier L" "z € carrier L"
shows "(x Uy) Uz .=x U (y U z)"
proof -

have "(x U y) Uz =2z U (x U y)" by (simp only: join_comm)

also from L have "... .= ||{z, x, y}" by (simp add: weak_join_assoc_lemma)
also from L have "... = | |{x, y, z}" by (simp add: insert_commute)
also from L have "... .= x U (y U 2z)" by (simp add: weak_join_assoc_lemma

[symmetric])
finally show ?thesis by (simp add: L)
qed

3.3.2 Infimum

lemma (in weak_lower_semilattice) meetI:
"[| '!i. greatest L i (Lower L {x, y}) ==> P i;
X € carrier L; y € carrier L |]

=>P (x N y)"
proof (unfold meet_def inf_def)
assume L: "x € carrier L" "y &€ carrier L"
and P: "!lg. greatest L g (Lower L {x, y}) ==> P g"
with inf_of_two_exists obtain i where "greatest L i (Lower L {x, y}H)"
by fast

with L show "P (SOME g. greatest L g (Lower L {x, y}))"
by (fast intro: somel2 weak_greatest_unique P)
qed

lemma (in weak_lower_semilattice) meet_closed [simp]:
"[| x € carrier L; y € carrier L |] ==> x I y € carrier L"
by (rule meetI) (rule greatest_closed)

lemma (in weak_lower_semilattice) meet_cong_l:
assumes carr: "x € carrier L" "x’ € carrier L" "y € carrier L"
and xx’: "x .= x’"
shows "x My .=x’ N y"
proof (rule meetI, rule meetI)
fix a b
from xx’ carr
have seq: "{x, y} {.=} {x’, y}" by (rule set_eq_pairIl)

assume greatesta: "greatest L a (Lower L {x, y})"
assume "greatest L b (Lower L {x’, y})"
with carr
have greatestb: "greatest L b (Lower L {x, y})"
by (simp add: greatest_Lower_cong_r[0F _ _ seql)

from greatesta greatestb
show "a .= b" by (rule weak_greatest_unique)
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qged (rule carr)+

lemma (in weak_lower_semilattice) meet_cong_r:
assumes carr: "x € carrier L" "y € carrier L" "y’ € carrier L"
and yy:: ny .= y:n
shows "x My .=x M y’"
proof (rule meetI, rule meetI)
fix a b
have "{x, y} = {y, x}" by fast
also from carr yy’
have "{y, x} {.=} {y’, x}" by (intro set_eq_pairI)
also have "{y’, x} = {x, y’}" by fast
finally
have seq: "{x, y} {.=} {x, y’}" .

assume greatesta: "greatest L a (Lower L {x, y})"
assume "greatest L b (Lower L {x, y’})"

with carr
have greatestb: "greatest L b (Lower L {x, y})"
by (simp add: greatest_Lower_cong_r[0F _ _ seql)

from greatesta greatestb
show "a .= b" by (rule weak_greatest_unique)
qed (rule carr)+

lemma (in weak_partial_order) inf_of_singletonI:
"x € carrier L ==> greatest L x (Lower L {x})"
by (rule greatest_LowerI) auto

lemma (in weak_partial_order) weak_inf_of_singleton [simp]:
"x € carrier L ==> []{x} .= x"
unfolding inf_def
by (rule someI2) (auto intro: weak_greatest_unique inf_of_singletonI)

lemma (in weak_partial_order) inf_of_singleton_closed:
"x € carrier L ==> [|{x} € carrier L"
unfolding inf_def
by (rule someI2) (auto intro: inf_of_singletonI)

Condition on A: infimum exists.

lemma (in weak_lower_semilattice) inf_insertI:
"[| t!i. greatest L i (Lower L (insert x A)) ==> P 1i;
greatest L a (Lower L A); x € carrier L; A C carrier L |]
==> P ([](insert x A))"
proof (unfold inf_def)
assume L: "x € carrier L" "A C carrier L"
and P: "!lg. greatest L g (Lower L (insert x A)) ==> P g"
and greatest_a: "greatest L a (Lower L A)"
from L greatest_a have La: "a € carrier L" by simp
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from L inf_of_two_exists greatest_a
obtain i where greatest_i: "greatest L i (Lower L {a, x})" by blast
show "P (SOME g. greatest L g (Lower L (insert x A)))"
proof (rule someI2)
show "greatest L i (Lower L (insert x A))"
proof (rule greatest_LowerI)
fix z
assume "z € insert x A"
then show "i C z"
proof
assume "z = x" then show 7thesis
by (simp add: greatest_Lower_below [OF greatest_i] L La)
next
assume "z € A"
with L greatest_i greatest_a show 7thesis
by (rule_tac le_trans [where y = a]) (auto dest: greatest_Lower_below)
qed
next
fix y
assume y: "y € Lower L (insert x A)"
show "y C i"
proof (rule greatest_le [OF greatest_i], rule Lower_memI)
fix z
assume z: "z € {a, x}"
then show "y C z"
proof
have y’: "y € Lower L A"
by (meson Lower_antimono in_mono subset_insertI y)
assume "z = a"
with y’ greatest_a show 7thesis by (fast dest: greatest_le)
next
assume "z € {x}"
with y L show 7thesis by blast
qed
ged (rule Lower_closed [THEN subsetD, OF y])
next
from L show "insert x A C carrier L" by simp
from greatest_i show "i € carrier L" by simp
qed
qged (rule P)
qed

lemma (in weak_lower_semilattice) finite_inf_greatest:
"[| finite A; A C carrier L; A # {} |] ==> greatest L ([]A) (Lower
L A"
proof (induct set: finite)
case empty then show 7case by simp
next
case (insert x A)
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show 7?case
proof (cases "A = {}")
case True
with insert show ?thesis
by simp (simp add: greatest_cong [0OF weak_inf_of_singleton]
inf_of_singleton_closed inf_of_singletonI)
next
case False
from insert show ?7thesis
proof (rule_tac inf_insertI)
from False insert show "greatest L ([]A) (Lower L A)" by simp
qged simp_all
qed
qed

lemma (in weak_lower_semilattice) finite_inf_insertI:
assumes P: "!!i. greatest L i (Lower L (insert x A)) ==> P i"
and xA: "finite A" "x € carrier L" "A C carrier L"
shows "P (|| (insert x A))"
proof (cases "A = {}")
case True with P and xA show ?thesis
by (simp add: finite_inf_greatest)
next
case False with P and xA show 7thesis
by (simp add: inf_insertI finite_inf_greatest)
qed

lemma (in weak_lower_semilattice) finite_inf_closed [simp]:
"[| finite A; A C carrier L; A # {} |] ==> []A € carrier L"
proof (induct set: finite)
case empty then show 7case by simp
next
case insert then show 7case
by (rule_tac finite_inf_insertI) (simp_all)
qed

lemma (in weak_lower_semilattice) meet_left:
"[| x € carrier L; y € carrier L |] ==>x My C x"
by (rule meetI [folded meet_def]) (blast dest: greatest_mem)

lemma (in weak_lower_semilattice) meet_right:
"[| x € carrier L; y € carrier L |] ==> x Ny C y"
by (rule meetI [folded meet_def]) (blast dest: greatest_mem)

lemma (in weak_lower_semilattice) inf_of_two_greatest:
"[| x € carrier L; y € carrier L |] ==>
greatest L ([]{x, y}) (Lower L {x, yH"

proof (unfold inf_def)
assume L: "x € carrier L" "y € carrier L"
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with inf_of_two_exists obtain s where "greatest L s (Lower L {x, y})"
by fast

with L

show "greatest L (SOME z. greatest L z (Lower L {x, y})) (Lower L {x,
yH"

by (fast intro: somel2 weak_greatest_unique)
qed

lemma (in weak_lower_semilattice) meet_le:

assumes sub: "z L x" "z L y"

and x: "x € carrier L" and y: "y € carrier L" and z: "z € carrier

Lll

shows "z C x M y"
proof (rule meetI [OF _ x yl)

fix i

assume "greatest L i (Lower L {x, yP"

with sub z show "z C i" by (fast elim: greatest_le intro: Lower_memI)
qed

lemma (in weak_lattice) weak_le_iff_join:

assumes "x € carrier L" "y € carrier L"

shows "x C y «— x .= (x M y)"

by (meson assms(1) assms(2) local.le_refl local.le_trans meet_closed
meet_le meet_left meet_right weak_le_antisym weak_refl)

lemma (in weak_lower_semilattice) weak_meet_assoc_lemma:
assumes L: "x € carrier L" "y € carrier L" "z € carrier L"
shows "x M (y M z) .= [|{x, y, z}"

proof (rule finite_inf_insertI)

The textbook argument in Jacobson I, p 457

fix i
assume inf: "greatest L i (Lower L {x, y, z})"
show "x M (y M z) .= i"
proof (rule weak_le_antisym)
from inf L show "i C x M (y M )"
by (fastforce intro!: meet_le elim: greatest_Lower_below)
next
from inf L show "x M (y N z) C i"
by (erule_tac greatest_le)
(blast intro!: Lower_memI intro: le_trans meet_left meet_right meet_closed)
qed (simp_all add: L greatest_closed [OF inf])
qged (simp_all add: L)

lemma meet_comm:
fixes L (structure)
shows "x My =y M x"
by (unfold meet_def) (simp add: insert_commute)
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lemma (in weak_lower_semilattice) weak_meet_assoc:

assumes L: "x € carrier L" "y € carrier L" "z € carrier L"
shows "(x My) Mz .=x0M (y MNz)"
proof -

have "(x M y) Mz =2z M (x M y)" by (simp only: meet_comm)

also from L have "... .=[] {z, x, y}" by (simp add: weak_meet_assoc_lemma)
also from L have "... =[] {x, y, z}" by (simp add: insert_commute)
also from L have "... .= x M (y M z)" by (simp add: weak_meet_assoc_lemma

[symmetric])

finally show ?thesis by (simp add: L)
qed
Total orders are lattices.

sublocale weak_total_order C weak?: weak_lattice

proof
fix xy
assume L: "x € carrier L" "y € carrier L"
show "ds. least L s (Upper L {x, yH"
proof -
note total L
moreover

{

assume "x L y"
with L have "least L y (Upper L {x, y}"
by (rule_tac least_UpperI) auto
}

moreover
{
assume "y L x"
with L have "least L x (Upper L {x, y}"
by (rule_tac least_UpperI) auto

}

ultimately show ?thesis by blast

qed
next
fix xy
assume L: "x € carrier L" "y € carrier L"
show "Ji. greatest L i (Lower L {x, y})"
proof -
note total L
moreover

{

assume "y C x"
with L have "greatest L y (Lower L {x, y})"
by (rule_tac greatest_LowerI) auto

}

moreover

{
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assume "x L y"
with L have "greatest L x (Lower L {x, y})"
by (rule_tac greatest_LowerI) auto
}

ultimately show ?7thesis by blast
qed
qed

3.4 Weak Bounded Lattices

locale weak_bounded_lattice =
weak_lattice +
weak_partial_order_bottom +
weak_partial_order_top
begin

lemma bottom_meet: "x € carrier L = 1 N x .= 1"
by (metis bottom_least least_def meet_closed meet_left weak_le_antisym)

lemma bottom_join: "x € carrier L = 1 U x .= x"
by (metis bottom_least join_closed join_le join_right le_refl least_def
weak_le_antisym)

lemma bottom_weak_eq:
"[ b € carrier L; A x. x € carrier L= b L x] = b .= L"
by (metis bottom_closed bottom_lower weak_le_antisym)

lemma top_join: "x € carrier L = T U x .= T"
by (metis join_closed join_left top_closed top_higher weak_le_antisym)

lemma top_meet: "x € carrier L = T M x .= x"
by (metis le_refl meet_closed meet_le meet_right top_closed top_higher
weak_le_antisym)

lemma top_weak_eq: "[t € carrier L; A x. x € carrier L = x C t
] =+t .=T"
by (metis top_closed top_higher weak_le_antisym)

end
sublocale weak_bounded_lattice C weak_partial_order .

3.5 Lattices where eq is the Equality

locale upper_semilattice = partial_order +
assumes sup_of_two_exists:
"[| x € carrier L; y € carrier L |] ==> Js. least L s (Upper L {x,
y})u

sublocale upper_semilattice C weak?: weak_upper_semilattice
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by unfold_locales (rule sup_of_two_exists)

locale lower_semilattice = partial_order +
assumes inf_of_two_exists:
"[| x € carrier L; y € carrier L |] ==> Js. greatest L s (Lower L

{z, y}) "

sublocale lower_semilattice C weak?: weak_lower_semilattice
by unfold_locales (rule inf_of_two_exists)

locale lattice = upper_semilattice + lower_semilattice
sublocale lattice C weak_lattice ..

lemma (in lattice) dual_lattice:
"lattice (inv_gorder L)"
proof -
interpret dual: weak_lattice "inv_gorder L"
by (metis dual_weak_lattice)

show ?7thesis
apply (unfold_locales)
apply (simp_all add: inf_of_two_exists sup_of_two_exists)
apply (rule eq_is_equal)
done
qed

lemma (in lattice) le_iff_join:
assumes "x € carrier L" "y € carrier L"
shows "x C y ¢— x = (x N "
by (simp add: assms(1) assms(2) eq_is_equal weak_le_iff_join)

lemma (in lattice) le_iff_meet:
assumes "x € carrier L" "y € carrier L"
shows "x C y +— (x U y) = y"
by (simp add: assms eq_is_equal weak_le_iff_meet)

Total orders are lattices.

sublocale total_order C weak?: lattice
by standard (auto intro: weak.weak.sup_of_two_exists weak.weak.inf_ of_two_exists)

Functions that preserve joins and meets

definition join_pres :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme

= (’a = ’b) = bool" where

"join_pres X Y f = lattice X A lattice Y A (V x € carrier X. V y € carrier
X. £f (xUxyy) =fxUy £y

definition meet_pres :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (’a = ’b) = bool" where
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"meet_pres X Y f = lattice X A lattice Y A (V x € carrier X. V y € carrier
X. £ xMyy) =fxNy £y

lemma join_pres_isotone:
assumes "f € carrier X — carrier Y" "join_pres X Y f"
shows "isotone X Y £"
proof (rule isotonel)
show "weak_partial_order X" "weak_partial_order Y"
using assms unfolding join_pres_def lattice_def upper_semilattice_def
lower_semilattice_def
by (meson partial_order.axioms(1))+
show "Ax y. [x € carrier X; y € carrier X; x Cx y] = £ x Cy £ y"
by (metis (no_types, lifting) PiE assms join_pres_def lattice.le_iff_meet)
qed

lemma meet_pres_isotone:
assumes "f € carrier X — carrier Y" "meet_pres X Y f"
shows "isotone X Y f"
proof (rule isotonel)
show "weak_partial_order X" "weak_partial_order Y"
using assms unfolding meet_pres_def lattice_def upper_semilattice_def
lower_semilattice_def
by (meson partial_order.axioms(1))+
show "Ax y. [x € carrier X; y € carrier X; x Cy y] = £ x Cy £ y"
by (metis (no_types, lifting) PiE assms lattice.le_iff_join meet_pres_def)
qed

3.6 Bounded Lattices

locale bounded_lattice =
lattice +
weak_partial_order_bottom +
weak_partial_order_top

sublocale bounded_lattice C weak_bounded_lattice ..

context bounded_lattice
begin

lemma bottom_eq:
"[ b € carrier L; A x. x € carrier L= b L x ] = b = L"
by (metis bottom_closed bottom_lower le_antisym)

lemma top_eq: "[t € carrier L; A x. x € carrier L = x C t | =
t=T"
by (metis le_antisym top_closed top_higher)

end
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hide_ const (open) Lattice.inf
hide_ const (open) Lattice.sup

end

theory Complete_Lattice
imports Lattice
begin

4 Complete Lattices

locale weak_complete_lattice = weak_partial_order +
assumes sup_exists:
"[l A C carrier L |] ==> Jds. least L s (Upper L A)"
and inf_exists:
"[| A C carrier L |] ==> Ji. greatest L i (Lower L A)"

sublocale weak_complete_lattice C weak_lattice
proof
fix xy
assume a: "x € carrier L" "y € carrier L"
thus "ds. is_lub L s {x, y}"
by (rule_tac sup_exists[of "{x, y}"], auto)
from a show "ds. is_glb L s {x, y}"
by (rule_tac inf_exists[of "{x, y}"], auto)
qed

Introduction rule: the usual definition of complete lattice

lemma (in weak_partial_order) weak_complete_latticel:
assumes sup_exists:
"1tA. [| A C carrier L |] ==> ds. least L s (Upper L A)"
and inf_exists:
"11A. [I A C carrier L |] ==> Ji. greatest L i (Lower L A)"
shows "weak_complete_lattice L"
by standard (auto intro: sup_exists inf_exists)

lemma (in weak_complete_lattice) dual_weak_complete_lattice:
"weak_complete_lattice (inv_gorder L)"
proof -
interpret dual: weak_lattice "inv_gorder L"
by (metis dual_weak_lattice)
show 7thesis
by (unfold_locales) (simp_all add:inf_exists sup_exists)
qed

lemma (in weak_complete_lattice) supIl:
"[l t11. least L 1 (Upper L A) ==> P 1; A C carrier L |]
==> P (I_lA) "
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proof (unfold sup_def)
assume L: "A C carrier L"
and P: "!!1. least L 1 (Upper L A) ==> P 1"
with sup_exists obtain s where "least L s (Upper L A)" by blast
with L show "P (SOME 1. least L 1 (Upper L A))"
by (fast intro: someI2 weak_least_unique P)
qed

lemma (in weak_complete_lattice) sup_closed [simp]:
"A C carrier L ==> | |A € carrier L"
by (rule supl) simp_all

lemma (in weak_complete_lattice) sup_cong:
assumes "A C carrier L" "B C carrier L" "A {.=} B"
shows "| | A .= || B"
proof -
have "A x. is_lub L x A «— is_lub L x B"
by (rule least_Upper_cong r, simp_all add: assms)
moreover have "| | B € carrier L"
by (simp add: assms(2))
ultimately show ?7thesis
by (simp add: sup_def)
qed

sublocale weak_complete_lattice C weak_bounded_lattice
apply (unfold_locales)
apply (metis Upper_empty empty_subsetI sup_exists)
apply (metis Lower_empty empty_subsetI inf_exists)
done

lemma (in weak_complete_lattice) infI:
"[] ''i. greatest L i (Lower L A) ==> P i; A C carrier L |]
==> P ([]a)"
proof (unfold inf_def)
assume L: "A C carrier L"
and P: "!!1. greatest L 1 (Lower L A) ==> P 1"
with inf_exists obtain s where "greatest L s (Lower L A)" by blast
with L show "P (SOME 1. greatest L 1 (Lower L A))"
by (fast intro: somelI2 weak_greatest_unique P)
qed

lemma (in weak_complete_lattice) inf_closed [simp]:
"A C carrier L ==> [|A € carrier L"
by (rule infI) simp_all

lemma (in weak_complete_lattice) inf_cong:
assumes "A C carrier L" "B C carrier L" "A {.=} B"
shows "[] A .= [] B"

proof -
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have "A x. is_glb L x A «— is_glb L x B"
by (rule greatest_Lower_cong_ r, simp_all add: assms)
moreover have "[] B € carrier L"
by (simp add: assms(2))
ultimately show ?7thesis
by (simp add: inf_def)
qed

theorem (in weak_partial_order) weak_complete_lattice_criterionl:

assumes top_exists: "Jg. greatest L g (carrier L)"

and inf_exists:
"AA. [| A C carrier L; A # {} |] ==> 3i. greatest L i (Lower L

A

shows "weak_complete_lattice L"
proof (rule weak_complete_latticel)

from top_exists obtain top where top: "greatest L top (carrier L)"

fix A
assume L: "A C carrier L"
let 7B = "Upper L A"
from L top have "top € 7B" by (fast intro!: Upper_memI intro: greatest_le)
then have B_non_empty: "7B # {}" by fast
have B_L: "?B C carrier L" by simp
from inf_exists [OF B_L B_non_empty]
obtain b where b_inf_B: "greatest L b (Lower L 7B)" ..
then have bcarr: "b € carrier L"
by auto
have "least L b (Upper L A)"
proof (rule least_UpperI)
show "Ax. x € A = x C b"
by (meson L Lower_memI Upper_memD b_inf_ B greatest_le subsetD)
show "Ay. y € Upper L A = b C y"
by (meson B_L b_inf_B greatest_Lower_below)
ged (use bcarr L in auto)
then show "ds. least L s (Upper L A)" ..
next
fix A
assume L: "A C carrier L"
show "Ji. greatest L i (Lower L A)"
by (metis L Lower_empty inf_exists top_exists)
qed

Supremum
declare (in partial_order) weak_sup_of_singleton [simp dell]
lemma (in partial_order) sup_of_singleton [simp]:

"x € carrier L ==> | |{x} = x"
using weak_sup_of_singleton unfolding eq_is_equal .



lemma (in upper_semilattice)
assumes L: "x € carrier L"
shows "x U (y U z) = | J{x,

join_assoc_lemma:
"y € carrier L"
v, Z}”

"z € carrier L"

using weak_join_assoc_lemma L unfolding eq_is_equal .

lemma (in upper_semilattice)
assumes L: "x € carrier L"

join_assoc:
"y € carrier L"

shows "(x Uy) Uz=xU (y U =z)"
using weak_join_assoc L unfolding eq_is_equal .

Infimum

"z € carrier L"

declare (in partial_order) weak_inf_of_singleton [simp dell

lemma (in partial_order) inf_of_singleton [simp]:
"x € carrier L ==> []{x} = x"
using weak_inf_of_singleton unfolding eq_is_equal .

Condition on A: infimum exists.

lemma (in lower_semilattice)
assumes L: "x € carrier L"
shows "x M (y N z) = []{x,

meet_assoc_lemma:
"y € carrier L"

v, Z}"

"z € carrier L"

using weak_meet_assoc_lemma L unfolding eq_is_equal .

lemma (in lower_semilattice)
assumes L: "x € carrier L"

meet_assoc:
"y € carrier L"

shows "(x My) Mz=xT0 (yNz)"
using weak_meet_assoc L unfolding eq_is_equal .

4.1 Infimum Laws
context weak_complete_lattice

begin

lemma inf_glb:
assumes "A C carrier L"

shows "greatest L ([]A) (Lower L A)"

proof -
obtain i where "greatest L

i (Lower L A)"

by (metis assms inf_exists)

thus 7thesis

by (metis inf_def somel_ex)

qed

lemma inf_lower:

assumes "A C carrier L" "x € A"

shows "[]A C x"

by (metis assms greatest_Lower_below inf_glb)

lemma inf_greatest:

"z € carrier L"

95
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assumes "A C carrier L" "z € carrier L"
"(Ax. x € A = z C x)"
shows "z C []A"
by (metis Lower_memI assms greatest_le inf_glb)

lemma weak_inf_empty [simpl: "[|{} .= T"
by (metis Lower_empty empty_subsetI inf_glb top_greatest weak_greatest_unique)

lemma weak_inf_carrier [simp]: "[|carrier L .= L"
by (metis bottom_weak_eq inf_closed inf_lower subset_refl)

lemma weak_inf_insert [simp]:
assumes "a € carrier L" "A C carrier L"
shows "[]insert a A .= a 1 [|A"
proof (rule weak_le_antisym)
show "[]insert a A C a M []A"
by (simp add: assms inf_lower local.inf_greatest meet_le)
show aA: "a M [|A € carrier L"
using assms by simp
show "a M []A C []insert a A"
apply (rule inf_greatest)
using assms apply (simp_all add: al)
by (meson aA inf_closed inf_lower local.le_trans meet_left meet_right
subsetCE)
show "[]|insert a A € carrier L"
using assms by (force intro: le_trans inf_closed meet_right meet_left
inf_lower)
qed

4.2 Supremum Laws

lemma sup_lub:
assumes "A C carrier L"
shows "least L (| |A) (Upper L A)"
by (metis Upper_is_closed assms least_closed least_cong supl sup_closed
sup_exists weak_least_unique)

lemma sup_upper:
assumes "A C carrier L" "x € A"
shows "x C | |A"
by (metis assms least_Upper_above supl)

lemma sup_least:
assumes "A C carrier L" "z € carrier L"
"(Ax. x € A = x C z)"
shows " |A C z"
by (metis Upper_memI assms least_le sup_lub)

lemma weak_sup_empty [simpl: "| |{} .= L"
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by (metis Upper_empty bottom_least empty_subsetI sup_lub weak_least_unique)

lemma weak_sup_carrier [simpl: "| |carrier L .= T"
by (metis Lower_closed Lower_empty sup_closed sup_upper top_closed top_higher
weak_le_antisym)

lemma weak_sup_insert [simp]:
assumes "a € carrier L" "A C carrier L"
shows "| |insert a A .= a U | |A"
proof (rule weak_le_antisym)
show aA: "a Ul | |A € carrier L"
using assms by simp
show "| |insert a A C a U | |A"
apply (rule sup_least)
using assms apply (simp_all add: al)
by (meson aA join_left join_right local.le_trans subsetCE sup_closed
sup_upper)
show "a Ul | |A C | |insert a A"
by (simp add: assms join_le local.sup_least sup_upper)
show "| |insert a A € carrier L"
using assms by (force intro: le_trans inf_closed meet_right meet_left
inf_lower)
qed

end

4.3 Fixed points of a lattice

definition "fps L f = {x € carrier L. f x .= x}"
abbreviation "fpl L f = L(carrier := fps L f|)"

lemma (in weak_partial_order)
use_fps: "x € fps L f — f x .= x"
by (simp add: fps_def)

lemma fps_carrier [simp]:
"fps L £ C carrier L"
by (auto simp add: fps_def)

lemma (in weak_complete_lattice) fps_sup_image:
assumes "f € carrier L — carrier L" "A C fps L £f"
shows "| | (£ ¢ A) .=|] A"
proof -
from assms(2) have AL: "A C carrier L"
by (auto simp add: fps_def)
show 7thesis
proof (rule sup_cong, simp_all add: AL)
from assms(1) AL show "f ¢ A C carrier L"
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by auto
then have *: "Ab. [A C {x € carrier L. £ x .= x}; b € A] = Jaef
“A. b .= a"
by (meson AL assms(2) image_eqIl local.sym subsetCE use_fps)
from assms(2) show "f ¢ A {.=} A"
by (auto simp add: fps_def intro: set_eqI2 [OF _ *])
qed
qed

lemma (in weak_complete_lattice) fps_idem:
assumes "f € carrier L — carrier L" "Idem f"
shows "fps L f {.=} £ ¢ carrier L"
proof (rule set_eqI2)
show "Aa. a € fps L f = Jbef ¢ carrier L. a .= b"
using assms by (force simp add: fps_def intro: local.sym)
show "Ab. b € f ¢ carrier L =— Jacfps L f. b .= a"

using assms by (force simp add: idempotent_def fps_def)
qed

context weak_complete_lattice
begin

lemma weak_sup_pre_fixed_point:
assumes "f € carrier L — carrier L" "isotone L L f" "A C fps L f"
shows "(||p A) Cp £ (L M
proof (rule sup_least)
from assms(3) show AL: "A C carrier L"
by (auto simp add: fps_def)
thus fA: "f (| JA) € carrier L"

by (simp add: assms funcset_carrier[of f L L])
fix x

assume xA: "x € A"
hence "x € fps L £"
using assms subsetCE by blast
hence "f x .= x"
by (auto simp add: fps_def)
moreover have "f x Cp £ (| |pA)"
by (meson AL assms(2) subsetCE sup_closed sup_upper use_isol xA)
ultimately show "x Cp £ (| |LA)"
by (meson AL fA assms(1l) funcset_carrier le_cong local.refl subsetCE
xA)
qed

lemma weak_sup_post_fixed_point:
assumes "f € carrier L — carrier L" "isotone L L f" "A C fps L £f"
shows "f ([ A) Cp ([ "
proof (rule inf_greatest)
from assms(3) show AL: "A C carrier L"
by (auto simp add: fps_def)
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thus fA: "f ([|A) € carrier L"
by (simp add: assms funcset_carrier[of f L L])
fix x
assume xA: "x € A"
hence "x € fps L £"
using assms subsetCE by blast
hence "f x .= x"
by (auto simp add: fps_def)
moreover have "f ([|pA) Cp £ x"
by (meson AL assms(2) inf_closed inf_lower subsetCE use_isol xA)
ultimately show "f ([]pA) Cp x"
by (meson AL assms(1) fA funcset_carrier le_cong_r subsetCE xA)
qed

4.3.1 Least fixed points

lemma LFP_closed [intro, simp]:
"LFP £ € carrier L"
by (metis (lifting) LEAST_FP_def inf_closed mem_Collect_eq subsetI)

lemma LFP_lowerbound:
assumes "x € carrier L" "f x C x"
shows "LFP f C x"
by (auto intro:inf_lower assms simp add:LEAST_FP_def)

lemma LFP_greatest:
assumes "x € carrier L"
"(Au. [u € carrier L; fuCu] = x C w"
shows "x T LFP f"
by (auto simp add:LEAST_FP_def intro:inf_greatest assms)

lemma LFP_lemma?2:
assumes "Mono f" "f € carrier L — carrier L"
shows "f (LFP f) T LFP f"
proof (rule LFP_greatest)
have f: "/\x. X € carrier L — f x € carrier L"
using assms by (auto simp add: Pi_def)
with assms show "f (LFP f) € carrier L"
by blast
show "Au. [u € carrier L; f u C u] = £ (LFP £f) C u"
by (meson LFP_closed LFP_lowerbound assms(1l) f local.le_trans use_isol)
qed

lemma LFP_lemma3:

assumes "Mono f" "f &€ carrier L — carrier L"

shows "LFP f C f (LFP f)"

using assms by (simp add: Pi_def) (metis LFP_closed LFP_lemma2 LFP_lowerbound
assms(2) use_iso2)
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lemma LFP_weak_unfold:
"[ Mono f; f € carrier L — carrier L | = LFP £ .= £ (LFP £f)"
by (auto intro: LFP_lemma2 LFP_lemma3 funcset_mem)

lemma LFP_fixed_point [intro]:
assumes "Mono f" "f € carrier L — carrier L"
shows "LFP f € fps L f"
proof -
have "f (LFP f) € carrier L"
using assms(2) by blast
with assms show ?thesis
by (simp add: LFP_weak_unfold fps_def local.sym)
qed

lemma LFP_least_fixed_point:
assumes "Mono f" "f € carrier L — carrier L" "x € fps L f"
shows "LFP f T x"
using assms by (force intro: LFP_lowerbound simp add: fps_def)

lemma LFP_idem:
assumes "f € carrier L — carrier L" "Mono f" "Idem f"
shows "LFP f .= (f L)"
proof (rule weak_le_antisym)
from assms(1) show fb: "f 1 € carrier L"
by (rule funcset_mem, simp)
from assms show mf: "LFP f € carrier L"

by blast
show "LFP £f C f 1"
proof -

have "f (£ 1) .= £ 1"
by (auto simp add: fps_def fb assms(3) idempotent)
moreover have "f (f 1) € carrier L"
by (rule funcset_mem[of f "carrier L"], simp_all add: assms £fb)
ultimately show 7thesis
by (auto intro: LFP_lowerbound simp add: £fb)
qed
show "f | C LFP f"
proof -
have "f I T f (LFP £f)"
by (auto intro: use_isol[of _ f] simp add: assms)
moreover have "... .= LFP f"
using assms(1) assms(2) fps_def by force
moreover from assms(1) have "f (LFP f) € carrier L"
by (auto)
ultimately show 7thesis
using fb by blast
qed
qed
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4.3.2 Greatest fixed points

lemma GFP_closed [intro, simp]:
"GFP f € carrier L"
by (auto intro:sup_closed simp add:GREATEST_FP_def)

lemma GFP_upperbound:
assumes "x € carrier L" "x C f x"
shows "x T GFP f"
by (auto intro:sup_upper assms simp add:GREATEST_FP_def)

lemma GFP_least:
assumes "x € carrier L"
"(Au. [u € carrier Ly uC fu] = u C x)"
shows "GFP f C x"
by (auto simp add:GREATEST_FP_def intro:sup_least assms)

lemma GFP_lemma?2:
assumes "Mono f" "f € carrier L — carrier L"
shows "GFP f T f (GFP f)"
proof (rule GFP_least)
have f: "Ax. x € carrier L = f x € carrier L"
using assms by (auto simp add: Pi_def)
with assms show "f (GFP f) € carrier L"
by blast
show "Au. [u € carrier L; u C f u] = u C £ (GFP £)"
by (meson GFP_closed GFP_upperbound le_trans assms(l) f local.le_trans
use_isol)
qed

lemma GFP_lemma3:
assumes "Mono f" "f € carrier L — carrier L"
shows "f (GFP f) C GFP f"
by (metis GFP_closed GFP_lemma2 GFP_upperbound assms funcset_mem use_iso2)

lemma GFP_weak_unfold:
"[ Mono f; f € carrier L — carrier L | = GFP f .= f (GFP f)"
by (auto intro: GFP_lemma2 GFP_lemma3 funcset_mem)

lemma (in weak_complete_lattice) GFP_fixed_point [intro]:
assumes "Mono f" "f € carrier L — carrier L"
shows "GFP f € fps L f"
using assms
proof -
have "f (GFP f) € carrier L"
using assms(2) by blast
with assms show ?7thesis
by (simp add: GFP_weak_unfold fps_def local.sym)
qed
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lemma GFP_greatest_fixed_point:

assumes "Mono f" "f € carrier L — carrier L" "x € fps L f"

shows "x T GFP f"

using assms

by (rule_tac GFP_upperbound, auto simp add: fps_def, meson PiE local.sym
weak_refl)

lemma GFP_idem:
assumes "f € carrier L — carrier L" "Mono f" "Idem f"
shows "GFP f .= (f T)"
proof (rule weak_le_antisym)
from assms(1) show fb: "f T € carrier L"
by (rule funcset_mem, simp)
from assms show mf: "GFP f € carrier L"

by blast
show "f T C GFP f"
proof -

have "f (£ T) .= £ T"
by (auto simp add: fps_def fb assms(3) idempotent)
moreover have "f (f T) € carrier L"
by (rule funcset_mem[of f "carrier L"], simp_all add: assms fb)
ultimately show 7thesis
by (rule_tac GFP_upperbound, simp_all add: fb local.sym)
qed
show "GFP £ C £ T"
proof -
have "GFP f C f (GFP f)"
by (simp add: GFP_lemma2 assms(1) assms(2))
moreover have "... T £ T"
by (auto intro: use_isol[of _ f] simp add: assms)
moreover from assms(1) have "f (GFP f) € carrier L"
by (auto)
ultimately show 7thesis
using fb local.le_trans by blast
qed
qed

end

4.4 Complete lattices where eq is the Equality

locale complete_lattice = partial_order +
assumes sup_exists:
"[l A C carrier L |] ==> Jds. least L s (Upper L A)"
and inf_exists:
"[| A C carrier L |] ==> Ji. greatest L i (Lower L A)"

sublocale complete_lattice C lattice
proof
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fix xy
assume a: "x € carrier L" "y € carrier L"
thus "ds. is_lub L s {x, y}"
by (rule_tac sup_exists[of "{x, y}"], auto)
from a show "ds. is_glb L s {x, y}"
by (rule_tac inf_exists[of "{x, y}"], auto)
qed

sublocale complete_lattice C weak?: weak_complete_lattice
by standard (auto intro: sup_exists inf_exists)

lemma complete_lattice_lattice [simp]:
assumes '"complete_lattice X"
shows "lattice X"
proof -
interpret c: complete_lattice X
by (simp add: assms)
show ?thesis
by (unfold_locales)
qed

Introduction rule: the usual definition of complete lattice

lemma (in partial_order) complete_latticel:
assumes sup_exists:
"11A. [| A C carrier L |] ==> ds. least L s (Upper L A)"
and inf_exists:
"11A. [I A C carrier L |] ==> Ji. greatest L i (Lower L A)"
shows "complete_lattice L"
by standard (auto intro: sup_exists inf_exists)

theorem (in partial_order) complete_lattice_criterionl:

assumes top_exists: "dg. greatest L g (carrier L)"

and inf_exists:
"11A. [| A C carrier L; A # {} |] ==> Ji. greatest L i (Lower L

A"

shows "complete_lattice L"
proof (rule complete_latticel)

from top_exists obtain top where top: "greatest L top (carrier L)"

fix A
assume L: "A C carrier L"
let 7B = "Upper L A"
from L top have "top € 7B" by (fast intro!: Upper_memI intro: greatest_le)
then have B_non_empty: "7B # {}" by fast
have B_L: "?B C carrier L" by simp
from inf_exists [OF B_L B_non_empty]
obtain b where b_inf B: "greatest L b (Lower L 7B)" ..
then have bcarr: "b € carrier L"
by blast
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have "least L b (Upper L A)"
proof (rule least_UpperI)
show "Ax. x € A = x C b"
by (meson L Lower_memI Upper_memD b_inf_ B greatest_le rev_subsetD)
show "Ay. y € Upper L A = b C y"
by (auto elim: greatest_Lower_below [OF b_inf_B])
ged (use L bcarr in auto)
then show "ds. least L s (Upper L A)" ..
next
fix A
assume L: "A C carrier L"
show "Ji. greatest L i (Lower L A)"
proof (cases "A = {}")
case True then show 7thesis
by (simp add: top_exists)
next
case False with L show ?7thesis
by (rule inf_exists)
qed
qed

4.5 Fixed points

context complete_lattice
begin

lemma LFP_unfold:
"[ Mono f; f € carrier L — carrier L | = LFP f = £ (LFP £)"
using eq_is_equal weak.LFP_weak_unfold by auto

lemma LFP_const:
"t € carrier L = LFP () x. t) = t"
by (simp add: local.le_antisym weak.LFP_greatest weak.LFP_lowerbound)

lemma LFP_id:
"LFP id = 1"
by (simp add: local.le_antisym weak.LFP_lowerbound)

lemma GFP_unfold:
"[[ Mono f; f € carrier L — carrier L ] — GFP f = f (GFP f)"
using eq_is_equal weak.GFP_weak_unfold by auto

lemma GFP_const:
"t € carrier L = GFP (\ x. t) = t"
by (simp add: local.le_antisym weak.GFP_least weak.GFP_upperbound)

lemma GFP_id:
"GFP id = T"
using weak.GFP_upperbound by auto
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end

4.6 Interval complete lattices

context weak_complete_lattice
begin

lemma at_least_at_most_Sup: "[[ a € carrier L; b € carrier L; a L b
] = Ll {a..p} .=b"
by (rule weak_le_antisym [OF sup_least sup_upper]) (auto simp add:
at_least_at_most_closed)

lemma at_least_at_most_Inf: "[[ a € carrier L; b € carrier L; a L b
] =11 {a..v} .= a"
by (rule weak_le_antisym [OF inf_lower inf_greatest]) (auto simp add:
at_least_at_most_closed)

end

lemma weak_complete_lattice_interval:
assumes "weak_complete_lattice L" "a € carrier L" "b € carrier L" "a
Cp b
shows "weak_complete_lattice (L ( carrier := {a..blp )"
proof -
interpret L: weak_complete_lattice L
by (simp add: assms)
interpret weak_partial_order "L ( carrier := {a..bfy )"
proof -
have "{a..b} C carrier L"
by (auto simp add: at_least_at_most_def)
thus "weak_partial_order (L(carrier := {a..b}p )"
by (simp add: L.weak_partial_order_axioms weak_partial_order_subset)
qed

show 7thesis
proof
fix A
assume a: "A C carrier (L(carrier := {a..b}r))"
show "Js. is_lub (L(carrier := {a..b}p)) s A"
proof (cases "A = {}")
case True
thus 7thesis
by (rule_tac x="a" in exI, auto simp add: least_def assms)
next
case False
show 7thesis
proof (intro exI least_UpperI, simp_all)
show b:"A x. x € A = x Cp | |pLA"
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using a by (auto intro: L.sup_upper, meson L.at_least_at_most_closed
L.sup_upper subset_trans)
show "Ay. y € Upper (L(carrier := {a..blL)) A = [ |LA Crp y"
using a L.at_least_at_most_closed by (rule_tac L.sup_least,
auto intro: funcset_mem simp add: Upper_def)
from a show *: "A C {a..bfp"
by auto
show "| LA € {a..Db}"
proof (rule_tac L.at_least_at_most_member)
show 1: "||pLA € carrier L"
by (meson L.at_least_at_most_closed L.sup_closed subset_trans
*)
show "a Cp | |LA"
by (meson "*" False L.at_least_at_most_closed L.at_least_at_most_lower
L.le_trans L.sup_upper 1 all_not_in_conv assms(2) subsetD subset_trans)
show "| |fA Cp b"
proof (rule L.sup_least)
show "A C carrier L" "Ax. x € A = x C b"
using * L.at_least_at_most_closed by blast+
ged (simp add: assms)
qed
qged
qed
show "Js. is_glb (L(carrier := {a..b}p)) s A"
proof (cases "A = {}")
case True
thus ?thesis
by (rule_tac x="b" in exI, auto simp add: greatest_def assms)
next
case False
show 7thesis
proof (rule_tac x="[]r A" in exI, rule greatest_LowerI, simp_all)
show b:"Ax. x € A = [|LA Cp x"
using a L.at_least_at_most_closed by (force intro!: L.inf_lower)
show "Ay. y € Lower (L(carrier := {a..b}p)) A = y Cr []pLA"
using a L.at_least_at_most_closed by (rule_tac L.inf_greatest,
auto intro: funcset_carrier’ simp add: Lower_def)
from a show *: "A C {a..bfp"
by auto
show "[|pA € {a..Dbf"
proof (rule_tac L.at_least_at_most_member)
show 1: "[|LA € carrier L"
by (meson "*" L.at_least_at_most_closed L.inf_closed subset_trans)
show "a Cp []LA"
by (meson "*" L.at_least_at_most_closed L.at_least_at_most_lower
L.inf_greatest assms(2) subsetD subset_trans)
show "[|pA Cp b"
by (meson * 1 False L.at_least_at_most_closed L.at_least_at_most_upper
L.inf_lower L.le_trans all_not_in_conv assms(3) subsetD subset_trans)
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qed
qed
qed
qed
qed

4.7 Knaster-Tarski theorem and variants

The set of fixed points of a complete lattice is itself a complete lattice

theorem Knaster_Tarski:

assumes "weak_complete_lattice L" and f: "f € carrier L — carrier
L" and "isotone L L f"

shows "weak_complete_lattice (fpl L £f)" (is "weak_complete_lattice 7L’")
proof -

interpret L: weak_complete_lattice L

by (simp add: assms)
interpret weak_partial_order 7L’

proof -
have "{x € carrier L. f x .=, x} C carrier L"
by (auto)

thus "weak_partial_order 7L°"
by (simp add: L.weak_partial_order_axioms weak_partial_order_subset)
qed
show 7thesis
proof (unfold_locales, simp_all)
fix A
assume A: "A C fps L f"
show "ds. is_lub (fpl L f) s A"
proof
from A have AL: "A C carrier L"
by (meson fps_carrier subset_eq)

let 7w = "| | A"
have w: "f (| |LA) € carrier L"
by (rule funcset_mem[of f "carrier L"], simp_all add: AL assms(2))

have pf_w: "(| | A) Cp £ (. A"
by (simp add: A L.weak_sup_pre_fixed_point assms(2) assms(3))

have f_top_chain: "f ¢ {?w..Tpf}r C {?w..Tr[L"
proof (auto simp add: at_least_at_most_def)
fix x
assume b: "x € carrier L" "||pA Cp x"
from b show fx: "f x € carrier L"
using assms(2) by blast
show "| LA Cp £ x"
proof -
have "?7w Cp f 7w"
proof (rule_tac L.sup_least, simp_all add: AL w)
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fix y
assume c: "y € A"
hence y: "y € fps L f"
using A subsetCE by blast
with assms have "y .=p £ y"
proof -
from y have "y € carrier L"
by (simp add: fps_def)
moreover hence "f y € carrier L"
by (rule_tac funcset_mem[of f "carrier L"], simp_all add:
assms)
ultimately show ?thesis using y
by (rule_tac L.sym, simp_all add: L.use_fps)
qed
moreover have "y Cp | |pA"
by (simp add: AL L.sup_upper c(1))
ultimately show "y Cp £ (| |LA)"
by (meson fps_def AL funcset_mem L.refl L.weak_complete_lattice_axioms
assms(2) assms(3) c(1) isotone_def rev_subsetD weak_complete_lattice.sup_closed
weak_partial_order.le_cong)
qged
thus 7thesis
by (meson AL funcset_mem L.le_trans L.sup_closed assms(2)
assms(3) b(1) b(2) use_iso2)
qed

show "f x Cp Tp"
by (simp add: fx)
qed

let 7L’ = "L( carrier := {?w..Tr}L )"

interpret L’: weak_complete_lattice 7L’
by (auto intro: weak_complete_lattice_interval simp add: L.weak_complete_lattice_ax
AL)

let ?L°° = "L( carrier := fps L f )"

show "is_lub 7L’’ (LFPor> £) A"
proof (rule least_UpperI, simp_all)
fix x
assume x: "x € Upper 7L’°’ A"
have "LFP7r» f Cop» x"
proof (rule L’.LFP_lowerbound, simp_all)
show "x € {||rA..TLlL"
using x by (auto simp add: Upper_def A AL L.at_least_at_most_member
L.sup_least rev_subsetD)
with x show "f x Cp x"
by (simp add: Upper_def) (meson L.at_least_at_most_closed
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L.use_fps L.weak_refl subsetD f_top_chain imageI)

qed
thus " LFP,;» f Cp x"
by (simp)
next
fix x

assume xA: "x € A"
show "x Cp LFPer» f"

proof -
have "LFP7;» f € carrier 7L°"
by blast

thus 7thesis
by (simp, meson AL L.at_least_at_most_closed L.at_least_at_most_lower
L.le_trans L.sup_closed L.sup_upper xA subsetCE)
qed
next
show "A C fps L £"
by (simp add: A)
next
show "LFP,;» f € fps L f"
proof (auto simp add: fps_def)
have "LFP7;» f € carrier 7L’°"
by (rule L’.LFP_closed)
thus c:"LFP7r» f € carrier L"
by (auto simp add: at_least_at_most_def)
have "LFPor» f .=71» f (LFPer» £)"
proof (rule "L’.LFP_weak_unfold", simp_all)
have "Ax. [x € carrier L; | |pA Cp x] = [ |1A Cp £ x"
by (meson AL funcset_mem L.le_trans L.sup_closed assms(2)
assms(3) pf_w use_iso2)
with f show "f € {“_ILA"TL[}’L — {]ULA..TLI}L"
by (auto simp add: Pi_def at_least_at_most_def)
show "MonoLQcarrier = {UA. - Tl £
using L’.weak_partial_order_axioms assms(3)
by (auto simp add: isotone_def) (meson L.at_least_at_most_closed
subsetCE)
qed
thus "f (LFPer» f) .=p LFPpp,» £"
by (simp add: L.equivalence_axioms funcset_carrier’ c assms(2)
equivalence.sym)
qed
qed
qed
show "3i. is_glb (L(carrier := fps L f|)) i A"
proof
from A have AL: "A C carrier L"
by (meson fps_carrier subset_eq)

let 7w = "[]p A"
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have w: "f ([|pA) € carrier L"
by (simp add: AL funcset_carrier’ assms(2))

have pf_w: "f ([ A) Cp ([ A"
by (simp add: A L.weak_sup_post_fixed_point assms(2) assms(3))

have f_bot_chain: "f ¢ {Llp..7w}r C {Llp..%w}p"
proof (auto simp add: at_least_at_most_def)
fix x
assume b: "x € carrier L" "x Cp []pA"
from b show fx: "f x € carrier L"
using assms(2) by blast
show "f x Cp [|pLA"
proof -
have "f 7w Cp 7w"
proof (rule_tac L.inf_greatest, simp_all add: AL w)
fix y
assume c: "y € A"
with assms have "y .= f y"
by (metis (no_types, lifting) A funcset_carrier’ [OF assms(2)]
L.sym fps_def mem_Collect_eq subset_eq)
moreover have "[|pA Cp y"
by (simp add: AL L.inf_lower c)
ultimately show "f ([|pA) Cp y"
by (meson AL L.inf_closed L.le_trans c pf_w rev_subsetD
W)
qged
thus 7thesis
by (meson AL L.inf_closed L.le_trans assms(3) b(1) b(2) fx
use_iso2 w)
qed
show "1 Cp f x"
by (simp add: fx)
qged

let 7L’ = "L( carrier := {Llp..%w}y )"

interpret L’: weak_complete_lattice 7L’

by (auto intro!: weak_complete_lattice_interval simp add: L.weak_complete_lattice_a
AL)

let ?L°’ = "L( carrier := fps L f )"

show "is_glb ?L’’ (GFPor> f) A"

proof (rule greatest_LowerI, simp_all)
fix x
assume "x € Lower 7L’’ A"

then have x: "Vy. y € AANy € fps L £ — x Cp y" "x € fps
L fll
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by (auto simp add: Lower_def)
have "x Cor» GFP7p» f"
unfolding Lower_def
proof (rule_tac L’.GFP_upperbound; simp)
show "x € {Llp..[|LA}L"
by (meson x A AL L.at_least_at_most_member L.bottom_lower
L.inf_greatest contra_subsetD fps_carrier)
show "x Cp f x"
using x by (simp add: funcset_carrier’ L.sym assms(2) fps_def)

qged
thus "x Cp GFPop» £
by (simp)
next
fix x

assume xA: "x € A"
show "GFP.r» f Cp x"

proof -
have "GFP71> f € carrier 7L’°"
by blast

thus ?7thesis
by (simp, meson AL L.at_least_at_most_closed L.at_least_at_most_upper
L.inf_closed L.inf_lower L.le_trans subsetCE xA)
qed
next
show "A C fps L £"
by (simp add: A)
next
show "GFP;;» f € fps L £"
proof (auto simp add: fps_def)
have "GFP71> f € carrier 7L’°"
by (rule L’.GFP_closed)
thus c:"GFP7r» f € carrier L"
by (auto simp add: at_least_at_most_def)
have "GFP7r» f .=7r» f (GFPor» f)"
proof (rule "L’.GFP_weak_unfold", simp_all)
have "Ax. [x € carrier L; x Cp [|LA] = £ x Cr [|pLA"
by (meson AL funcset_carrier L.inf_closed L.le_trans assms(2)
assms(3) pf_w use_iso2)
with assms(2) show "f € {Llp..7w}r — {Llp..%wfp"
by (auto simp add: Pi_def at_least_at_most_def)
have "Ax y. [x € {Llr..[TeA}L; v € {Llr. .[1eAlL; x Co y] =
fxLCp £fy"
by (meson L.at_least_at_most_closed subsetD use_isol assms(3))

with L’.weak_partial_order_axioms show "MonoLqcarrier = {ip.. 7w}
fll
by (auto simp add: isotone_def)
qged
thus "f (GFPer» f) .=r GFP7p» £
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by (simp add: L.equivalence_axioms funcset_carrier’ c assms(2)
equivalence.sym)
qed
qed
qed
qed
qed

theorem Knaster_Tarski_top:
assumes "weak_complete_lattice L" "isotone L L f" "f € carrier L —
carrier L"
shows "Tfpl L £ -=L GFPp £"
proof -
interpret L: weak_complete_lattice L
by (simp add: assms)
interpret L’: weak_complete_lattice "fpl L f"
by (rule Knaster_Tarski, simp_all add: assms)
show 7thesis
proof (rule L.weak_le_antisym, simp_all)
show "Tfpl L £ Cp GFPp, £"
by (rule L.GFP_greatest_fixed_point, simp_all add: assms L’.top_closed[simplified])
show "GFPp, f L, Tfpl L "
proof -
have "GFP;, f € fps L f"
by (rule L.GFP_fixed_point, simp_all add: assms)
hence "GFP;, f € carrier (fpl L £)"
by simp
hence "GFPL f Cfp1 L £ lfpl L £"
by (rule L’.top_higher)
thus 7thesis

by simp
qed
show "Tg¢p) L £ € carrier L"
proof -

have "carrier (fpl L f) C carrier L"
by (auto simp add: fps_def)
with L’.top_closed show 7thesis
by blast
qed
qed
qed

theorem Knaster_Tarski_bottom:
assumes "weak_complete_lattice L" "isotone L L f" "f € carrier L —
carrier L"
shows "J_fp]_ L £ -=L LFPp £"
proof -
interpret L: weak_complete_lattice L
by (simp add: assms)
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interpret L’: weak_complete_lattice "fpl L f"
by (rule Knaster_Tarski, simp_all add: assms)
show 7thesis
proof (rule L.weak_le_antisym, simp_all)
show "LFPp, f L[, prl L £"
by (rule L.LFP_least_fixed_point, simp_all add: assms L’.bottom_closed[simplified])
show "J_fp]_ L £ &L LFPp, £"
proof -
have "LFP;, f € fps L f"
by (rule L.LFP_fixed_point, simp_all add: assms)
hence "LFP;, f € carrier (fpl L f)"
by simp
hence "lfp1 L £ Cfp1 L £ LFPL £"
by (rule L’.bottom_lower)
thus 7thesis

by simp
qed
show "l¢p) 1 £ € carrier L"
proof -

have "carrier (fpl L f) C carrier L"
by (auto simp add: fps_def)
with L’ .bottom_closed show ?7thesis
by blast
qed
qed
qed

If a function is both idempotent and isotone then the image of the function
forms a complete lattice

theorem Knaster_Tarski_idem:
assumes '"complete_lattice L" "f € carrier L — carrier L" "isotone
L L £f" "idempotent L f"
shows "complete_lattice (L(carrier := f
proof -
interpret L: complete_lattice L
by (simp add: assms)
have "fps L f = f ¢ carrier L"
using L.weak.fps_idem[OF assms(2) assms(4)]
by (simp add: L.set_eq_is_eq)
then interpret L’: weak_complete_lattice "(L(carrier := f
L
by (metis Knaster_Tarski L.weak.weak_complete_lattice_axioms assms(2)
assms(3))
show ?thesis
using L’.sup_exists L’.inf_exists
by (unfold_locales, auto simp add: L.eq_is_equal)
qed

¢ carrier L))"

¢ carrier

theorem Knaster _Tarski_idem_extremes:
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assumes "weak_complete_lattice L" "isotone L L f" "idempotent L f"
"f € carrier L — carrier L"
shows "Tgp1 1 ¢ =L £ (TL)" "Lgpr L ¢ .= £ (Lp)"
proof -
interpret L: weak_complete_lattice "L"
by (simp_all add: assms)
interpret L’: weak_complete_lattice "fpl L f"
by (rule Knaster_Tarski, simp_all add: assms)
have FA: "fps L f C carrier L"
by (auto simp add: fps_def)
show "Tfpl Lf .= T (Tp)"
proof -
from FA have "Tgp) [ £ € carrier L"
proof -
have "T¢p) £ € fps L £"
using L’.top_closed by auto
thus 7thesis
using FA by blast
qed
moreover with assms have "f Ty € carrier L"
by (auto)

ultimately show 7thesis
using L.trans[0F Knaster_Tarski_toplof L f] L.GFP_idem[of £]]
by (simp_all add: assms)

qged

show "J_fpl Lf .= T (Lp)"

proof -
from FA have "lgp) [ £ € carrier L"
proof -

have "l¢p) £ € fps L £"
using L’.bottom_closed by auto
thus 7thesis
using FA by blast
qed
moreover with assms have "f | € carrier L"
by (auto)

ultimately show 7thesis
using L.trans[OF Knaster_Tarski_bottom[of L f] L.LFP_idem[of £]]
by (simp_all add: assms)
qed
qed

theorem Knaster_Tarski_idem_inf_eq:
assumes '"weak_complete_lattice L" "isotone L L f" "idempotent L f"
"f € carrier L — carrier L"
"A C fps L £"
shows "I_lfp]_ Lf A .= £ (] B)"
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proof -
interpret L: weak_complete_lattice "L"
by (simp_all add: assms)
interpret L’: weak_complete_lattice "fpl L f"
by (rule Knaster_Tarski, simp_all add: assms)
have FA: "fps L £ C carrier L"
by (auto simp add: fps_def)
have A: "A C carrier L"
using FA assms(5) by blast
have fA: "f ([|pA) € fps L f"
by (metis (no_types, lifting) A L.idempotent L.inf_closed PiE assms(3)
assms(4) fps_def mem_Collect_eq)
have infA: "|_|fp1 L fA € fps L £"
by (rule L’.inf_closed[simplified], simp add: assms)
show 7thesis
proof (rule L.weak_le_antisym)
show ic: "[]fp1 L £A € carrier L"
using FA infA by blast
show fc: "f ([|LA) € carrier L"
using FA fA by blast
show "f ([LA) Cr [1fp1 L £A"
proof -
have "Ax. x € A = £ ([|pA) Cp x"
by (meson A FA L.inf_closed L.inf_lower L.le_trans L.weak_sup_post_fixed_point
assms(2) assms(4) assms(5) fA subsetCE)
hence "f ([|pA) Cfpl L £ |_|fp1 L fA"
by (rule_tac L’.inf_greatest, simp_all add: fA assms(3,5))
thus 7thesis

by (simp)
qed
show "[fp1 L £A Cp £ ([LA)"
proof -

have *: "[fp1 L fA € carrier L"
using FA infA by blast
have "Ax. x € A = |_|fp1 L £A Cfpl L £ X"
by (rule L’.inf_lower, simp_all add: assms)
hence "[fp1 L £A Cp ([LA)"
by (rule_tac L.inf_greatest, simp_all add: A *)
hence 1:"f([|fp1 L £A) Cp £([]LA)"
by (metis (no_types, lifting) A FA L.inf_closed assms(2) infA
subsetCE use_isol)
have 2:"[¢p1 L £A Cp £ ([]gp1 L £A)"
by (metis (no_types, lifting) FA L.sym L.use_fps L.weak_complete_lattice_axioms
PiE assms(4) infA subsetCE weak_complete_lattice_def weak_partial_order.weak_refl)
show 7thesis
using FA fA infA by (auto intro!: L.le_trans[OF 2 1] ic fc, metis
FA PiE assms(4) subsetCE)
qed
qed
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qed

4.8 Examples
4.8.1 The Powerset of a Set is a Complete Lattice

theorem powerset_is_complete_lattice:
"complete_lattice (]carrier = Pow A, eq = (=), le = (g)[)"
(is "complete_lattice ?7L")
proof (rule partial_order.complete_latticel)
show "partial_order ?7L"
by standard auto
next
fix B
assume "B C carrier 7L"
then have "least 7L (|J B) (Upper 7L B)"
by (fastforce intro!: least_UpperI simp: Upper_def)
then show "ds. least 7L s (Upper 7L B)" ..
next
fix B
assume "B C carrier 7L"
then have "greatest 7L (] B N A) (Lower ?L B)"

(] Bis not the infimum of B: (] {} = UNIV which is in general bigger than A!

by (fastforce intro!: greatest_LowerI simp: Lower_def)
then show "Ji. greatest 7L i (Lower 7L B)" ..
qed

Another example, that of the lattice of subgroups of a group, can be found
in Group theory (Section 6.11).

4.9 Limit preserving functions

definition weak_sup_pres :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (a = ’b) = bool" where

"weak_sup_pres X Y f = complete_lattice X A complete_lattice Y A (V A

C carrier X. A A {} — £ (Ux » = ]y & < D))"

definition sup_pres :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme

= (’a = ’b) = bool" where

"sup_pres X Y f = complete_lattice X A complete_lattice Y A (V A C carrier
X.f (U » = ]y & < D)

definition weak_inf_pres :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (’a = ’b) = bool" where

"weak_inf_pres X Y f = complete_lattice X A complete_lattice Y A (V A

C carrier X. A £ {} — £ (|x » = ]y & < )"

definition inf_pres :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (’a = ’b) = bool" where
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"inf_pres X Y f = complete_lattice X A complete_lattice Y A (V A C carrier
. f (g =]y (£ < DN

lemma weak_sup_pres:
"sup_pres X Y f —> weak_sup_pres X Y f"
by (simp add: sup_pres_def weak_sup_pres_def)

lemma weak_inf_pres:
"inf_pres X Y f —> weak_inf_pres X Y f"
by (simp add: inf_pres_def weak_inf_pres_def)

lemma sup_pres_is_join_pres:
assumes "weak_sup_pres X Y f"
shows "join_pres X Y f"
using assms by (auto simp: join_pres_def weak_sup_pres_def join_def)

lemma inf_pres_is_meet_pres:
assumes "weak_inf_pres X Y f"
shows "meet_pres X Y f"
using assms by (auto simp: meet_pres_def weak_inf_pres_def meet_def)

end

theory Galois_Connection
imports Complete_Lattice

begin

5 Galois connections

5.1 Definition and basic properties

record (’a, ’b, ’c, ’d) galcon =

orderA :: "(’a, ’c) gorder_scheme" ("X2")

orderB :: "(°b, ’d) gorder_scheme" ("Y2")

lower :: "’a = ’b" ("w*2")

upper o MWp = gt (uﬂ_*%u)
type_synonym (’a, ’b) galois = "(’a, ’b, unit, unit) galcon"
abbreviation "inv_galcon G = ( orderA = inv_gorder ), orderB = inv_gorder

X¢, lower = upper G, upper = lower G |)"

definition comp_galcon :: "(°b, ’c) galois = (’a, ’b) galois = (’a, ’c)
galois" (infixr "o," 85)

where "G o4y F = Q orderA = orderA F, orderB = orderB G, lower = lower
G o lower F, upper = upper F o upper G |)"

definition id_galcon :: "’a gorder = (’a, ’a) galois" ("I;") where
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"I,(A) = ( orderA = A, orderB = A, lower = id, upper = id )"

5.2 Well-typed connections

locale connection =
fixes G (structure)
assumes is_order_A: "partial_order X"
and is_order_B: "partial_order )"
and lower_closure: "n* € carrier X — carrier )"
and upper_closure: "7w, € carrier ) — carrier X"
begin

lemma lower_closed: "x € carrier X — 7* x € carrier Y"
using lower_closure by auto

lemma upper_closed: "y € carrier Y = 7, y € carrier A"
using upper_closure by auto

end

5.3 Galois connections

locale galois_connection = connection +

assumes galois_property: "[x € carrier X; y € carrier )] = 7* x
Ly v «— x Ly my"
begin

lemma is_weak_order_A: "weak_partial_order A"
proof -
interpret po: partial_order X
by (metis is_order_A)
show 7thesis ..
qed

lemma is_weak_order_B: "weak_partial_order )"
proof -
interpret po: partial_order )
by (metis is_order_B)
show 7thesis ..
qed

lemma right: "[x € carrier X; y € carrier ); 7" x Cy y] = x Cy
7-[->‘< yll
by (metis galois_property)

lemma left: "[x € carrier X; y € carrier V; x Ly 7, y] = 7 x
Ey yll
by (metis galois_property)

lemma deflation: "y € carrier Y — 7" (7, y) Ly y"
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by (metis Pi_iff is_weak_order_A left upper_closure weak_partial_order.le_refl)

lemma inflation: "x € carrier X — x Ly m, (7% x)"
by (metis (no_types, lifting) PiE galois_connection.right galois_connection_axioms
is_weak_order_B lower_closure weak_partial_order.le_refl)

lemma lower_iso: "isotone X ) w*"
proof (auto simp add:isotone_def)
show "weak_partial_order X"
by (metis is_weak_order_A)
show "weak_partial_order )"
by (metis is_weak_order_B)
fix xy
assume a: "x € carrier X" "y € carrier A" "x Cyp y"
have b: "7* y € carrier )"
using a(2) lower_closure by blast
then have "m, (7" y) € carrier A"
using upper_closure by blast
then have "x Cy w, (7 y)"
by (meson a inflation is_weak_order_A weak_partial_order.le_trans)
thus "7* x Ty 7" y"
by (meson b a(1) Pi_iff galois_property lower_closure upper_closure)
qed

lemma upper_iso: "isotone Y & w."
apply (auto simp add:isotone_def)
apply (metis is_weak_order_B)
apply (metis is_weak_order_A)
apply (metis (no_types, lifting) Pi_mem deflation is_weak_order_B
lower_closure right upper_closure weak_partial_order.le_trans)
done

lemma lower_comp: "x € carrier X — 7* (7, (7" x)) = 7% x"
by (meson deflation funcset_mem inflation is_order_B lower_closure
lower_iso partial_order.le_antisym upper_closure use_iso2)
lemma lower_comp’: "x € carrier X — (7* o 7, o ") x = 7* x"
by (simp add: lower_comp)

lemma upper_comp: "y € carrier Y = w, (7* (m, y)) = m, y"
proof -
assume al: "y € carrier Y"
hence f1: "m, y € carrier A" using upper_closure by blast
have £2: "7* (m. y) Cy y" using al deflation by blast
have £3: "7, (n* (m, y)) € carrier A"
using f1 lower_closure upper_closure by auto
have "7* (7, y) € carrier Y" using f1 lower_closure by blast
thus "7, (7" (7, y)) = 7, y"
by (meson al f1 f2 f3 inflation is_order_A partial_order.le_antisym
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upper_iso use_iso2)
qed

lemma upper_comp’: "y € carrier Y = (m, o ™ o m,) y = m, y"
by (simp add: upper_comp)

lemma adjoint_ideml: "idempotent )Y (#* o mw,)"
by (simp add: idempotent_def is_order_B partial_order.eq_is_equal
upper_comp)

lemma adjoint_idem2: "idempotent X (m, o w*)"
by (simp add: idempotent_def is_order_A partial_order.eq_is_equal
lower_comp)

lemma fg_iso: "isotone Y Y (n* o m,)"
by (metis iso_compose lower_closure lower_iso upper_closure upper_iso)

lemma gf_iso: "isotone X X (m, o 7*)"
by (metis iso_compose lower_closure lower_iso upper_closure upper_iso)

lemma semi_inversel: "x € carrier X — 7 x = 71 (7, (#* x))"
by (metis lower_comp)

lemma semi_inverse2: "x € carrier )Y = w, x = 7w, (" (m, x))"
by (metis upper_comp)

theorem lower_by_complete_lattice:
assumes "complete_lattice Y" "x € carrier X"
shows "7*(x) =[]y {y € carrier . x Cy m.(y) }"
proof -
interpret Y: complete_lattice )
by (simp add: assms)

show 7thesis
proof (rule Y.le_antisym)
show x: "7* x € carrier Y"
using assms(2) lower_closure by blast
show "7* x Ty []y{y € carrier V. x Cy m. y}"
proof (rule Y.weak.inf_greatest)
show "{y € carrier Y. x Cy 7, y} C carrier )J"

by auto
show "7* x € carrier Y" by (fact x)
fix z

assume "z € {y € carrier Y. x Ty 7, y}"
thus "7* x Cy z"
using assms(2) left by auto
qed
show "|_|y{y € carrier Y. x Cy m. y} Cy 7" x"
proof (rule Y.weak.inf_lower)
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by auto
show "7* x € {y € carrier Y. x Cy m, y}"
proof (auto)
show "7* x € carrier V" by (fact x)
show "x Cy m, (7" x)"
using assms(2) inflation by blast
qed
qed
show "|_|y{y € carrier Y. x Ly m, y} € carrier Y"
by (auto intro: Y.weak.inf_ closed)
qed
qed

theorem upper_by_complete_lattice:
assumes "complete_lattice X" "y € carrier )"
shows "1, (y) = ||y { x € carrier &. 7"(x) Cy y }"
proof -
interpret X: complete_lattice X
by (simp add: assms)
show ?thesis
proof (rule X.le_antisym)
show y: "7, y € carrier X"
using assms(2) upper_closure by blast
show "7, y Cy ||x{x € carrier . 7* x Cy y}"
proof (rule X.weak.sup_upper)
show "{x € carrier X. 7* x Cy y} C carrier X"
by auto
show "7, y € {x € carrier X. 7" x Ey y"
proof (auto)
show "m, y € carrier X" by (fact y)
show "7 (m. y) Ty y"
by (simp add: assms(2) deflation)
qed
qed
show "|_|X{X € carrier X. 7" x Ey v} Ex 7 y"
proof (rule X.weak.sup_least)
show "{x € carrier X. 7* x Cy y} C carrier X"

by auto
show "m, y € carrier X" by (fact y)
fix z

assume "z € {x € carrier X. 7 x Cy yH"
thus "z Cy 7w, y"
by (simp add: assms(2) right)
qed
show "l_lX{X € carrier X. 7* x Ey y} € carrier &A™
by (auto intro: X.weak.sup_closed)
qed
qed

81
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end

lemma dual_galois [simp]: " galois_connection ( orderA = inv_gorder B,
orderB = inv_gorder A, lower = f, upper = g |
= galois_connection (| orderA = A, orderB = B,
lower = g, upper = f |)"
by (auto simp add: galois_connection_def galois_connection_axioms_def
connection_def dual_order_iff)

definition lower_adjoint :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (a = ’b) = bool" where
"lower_adjoint A B f = Jg. galois_connection ( orderA = A, orderB =

B, lower = f, upper = g |)"

definition upper_adjoint :: "(’a, ’c) gorder_scheme = (’b, ’d) gorder_scheme
= (b = ’a) = bool" where

"upper_adjoint A B g = Jf. galois_connection ( orderA = A, orderB =
B, lower = f, upper = g |)"

lemma lower_adjoint_dual [simp]: "lower_adjoint (inv_gorder A) (inv_gorder
B) f = upper_adjoint B A f"
by (simp add: lower_adjoint_def upper_adjoint_def)

lemma upper_adjoint_dual [simp]: "upper_adjoint (inv_gorder A) (inv_gorder
B) f = lower_adjoint B A f"
by (simp add: lower_adjoint_def upper_adjoint_def)

lemma lower_type: "lower_adjoint A B f = f € carrier A — carrier
Bll

by (auto simp add:lower_adjoint_def galois_connection_def galois_connection_axioms_def
connection_def)

lemma upper_type: "upper_adjoint A B g = g € carrier B — carrier
All

by (auto simp add:upper_adjoint_def galois_connection_def galois_connection_axioms_def
connection_def)

5.4 Composition of Galois connections

lemma id_galois: "partial_order A = galois_connection (I,(A))"
by (simp add: id_galcon_def galois_connection_def galois_connection_axioms_def
connection_def)

lemma comp_galcon_closed:
assumes "galois_connection G" "galois_connection F" "Vr = Xg"
shows "galois_connection (G o, F)"

proof -
interpret F: galois_connection F
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by (simp add: assms)
interpret G: galois_connection G
by (simp add: assms)

have "partial order Xg o, r"
by (simp add: F.is_order_A comp_galcon_def)
moreover have "partial order )g o, r"
by (simp add: G.is_order_B comp_galcon_def)
moreover have "7*g o n*p € carrier Xy — carrier Yg"
using F.lower_closure G.lower_closure assms(3) by auto
moreover have "m,p o m,¢ € carrier )Yg — carrier Xg"
using F.upper_closure G.upper_closure assms(3) by auto
moreover
have "A x y. [x € carrier Xf; y € carrier )g | =
(r*q (7*F %) Cyg y) = (x Cxp 7+F (meg ¥
by (metis F.galois_property F.lower_closure G.galois_property G.upper_closure
assms(3) Pi_iff)
ultimately show 7thesis
by (simp add: comp_galcon_def galois_connection_def galois_connection_axioms_def
connection_def)
qed

lemma comp_galcon_right_unit [simpl: "F o4 I,(Xf) = F"
by (simp add: comp_galcon_def id_galcon_def)

lemma comp_galcon_left_unit [simpl: "I (JF) o4 F = F"
by (simp add: comp_galcon_def id_galcon_def)

lemma galois_connectionI:
assumes
"partial_order A" "partial_order B"
"L € carrier A — carrier B" "R € carrier B — carrier A"
"isotone A B L" "isotone B A R"
"A xy. [ x € carrier A; y € carrier B] = L x Cgy +— x Cp R

y
shows "galois_connection G orderA = A, orderB = B, lower = L, upper

=R Dn
using assms by (simp add: galois_connection_def connection_def galois_connection_axioms_d

lemma galois_connectionI’:
assumes
"partial_order A" "partial_order B"
"L € carrier A — carrier B" "R € carrier B — carrier A"
"isotone A B L" "isotone B A R"
"A X. X € carrier(B) = L(R(X)) Cpg X"
"A X. X € carrier(A) = X T R(L(X))"
shows "galois_connection G orderA = A, orderB = B, lower = L, upper
=R Dn
using assms
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by (auto simp add: galois_connection_def connection_def galois_connection_axioms_def,
(meson PiE isotone_def weak_partial_order.le_trans)+)

5.5 Retracts

locale retract = galois_connection +
assumes retract_property: "x € carrier X = m, (7" x) Cyp x"
begin
lemma retract_inverse: "x € carrier X — w, (7* x) = x
by (meson funcset_mem inflation is_order_A lower_closure partial_order.le_antisym
retract_axioms retract_axioms_def retract_def upper_closure)

lemma retract_injective: "inj_on 7n* (carrier A)"
by (metis inj_onI retract_inverse)
end

theorem comp_retract_closed:
assumes "retract G" "retract F" "Yg = Xg"
shows "retract (G o, F)"
proof -
interpret f: retract F
by (simp add: assms)
interpret g: retract G
by (simp add: assms)
interpret gf: galois_connection "(G o, F)"
by (simp add: assms(1) assms(2) assms(3) comp_galcon_closed retract.axioms(1))
show ?thesis
proof
fix x
assume "x € carrier Xg o, F
thus "le Xg¢ o, F (Teg o, F (m*q oy F x)) x"
using assms(3) f.inflation f.lower_closed f.retract_inverse g.retract_inverse
by (auto simp add: comp_galcon_def)
qed
qed

5.6 Coretracts

locale coretract = galois_connection +
assumes coretract_property: "y € carrier J — y Ly 7 (7, y)"
begin
lemma coretract_inverse: "y € carrier Y — 7* (m, y) = y"
by (meson coretract_axioms coretract_axioms_def coretract_def deflation
funcset_mem is_order_B lower_closure partial_order.le_antisym upper_closure)

lemma retract_injective: "inj_on m, (carrier ))"
by (metis coretract_inverse inj_onI)

end

theorem comp_coretract_closed:
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assumes "coretract G" "coretract F" ")V = Xg"
shows "coretract (G o4 F)"
proof -
interpret f: coretract F
by (simp add: assms)
interpret g: coretract G
by (simp add: assms)
interpret gf: galois_connection "(G o, F)"
by (simp add: assms(1) assms(2) assms(3) comp_galcon_closed coretract.axioms(1))
show ?thesis
proof
fix y
assume "y € carrier Yg o, F"
thus "le Vg o, F ¥ (7% o, F (T4G o, F ¥))"
by (simp add: comp_galcon_def assms(3) f.coretract_inverse g.coretract_property
g.upper_closed)
qed
qed

5.7 Galois Bijections

locale galois_bijection = connection +
assumes lower_iso: "isotone X Y 7w*"
and upper_iso: "isotone Y X mw."
and lower_inv_eq: "x € carrier X — 7, (7% x) =
and upper_inv_eq: "y € carrier YV = 7" (m. y)
begin

o]

I
<

lemma lower_bij: "bij_betw n* (carrier &) (carrier ))"
by (rule bij_betwI[where g="m,."], auto intro: upper_inv_eq lower_inv_eq
upper_closed lower_closed)

lemma upper_bij: "bij_betw m, (carrier )) (carrier X)"
by (rule bij_betwI[where g="7*"], auto intro: upper_inv_eq lower_inv_eq
upper_closed lower_closed)

sublocale gal_bij_conn: galois_connection
apply (unfold_locales, auto)
using lower_closed lower_inv_eq upper_iso use_iso2 apply fastforce
using lower_iso upper_closed upper_inv_eq use_iso2 apply fastforce
done

sublocale gal_bij_ret: retract
by (unfold_locales, simp add: gal_bij_conn.is_weak_order_A lower_inv_eq
weak_partial_order.le_refl)

sublocale gal_bij_coret: coretract
by (unfold_locales, simp add: gal_bij_conn.is_weak_order_B upper_inv_eq
weak_partial_order.le_refl)
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end

theorem comp_galois_bijection_closed:
assumes "galois_bijection G" "galois_bijection F" "Vgp = Xg"
shows "galois_bijection (G o, F)"
proof -
interpret f: galois_bijection F
by (simp add: assms)
interpret g: galois_bijection G
by (simp add: assms)
interpret gf: galois_connection "(G o, F)"
by (simp add: assms(3) comp_galcon_closed f.gal_bij_conn.galois_connection_axioms
g.gal_bij_conn.galois_connection_axioms galois_connection.axioms(1))
show ?thesis
proof
show "isotone A'¢ oy F Ya o, F e o, F
by (simp add: comp_galcon_def, metis comp_galcon_def galcon.select_convs(1l)
galcon.select_convs(2) galcon.select_convs(3) gf.lower_iso)
show "isotone Vg o, F XG o, F TG o, F"
by (simp add: gf.upper_iso)
fix x
assume "x € carrier Xg o, F"
thus "m.¢ o, F (7°g o, F x) = x"
using assms(3) f.lower_closed f.lower_inv_eq g.lower_inv_eq by (auto
simp add: comp_galcon_def)
next
fix y
assume "y € carrier Yg o, F"
thus "7%q o, F (Teq o, F y) =y"
by (simp add: comp_galcon_def assms(3) f.upper_inv_eq g.upper_closed
g.upper_inv_eq)
qed
qed

end

theory Group

imports Complete_Lattice "HOL-Library.FuncSet"
begin

6 Monoids and Groups

6.1 Definitions

Definitions follow [3].

record ’a monoid = "’a partial_object" +
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mult :: "[’a, ’al] = ’a" (infixl "®2" 70)
one i 7a ("1aM)
definition
m_inv :: "(’a, ’b) monoid_scheme => ’a => ’a" ("inve _" [81] 80)

where "invg x = (THE y. y € carrier G A x ® y = 1g ANy ®g x = 1g)"

definition

Units :: "_ => ’a set"

— The set of invertible elements

where "Units G = {y. y € carrier G A (Ix € carrier G. x ®g y = 1¢
ANy ®¢ x = 1g)"

locale monoid =
fixes G (structure)
assumes m_closed [intro, simp]:
"[x € carrier G; y € carrier G] = x ® y € carrier G"
and m_assoc:
"[x € carrier G; y € carrier G; z € carrier G]
= xRy ®z=3x (y® z)"
and one_closed [intro, simp]: "1 € carrier G"
and 1_one [simp]: "x € carrier G =— 1 ® x
and r_one [simp]: "x € carrier G = x ® 1

X
n

X

lemma monoidI:
fixes G (structure)
assumes m_closed:
"tx y. [| x € carrier G; y € carrier G |] ==> x ® y € carrier
Gll
and one_closed: "1 € carrier G"
and m_assoc:
"tx y z. [| x € carrier G; y € carrier G; z € carrier G |] ==
Ry ®z=x (x 2"
and 1_one: "!!x. x € carrier G ==> 1 ® x = X
and r_one: "!!x. x € carrier G ==> x ® 1 = x"
shows "monoid G"
by (fast intro!: monoid.intro intro: assms)

lemma (in monoid) Units_closed [dest]:
"x € Units G ==> x € carrier G"
by (unfold Units_def) fast

lemma (in monoid) one_unique:
assumes "u € carrier G"
and "Ax. x € carrier G = u ® x = x"
shows "u = 1"
using assms(2) [OF one_closed] r_one[0F assms(1)] by simp

lemma (in monoid) inv_unique:
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assumes eq: "y ® x = 1" "x ® y’> = 1"

and G: "x € carrier G" "y € carrier G" "y’ € carrier G"
shows "y = y’"
proof -
from G eq have "y =y ® (x ® y’)" by simp
also from G have "... = (y ® x) ® y’" by (simp add: m_assoc)
also from G eq have "... = y’" by simp

finally show 7thesis .
qed

lemma (in monoid) Units_m_closed [simp, intro]:
assumes x: "x € Units G" and y: "y € Units G"
shows "x ® y € Units G"
proof -
from x obtain x’ where x: "x € carrier G" "x’ € carrier G" and xinv:
Y ® x’ = 1" rx? ® x = 1"
unfolding Units_def by fast
from y obtain y’ where y: "y € carrier G" "y’ € carrier G" and yinv:
"'y®@y =1" "y @y = 1"
unfolding Units_def by fast
from x y xinv yinv have "y’ ® (x’ ® x) ® y = 1" by simp
moreover from x y xinv yinv have "x ® (y ® y’) ® x’ = 1" by simp
moreover note x y
ultimately show 7thesis unfolding Units_def
by simp (metis m_assoc m_closed)
qed

lemma (in monoid) Units_one_closed [intro, simp]:
"l € Units G"
by (unfold Units_def) auto

lemma (in monoid) Units_inv_closed [intro, simp]:
"x € Units G ==> inv x € carrier G"
apply (simp add: Units_def m_inv_def)
by (metis (mono_tags, lifting) inv_unique the_equality)

lemma (in monoid) Units_1_inv_ex:

"x € Units G ==> Jy € carrier G. y ® x = 1"
by (unfold Units_def) auto

lemma (in monoid) Units_r_inv_ex:
"x € Units G ==> Jy € carrier G. x ® y = 1"

by (unfold Units_def) auto

lemma (in monoid) Units_1_inv [simp]:
"x € Units G ==> inv x ® x = 1"
apply (unfold Units_def m_inv_def, simp)
by (metis (mono_tags, lifting) inv_unique the_equality)
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lemma (in monoid) Units_r_inv [simp]:

"x € Units G ==> x ® inv x = 1"

by (metis (full_types) Units_closed Units_inv_closed Units_1_inv Units_r_inv_ex
inv_unique)

lemma (in monoid) inv_one [simp]:

"inv 1 = 1"

by (metis Units_one_closed Units_r_inv 1_one monoid.Units_inv_closed
monoid_axioms)

lemma (in monoid) Units_inv_Units [intro, simp]:

"x € Units G ==> inv x € Units G"
proof -

assume x: "x € Units G"

show "inv x € Units G"

by (auto simp add: Units_def
intro: Units_1_inv Units_r_inv x Units_closed [OF x])

qed

lemma (in monoid) Units_1_cancel [simp]:
"[| x € Units G; y € carrier G; z € carrier G |] ==
ER®y=x2) =(GH=2z2)"

proof
assume eq: "x @ y = x Q z"
and G: "x € Units G" "y € carrier G" "z € carrier G"

then have "(inv x ® x) ® y = (dnv x ® x) ® z"
by (simp add: m_assoc Units_closed del: Units_1_inv)
with G show "y = z" by simp

next
assume eq: "y = z"
and G: "x € Units G" "y € carrier G" "z € carrier G"
then show "x ® y = x ® z" by simp
qed

lemma (in monoid) Units_inv_inv [simp]:

"x € Units G ==> inv (inv x) = x"
proof -

assume x: "x € Units G"

then have "inv x ® inv (inv x) = inv x ® x" by simp

with x show ?thesis by (simp add: Units_closed del: Units_1_inv Units_r_inv)
qed

lemma (in monoid) inv_inj_on_Units:
"inj_on (m_inv G) (Units G)"
proof (rule inj_onI)
fix xy
assume G: "x € Units G" "y € Units G" and eq: "inv x = inv y"
then have "inv (inv x) = inv (inv y)" by simp
with G show "x = y" by simp
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qed

lemma (in monoid) Units_inv_comm:

assumes inv: "x ® y = 1"

and G: "x € Units G" "y € Units G"

shows "y ® x = 1"
proof -

from G have "x ® y ® x = x ® 1" by (auto simp add: inv Units_closed)

with G show ?7thesis by (simp del: r_one add: m_assoc Units_closed)
qed

lemma (in monoid) carrier_not_empty: "carrier G #* {}"
by auto

6.2 Groups

A group is a monoid all of whose elements are invertible.

locale group = monoid +
assumes Units: "carrier G <= Units G"

lemma (in group) is_group [iff]: "group G" by (rule group_axioms)

lemma (in group) is_monoid [iff]: "monoid G"
by (rule monoid_axioms)

theorem groupI:
fixes G (structure)
assumes m_closed [simp]:
"tx y. [| x € carrier G; y € carrier G |] ==> x ® y € carrier

Gll
and one_closed [simp]: "1 € carrier G"
and m_assoc:
"x y z. [| x € carrier G; y € carrier G; z € carrier G [|] ==
Ry ®z=x (x 2"
and 1_one [simp]: "!!x. x € carrier G ==> 1 ® x = x"
and 1_inv_ex: "!!x. x € carrier G ==> Jy € carrier G. y ® x = 1"
shows "group G"
proof -

have 1_cancel [simp]:
"I'"x y z. [| x € carrier G; y € carrier G; z € carrier G |] ==>

x®y=3x®2)=((=2)"

proof
fix xyz
assume eq: "x @ y = x ® z"
and G: "x € carrier G" "y € carrier G" "z € carrier G"

with 1_inv_ex obtain x_inv where xG: "x_inv € carrier G"
and 1_inv: "x_inv ® x = 1" by fast

from G eq xG have "(x_inv ® x) ® y = (x_inv ® x) ® z"
by (simp add: m_assoc)
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with G show "y = z" by (simp add: 1_inv)

next
fix xy z
assume eq: "y = z"
and G: "x € carrier G" "y € carrier G" "z € carrier G"
then show "x ® y = x ® z" by simp
qed

have r_one:
"11x. x € carrier G ==> x ® 1 = x"
proof -
fix x
assume x: "x € carrier G"
with 1_inv_ex obtain x_inv where xG: "x_inv € carrier G"
and 1_inv: "x_inv ® x = 1" by fast
from x xG have "x_inv ® (x ® 1) = x_inv ® x"
by (simp add: m_assoc [symmetric] 1_inv)
with x xG show "x ® 1 = x" by simp
qed
have inv_ex:
"Ax. x € carrier G = Jy € carrier G. y ® x =1 Ax®y = 1"
proof -
fix x
assume x: "x € carrier G"
with 1_inv_ex obtain y where y: "y € carrier G"
and 1_inv: "y ® x = 1" by fast
from x y have "y @ x ® y) =y ® 1"
by (simp add: m_assoc [symmetric] 1_inv r_one)
with x y have r_inv: "x ® y = 1"
by simp
from x y show "Jy € carrier G. y ® x =1 Ax® y = 1"
by (fast intro: 1_inv r_inv)
qed
then have carrier_subset_Units: "carrier G C Units G"
by (unfold Units_def) fast
show 7thesis
by standard (auto simp: r_one m_assoc carrier_subset_Units)
qed

lemma (in monoid) group_1l_invI:
assumes 1_inv_ex:
"!1x. x € carrier G ==> Jy € carrier G. y ® x = 1"
shows "group G"
by (rule groupI) (auto intro: m_assoc 1_inv_ex)

lemma (in group) Units_eq [simp]:
"Units G = carrier G"
proof
show "Units G C carrier G" by fast
next



show "carrier G C Units G" by (rule Units)
qed

lemma (in group) inv_closed [intro, simp]:
"x € carrier G ==> inv x € carrier G"

using Units_inv_closed by simp

lemma (in group) 1_inv_ex [simp]:

"x € carrier G ==> Jy € carrier G. y ® x = 1"
using Units_l_inv_ex by simp

lemma (in group) r_inv_ex [simp]:
"x € carrier G ==> Jy € carrier G. x ® y = 1"

using Units_r_inv_ex by simp

lemma (in group) 1_inv [simp]:
"X € carrier G ==> inv x ® x = 1"
by simp

6.3 Cancellation Laws and Basic Properties

lemma (in group) inv_eq_1_iff [simp]:
assumes "x € carrier G" shows "invg x = 1g +— x = 1g"
proof -
have "x = 1" if "inv x = 1"
proof -
have "inv x ® x = 1"
using assms 1_inv by blast
then show "x = 1"
using that assms by simp
qed
then show 7thesis
by auto
qed

lemma (in group) r_inv [simp]:
"X € carrier G ==> x ® inv x = 1"
by simp

lemma (in group) right_cancel [simp]:
"[| x € carrier G; y € carrier G; z € carrier G |] ==
(y®x=2z2Qx) =((=2)"
by (metis inv_closed m_assoc r_inv r_one)

lemma (in group) inv_inv [simp]:
"x € carrier G ==> inv (inv x) = x"

using Units_inv_inv by simp

lemma (in group) inv_inj:
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"inj_on (m_inv G) (carrier G)"
using inv_inj_on_Units by simp

lemma (in group) inv_mult_group:

"[| x € carrier G; y € carrier G |] ==> inv (x ® y) = inv y ® inv x"
proof -

assume G: "x € carrier G" "y € carrier G"

then have "inv (x ® y) ® (x ® y) = (inv y ® inv x) ® (x @ y)"

by (simp add: m_assoc) (simp add: m_assoc [symmetric])

with G show 7thesis by (simp del: 1_inv Units_1_inv)

qed

lemma (in group) inv_comm:
"[l x ® y =1; x € carrier G; y € carrier G |[] ==>y ® x = 1"
by (rule Units_inv_comm) auto

lemma (in group) inv_equality:
"[ly ® x = 1; x € carrier G; y € carrier G|] ==> inv x = y"
using inv_unique r_inv by blast

lemma (in group) inv_solve_left:

"[ 2 € carrier G; b € carrier G; ¢ € carrier G| = a = inv b ® ¢
+— c=b ® a"

by (metis inv_equality 1_inv_ex 1_one m_assoc r_inv)

lemma (in group) inv_solve_left’:

"[ a € carrier G; b € carrier G; ¢ € carrier G| = invb ® c = a
<—— c=b ® a"

by (metis inv_equality 1_inv_ex 1_one m_assoc r_inv)

lemma (in group) inv_solve_right:

"[ 2 € carrier G; b € carrier G; ¢ € carrier G| = a = b ® inv c
<— b=a® c"

by (metis inv_equality 1_inv_ex 1_one m_assoc r_inv)

lemma (in group) inv_solve_right’:

"[a € carrier G; b € carrier G; ¢ € carrier G] = b ® inv ¢ = a +—
b=a® c"

by (auto simp: m_assoc)

6.4 Power
consts
pow :: "[(’a, ’m) monoid_scheme, ’a, ’b::semiring_ 1] => ’a" (infixr
n [A]’L" 75)
overloading nat_pow == "pow :: [_, ’a, nat] => ’a"
begin

definition "nat_pow G a n = rec_nat 1g (ju b. b ®g a) n"
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end

lemma (in monoid) nat_pow_closed [intro, simp]:
"x € carrier G ==> x [7] (n::nat) € carrier G"
by (induct n) (simp_all add: nat_pow_def)

lemma (in monoid) nat_pow_O [simp]:
"x [7] (O::nat) = 1"
by (simp add: nat_pow_def)

lemma (in monoid) nat_pow_Suc [simp]:
"x [7] (Suc n) = x [l n @ x"
by (simp add: nat_pow_def)

lemma (in monoid) nat_pow_one [simp]:
"1 [*] (n::nat) = 1"
by (induct n) simp_all

lemma (in monoid) nat_pow_mult:
"X € carrier G ==> x [7] (n::nat) ® x [(Jm=x["] (n +m)"
by (induct m) (simp_all add: m_assoc [THEN sym])

lemma (in monoid) nat_pow_comm:
"x € carrier G = (x [7] (n::nat)) ® (x [7] (m :: nat)) = (x [7] m)
® x [7] o
using nat_pow_mult[of x n m] nat_pow_mult[of x m n] by (simp add: add.commute)

lemma (in monoid) nat_pow_Suc2:

"x € carrier G = x [7] (Suc n) =x ® (x [7] n)"

using nat_pow_mult[of x 1 n] Suc_eq_plusl[of n]

by (metis One_nat_def Suc_eq_plusl_left 1_one nat.rec(l) nat_pow_Suc
nat_pow_def)

lemma (in monoid) nat_pow_pow:
"x € carrier G ==> (x [ n) ["] m=x [7] (n * m::nat)"
by (induct m) (simp, simp add: nat_pow_mult add.commute)

lemma (in monoid) nat_pow_consistent:
"x [7] (@ :: nat) =x [7] (G (| carrier := H |) n"
unfolding nat_pow_def by simp

lemma nat_pow_0 [simp]: "x [“]g (O::nat) = 1g"
by (simp add: nat_pow_def)

lemma nat_pow_Suc [simp]l: "x ["]¢ (Suc n) = (x [T]¢ n)®¢g x"
by (simp add: nat_pow_def)

lemma (in group) nat_pow_inv:
assumes "x € carrier G" shows "(inv x) [T] (i :: nat) = inv (x [7]
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proof (induction i)
case 0 thus 7case by simp
next
case (Suc i)
have "(inv x) [7] Suc i = ((inv x) [7] i) ® inv x"

by simp

also have " ... = (inv (x [7] 1)) ® inv x"
by (simp add: Suc.IH Suc.prems)

also have " ... = inv (x ® (x [7] i))"
by (simp add: assms inv_mult_group)

also have " ... = inv (x [7] (Suc i))"

using assms nat_pow_Suc2 by auto
finally show ?case .
qed

overloading int_pow ==
begin
definition "int_pow G a z =
(let p = rec_nat 1g (%u b. b ®q a)
in if z < O then invg (p (nat (-z))) else p (nat z))"
end

lemma int_pow_int: "x ["]¢ (int n) = x [T]g n"
by (simp add: int_pow_def nat_pow_def)

lemma pow_nat:
assumes "i>0"
shows "x ["]g nat 1 = x [T1g i"
proof (cases i rule: int_cases)
case (nonneg n)
then show 7thesis
by (simp add: int_pow_int)
next
case (neg n)
then show 7thesis
using assms by linarith
qed

lemma int_pow_0 [simp]: "x [“]g (0::int) = 1g"
by (simp add: int_pow_def)

lemma int_pow_def2: "a [“]g z =
(if z < 0 then invg (a ["]g (nat (-z))) else a ["1¢ (nat z))"
by (simp add: int_pow_def nat_pow_def)

lemma (in group) int_pow_one [simp]:
"1 [7] (z::int) = 1"
by (simp add: int_pow_def2)
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lemma (in group) int_pow_closed [intro, simp]:
"x € carrier G ==> x [7] (i::int) € carrier G"
by (simp add: int_pow_def2)

lemma (in group) int_pow_1 [simp]:
"x € carrier G = x [7] (1::int) = x"
by (simp add: int_pow_def2)

lemma (in group) int_pow_neg:
"x € carrier G = x [7] (-i::int) = inv (x [7] 1)"
by (simp add: int_pow_def2)

lemma (in group) int_pow_neg_int: "x € carrier G = x [7] -(int n) =
inv (x [7] n)"
by (simp add: int_pow_neg int_pow_int)

lemma (in group) int_pow_mult:

assumes "x € carrier G" shows "x [] (i + j::int) =x [7] i ® x [7]
J'll
proof -

have [simp]: "-i - j = -j - i" by simp

show ?thesis

by (auto simp: assms int_pow_def2 inv_solve_left inv_solve_right nat_add_distrib

[symmetric] nat_pow_mult)
qed

lemma (in group) int_pow_inv:
"x € carrier G = (inv x) [7] (1 :: int) = inv (x [7] )"
by (metis int_pow_def2 nat_pow_inv)

lemma (in group) int_pow_pow:
assumes '"x € carrier G"
shows "(x [7] (n :: int)) [7] (m :: int) = x [C] (m *m :: int)"
proof (cases)
assume n_ge: "n > 0" thus ?thesis
proof (cases)
assume m_ge: "m > 0" thus 7thesis
using n_ge nat_pow_pow[0OF assms, of "nat n" "nat m"] int_pow_def2
[where G=G]
by (simp add: mult_less_O_iff nat_mult_distrib)
next
assume m_lt: "= m > 0"
with n_ge show 7thesis
apply (simp add: int_pow_def2 mult_less_O_iff)
by (metis assms mult_minus_right n_ge nat_mult_distrib nat_pow_pow)
qed
next
assume n_lt: "—= n > 0" thus 7thesis
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proof (cases)
assume m_ge: "m > 0"
have "inv x [7] (nat m * nat (- n)) = inv x [7] nat (- (m * n))"
by (metis (full_types) m_ge mult_minus_right nat_mult_distrib)
with m_ge n_1t show ?7thesis
by (simp add: int_pow_def2 mult_less_O_iff assms mult.commute nat_pow_inv
nat_pow_pow)
next
assume m_1t: "= m > 0" thus 7thesis
using n_1t by (auto simp: int_pow_def2 mult_less_O_iff assms nat_mult_distrib_neg
nat_pow_inv nat_pow_pow)
qed
qed

lemma (in group) int_pow_diff:
"x € carrier G =— x [] (m - m :: int) = x [(] n ® inv (x [7] m)"
by (simp only: diff_conv_add_uminus int_pow_mult int_pow_neg)

lemma (in group) inj_on_multc: "c € carrier G = inj_on (Ax. x ® c)
(carrier G)"
by (simp add: inj_on_def)

lemma (in group) inj_on_cmult: "c € carrier G = inj_on (Ax. ¢ ® x)
(carrier G)"
by (simp add: inj_on_def)

lemma (in monoid) group_commutes_pow:

fixes n::nat

shows "[x ® y =y ® x; x € carrier G; y € carrier G) = x [(] n ®
y=y®x[7]n"

apply (induction n, auto)

by (metis m_assoc nat_pow_closed)

lemma (in monoid) pow_mult_distrib:
assumes eq: "x ® y =y ® x" and xy: "x € carrier G" "y € carrier
Gll
shows "(x ® y) [7] (n::nat) =x "1 n®y [C] n"
proof (induct n)
case (Suc n)
have "x @ (y 1 n®y) =y [(ln®zx®y"
by (simp add: eq group_commutes_pow m_assoc Xy)
then show 7case
using assms Suc.hyps m_assoc by auto
ged auto

lemma (in group) int_pow_mult_distrib:
assumes eq: "x ® y =y ® x" and xy: "x € carrier G" "y € carrier
G"
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shows "(x ® y) [7] (i::int) = x [7] i ® y [7] i"
proof (cases i rule: int_cases)
case (nonneg n)
then show 7thesis
by (metis eq int_pow_int pow_mult_distrib xy)
next
case (neg n)
then show 7thesis
unfolding neg
apply (simp add: xy int_pow_neg_int del: of_nat_Suc)
by (metis eq inv_mult_group local.nat_pow_Suc nat_pow_closed pow_mult_distrib
Xy)
qed

lemma (in group) pow_eq_div2:
fixes m n :: nat
assumes x_car: "x € carrier G"
assumes pow_eq: "x [l m = x [7] n"
shows "x [7] (m - n) = 1"
proof (cases "m < n")
case False
have "1 ® x [l m = x [7] n" by (simp add: x_car)

also have "... =x [’] m - n) ® x ["] n"
using False by (simp add: nat_pow_mult x_car)
also have "... = x [7] (m - n) ® x [7] m"

by (simp add: pow_eq)
finally show 7thesis
by (metis nat_pow_closed one_closed right_cancel x_car)
qed simp

6.5 Submonoids

locale submonoid =
fixes H and G (structure)
assumes subset: "H C carrier G"
and m_closed [intro, simp]: "[x € H; y € H = x ® y € H"
and one_closed [simp]: "1 € H"

lemma (in submonoid) is_submonoid:
"submonoid H G" by (rule submonoid_axioms)

lemma (in submonoid) mem_carrier [simp]:
"x € H =— x € carrier G"
using subset by blast

lemma (in submonoid) submonoid_is_monoid [intro]:
assumes "monoid G"
shows "monoid (G(carrier := H|))"

proof -
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interpret monoid G by fact
show 7thesis
by (simp add: monoid_def m_assoc)
qed

lemma submonoid_nonempty:
"~ submonoid {} G"
by (blast dest: submonoid.one_closed)

lemma (in submonoid) finite_monoid_imp_card_positive:
"finite (carrier G) ==> 0 < card H"
proof (rule classical)
assume "finite (carrier G)" and a: "~ O < card H"
then have "finite H" by (blast intro: finite_subset [0OF subset])
with is_submonoid a have "submonoid {} G" by simp
with submonoid_nonempty show ?thesis by contradiction
qed

lemma (in monoid) monoid_incl_imp_submonoid :
assumes "H C carrier G"
and "monoid (G(carrier := H))"
shows "submonoid H G"
proof (intro submonoid.intro[OF assms(1)])
have ab_eq : "N ab. a € H=Db€EH = a ®¢(carrier := H) b=a®
b" using assms by simp
have "Aa b. a € H = b € H = a ® b € carrier (G(carrier := HJ)
using assms ab_eq unfolding group_def using monoid.m_closed by fastforce
thus "Aab. a € H= b € H= a ® b € H" by simp
show "1 € H " using monoid.one_closed[0OF assms(2)] assms by simp
qed

lemma (in monoid) inv_unique’:
assumes "x € carrier G" "y € carrier G"
shows "[x @ y=1; y® x=1] = y = inv x"
proof -
assume "x ® y = 1" and 1_inv: "y ® x = 1"
hence unit: "x € Units G"
using assms unfolding Units_def by auto
show "y = inv x"
using inv_unique[0F 1_inv Units_r_inv[0OF unit] assms Units_inv_closed[OF
unit]]
qed

lemma (in monoid) m_inv_monoid_consistent:
assumes "x € Units (G (| carrier := H |))" and "submonoid H G"
shows "inv g ( carrier :=H ) * 7 inv x"

proof -
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have monoid: "monoid (G ( carrier := H )"
using submonoid.submonoid_is_monoid[0F assms(2) monoid_axioms]
obtain y where y: "y e H" "x ® y = 1" "y ® x = 1"
using assms(1) unfolding Units_def by auto
have x: "x € H" and in_carrier: "x € carrier G" "y € carrier G"
using y(1) submonoid.subset[0F assms(2)] assms(1) unfolding Units_def
by auto
show ?thesis
using monoid.inv_unique’ [OF monoid, of x y] x y
using inv_unique’ [OF in_carrier y(2-3)] by auto
qed

6.6 Subgroups

locale subgroup =
fixes H and G (structure)
assumes subset: "H C carrier G"
and m_closed [intro, simp]l: "[x € H; y € Hl = x ® y € H"
and one_closed [simp]: "1 € H"
and m_inv_closed [intro,simp]: "x € H = inv x € H"

lemma (in subgroup) is_subgroup:
"subgroup H G" by (rule subgroup_axioms)

declare (in subgroup) group.intro [intro]
lemma (in subgroup) mem_carrier [simp]:
"x € H = x € carrier G"

using subset by blast

lemma (in subgroup) subgroup_is_group [intro]:
assumes '"group G"

shows "group (G(carrier := H|)"
proof -

interpret group G by fact

have "Group.monoid (G(carrier := H|))"

by (simp add: monoid_axioms submonoid.intro submonoid.submonoid_is_monoid
subset)
then show 7thesis
by (rule monoid.group_l_invI) (auto intro: 1_inv mem_carrier)
qed

lemma (in group) triv_subgroup: "subgroup {1} G"
by (auto simp: subgroup_def)

lemma subgroup_is_submonoid:
assumes "subgroup H G" shows "submonoid H G"
using assms by (auto intro: submonoid.intro simp add: subgroup_def)
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lemma (in group) subgroup_Units:

assumes "subgroup H G" shows "H C Units (G ( carrier := H |))"

using group.Units[0OF subgroup.subgroup_is_group[0F assms group_axioms]]
by simp

lemma (in group) m_inv_consistent [simp]:

assumes "subgroup H G" "x € H"

shows "inv g ( carrier :=H ) * 7 inv x"

using assms m_inv_monoid_consistent [0F _ subgroup_is_submonoid] subgroup_Units[of
H] by auto

lemma (in group) int_pow_consistent:
assumes "subgroup H G" "x € H"
shows "x [7] (n :: int) = x [7] (G ( carrier := H |)) n"
proof (cases)
assume ge: "n > 0"
hence "x [7] n = x [7] (nat n)"
using int_pow_def2 [of G] by auto
also have " ... = x [7] @ ( carrier := H )) (nat n)"
using nat_pow_consistent by simp
also have " ... = x [7] (G ( carrier := H ) n"
by (metis ge int_nat_eq int_pow_int)
finally show ?7thesis .
next
assume "— n > 0" hence 1t: "n < 0" by simp
hence "x [7] n = inv (x [7] (mat (- n)))"
using int_pow_def2 [of G] by auto

also have " ... = (inv x) [7] (nat (- n))"
by (metis assms nat_pow_inv subgroup.mem_carrier)
also have " ... = (inV(G ( carrier :=H ) x) [7] (G (| carrier :=H |) (nat
(- n)"
using m_inv_consistent [0OF assms] nat_pow_consistent by auto
also have " ... = inv( ( carrier := H |) x [Cl(q ( carrier := H ) (nat
(- n)))"

using group.nat_pow_inv[0OF subgroup.subgroup_is_group[0F assms(1)
is_group]] assms(2) by auto
also have " ... = x [7] (G ( carrier := H |) n"
by (simp add: int_pow_def2 1t)
finally show 7thesis .
qed

Since H is nonempty, it contains some element x. Since it is closed under
inverse, it contains inv x. Since it is closed under product, it contains x ®
inv x = 1.
lemma (in group) one_in_subset:

"[| H C carrier G; H # {}; Va € H. inv a € H; VacH. VbeH. a ® b

€ HI]
==> 1 € H"
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by force

A characterization of subgroups: closed, non-empty subset.

lemma (in group) subgroupI:
assumes subset: "H C carrier G" and non_empty: "H # {}"
and inv: "!la. a € H = inv a € H"
and mult: "!!'a b. J[a € H; b € | = a ® b € H"
shows "subgroup H G"
proof (simp add: subgroup_def assms)
show "1 € H" by (rule one_in_subset) (auto simp only: assms)
qed

lemma (in group) subgroupE:
assumes "subgroup H G"
shows "H C carrier G"
and "H # {}"
and "Aa. a € H = inv a € H"
and "Aab. [2a€H; beEH] = a®Db e H"
using assms unfolding subgroup_def[of H G] by auto

declare monoid.one_closed [iff] group.inv_closed [simp]
monoid.l_one [simp] monoid.r_one [simp] group.inv_inv [simp]

lemma subgroup_nonempty:
"= subgroup {} G"
by (blast dest: subgroup.one_closed)

lemma (in subgroup) finite_imp_card_positive: "finite (carrier G) =
0 < card H"
using subset one_closed card_gt_O_iff finite_subset by blast

lemma (in subgroup) subgroup_is_submonoid :
"submonoid H G"
by (simp add: submonoid.intro subset)

lemma (in group) submonoid_subgroupl
assumes "submonoid H G"
and "Aa. a € H = inv a € H"
shows "subgroup H G"
by (metis assms subgroup_def submonoid_def)

lemma (in group) group_incl_imp_subgroup:
assumes "H C carrier G"
and "group (G(carrier := H))"
shows "subgroup H G"
proof (intro submonoid_subgroupI[0F monoid_incl_imp_submonoid [OF assms(1)]1])
show "monoid (G(carrier := H|))" using group_def assms by blast
have ab_eq : "N ab. a € H=b € H = a ®g(carrier :=H) P =2 ®
b" using assms by simp
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fix a assume aH : "a € H"
have " invG(]carrier = H) 2 € carrier G"
using assms aH group.inv_closed[0F assms(2)] by auto
moreover have "16(|carrier = H) = 1" using assms monoid.one_closed ab_eq
one_def by simp
hence "a ®Gqcarrier := H) MVG(carrier := H) &7 1"
using assms ab_eq aH group.r_inv[OF assms(2)] by simp
hence "a ® invG(|carrier .= H) @< 1"

using aH assms group.inv_closed[0F assms(2)] ab_eq by simp
ultimately have "

10VG(carrier :
by (metis aH assms(1) contra_subsetD group.inv_inv is_group local.inv_equality)

moreover have "inVGQcarrier =H) 2 € H"
using aH group.inv_closed[0F assms(2)] by auto
ultimately show "inv a € H" by auto
qed

-g) = inv a"

6.7 Direct Products

definition
DirProd :: "_ = _ = (’a X ’b) monoid" (infixr "xx" 80) where
"G xx H =
(carrier = carrier G X carrier H,
mult = (A(g, h) (g’, h’). (g ®; g’, h ®g h’)),
one = (1g, 1) )"

lemma DirProd_monoid:

assumes "monoid G" and "monoid H"

shows "monoid (G xx H)"
proof -

interpret G: monoid G by fact

interpret H: monoid H by fact

from assms

show 7thesis by (unfold monoid_def DirProd_def, auto)
qed

Does not use the previous result because it’s easier just to use auto.

lemma DirProd_group:
assumes "group G" and "group H"
shows "group (G xx H)"
proof -
interpret G: group G by fact
interpret H: group H by fact
show 7thesis by (rule groupI)
(auto intro: G.m_assoc H.m_assoc G.1l_inv H.1l_inv
simp add: DirProd_def)
qed

lemma carrier_DirProd [simp]: "carrier (G xx H) = carrier G X carrier
Hll
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by (simp add: DirProd_def)

lemma one_DirProd [simpl: "lg xx g = (1g, 1m"
by (simp add: DirProd_def)

lemma mult_DirProd [simpl: "(g, h) ® xx gy (&’, h’) = (g ®¢ g’, h
®H h))n
by (simp add: DirProd_def)

lemma mult_DirProd’: "x ® xx g) ¥ = (fst x ®g fst y, snd x ®y snd

y) n
by (subst mult_DirProd [symmetric]) simp

lemma DirProd_assoc: "(G XX H xx I) = (G xx (H xx I))"
by auto

lemma inv_DirProd [simp]:

assumes "group G" and "group H"

assumes g: "g € carrier G"

and h: "h € carrier H"

shows "m_inv (G xx H) (g, h) = (invg g, invyg h)"
proof -

interpret G: group G by fact

interpret H: group H by fact

interpret Prod: group "G xx H"

by (auto intro: DirProd_group group.intro group.axioms assms)

show ?7thesis by (simp add: Prod.inv_equality g h)

qed

lemma DirProd_subgroups :
assumes "group G"
and "subgroup H G"
and "group K"
and "subgroup I K"
shows "subgroup (H x I) (G xx K)"
proof (intro group.group_incl_imp_subgroup [0F DirProd_group[OF assms(1)assms(3)]])
have "H C carrier G" "I C carrier K" using subgroup.subset assms by
blast+
thus "(H x I) C carrier (G xx K)" unfolding DirProd_def by auto
have "Group.group ((G(carrier := H)) xx (K(carrier := I)))"
using DirProd_group [OF subgroup.subgroup_is_group[0F assms(2)assms(1)]
subgroup . subgroup_is_group [OF assms(4)assms(3)]].
moreover have "((G(carrier := H)) xx (K(carrier := I))) = ((G xX
K)(carrier := H x I))"
unfolding DirProd_def using assms by simp
ultimately show "Group.group ((G xx K)(carrier := H x I))" by simp
qed
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6.8 Homomorphisms (mono and epi) and Isomorphisms

definition
hom :: "_ => _ => (’a => ’b) set" where
"hom G H =
{h. h € carrier G — carrier H A

(Vx € carrier G. Vy € carrier G. h (x ®; y) =h x ® h y)}"

lemma homI:
"[Ax. x € carrier G = h x € carrier H;
Ax y. [x € carrier G; y € carrier G) = h (x ®¢ y) =h x ® h y]
=—> h € hom G H"
by (auto simp: hom_def)

lemma hom_carrier: "h € hom G H =— h ¢ carrier G C carrier H"
by (auto simp: hom_def)

lemma hom_in_carrier: "[h € hom G H; x € carrier G] = h x € carrier
Hll
by (auto simp: hom_def)

lemma hom_compose:
"[f € homGH; g€ homHI ] = gof € hom G I"
unfolding hom_def by (auto simp add: Pi_iff)

lemma (in group) hom_restrict:

assumes "h € hom G H" and "Ag. g € carrier G = h g = t g" shows
"t € hom G H"

using assms unfolding hom_def by (auto simp add: Pi_iff)

lemma (in group) hom_compose:
"[lh € hom G H; i € hom H I|] ==> compose (carrier G) i h € hom G I"
by (fastforce simp add: hom_def compose_def)

lemma (in group) restrict_hom_iff [simp]:
"(Ax. if x € carrier G then f x else g x) € hom G H <— f € hom G H"
by (simp add: hom_def Pi_iff)

definition iso :: "_ => _ => (’a => ’b) set"
where "iso G H = {h. h € hom G H A bij_betw h (carrier G) (carrier
H)}ll

definition is_iso :: "_ = _ = bool" (infixr "=" 60)
where "G 2 H = (iso G H # {})"

definition mon where "mon G H = {f € hom G H. inj_on f (carrier G)1}"

{f € hom G H. £ ¢ (carrier G) = carrier

definition epi where "epi G H
H}ll
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lemma isoI:
"[h € hom G H; bij_betw h (carrier G) (carrier H)] = h € iso G H"
by (auto simp: iso_def)

lemma is_isol: "h € iso G H — G = H"
using is_iso_def by auto

lemma epi_iff_subset:
"f € epi G G’ ¢<— f € hom G G’ A carrier G> C f ¢ carrier G"
by (auto simp: epi_def hom_def)

lemma iso_iff _mon_epi: "f € iso GH ¢<— f € mon GH A f € epi G H"
by (auto simp: iso_def mon_def epi_def bij_betw_def)

lemma iso_set_refl: "(Ax. x) € iso G G"
by (simp add: iso_def hom_def inj_on_def bij_betw_def Pi_def)

lemma id_iso: "id € iso G G"
by (simp add: iso_def hom_def inj_on_def bij_betw_def Pi_def)

corollary iso_refl [simp]: "G = G"
using iso_set_refl unfolding is_iso_def by auto

lemma iso_iff:

"h € iso GH +— h € hom G H A h ¢ (carrier G) = carrier H A inj_on
h (carrier G)"

by (auto simp: iso_def hom_def bij_betw_def)

lemma iso_imp_homomorphism:
"h € iso G H = h € hom G H"
by (simp add: iso_iff)

lemma trivial_hom:
"group H = (Ax. one H) € hom G H"
by (auto simp: hom_def Group.group_def)

lemma (in group) hom_eq:
assumes "f € hom G H" "Ax. x € carrier G = f’ x = f x"
shows "f’ € hom G H"
using assms by (auto simp: hom_def)

lemma (in group) iso_eq:

assumes "f € iso G H" "Ax. x € carrier G = f’ x = f x"

shows "f’ € iso G H"

using assms by (fastforce simp: iso_def inj_on_def bij_betw_def hom_eq
image_iff)

lemma (in group) iso_set_sym:
assumes "h € iso G H"
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shows "inv_into (carrier G) h € iso H G"
proof -
have h: "h € hom G H" "bij_betw h (carrier G) (carrier H)"
using assms by (auto simp add: iso_def bij_betw_inv_into)
then have HG: "bij_betw (inv_into (carrier G) h) (carrier H) (carrier
G)"
by (simp add: bij_betw_inv_into)
have "inv_into (carrier G) h € hom H G"
unfolding hom_def
proof safe
show *: "Ax. x € carrier H = inv_into (carrier G) h x € carrier
Gll
by (meson HG bij_betwE)
show "inv_into (carrier G) h (x ®y y) = inv_into (carrier G) h x
® inv_into (carrier G) h y"
if "x € carrier H" "y € carrier H" for x y
proof (rule inv_into_f_eq)
show "inj_on h (carrier G)"
using bij_betw_def h(2) by blast
show "inv_into (carrier G) h x ® inv_into (carrier G) h y € carrier

by (simp add: * that)
show "h (inv_into (carrier G) h x ® inv_into (carrier G) h y) =
X @ y"
using h bij_betw_inv_into_right [of h] unfolding hom_def by (simp
add: "x" that)
qed
qed
then show 7thesis
by (simp add: Group.iso_def bij_betw_inv_into h)
qed

corollary (in group) iso_sym: "G = H — H = G"
using iso_set_sym unfolding is_iso_def by auto

lemma iso_set_trans:
"[b € Group.iso G H; i € Group.iso H I] = i o h € Group.iso G I"

by (force simp: iso_def hom_compose intro: bij_betw_trans)

corollary iso_trans [trans]: "[G 2 H ; H ¢ I] = G & I"
using iso_set_trans unfolding is_iso_def by blast

lemma iso_same_card: "G &2 H — card (carrier G) = card (carrier H)"
using bij_betw_same_card unfolding is_iso_def iso_def by auto

lemma iso_finite: "G = H — finite(carrier G) <— finite(carrier H)"
by (auto simp: is_iso_def iso_def bij_betw_finite)

lemma mon_compose:
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"[f € mon G H; g € mon H K] = (g o £) € mon G K"
by (auto simp: mon_def intro: hom_compose comp_inj_on inj_on_subset
[OF _ hom_carrier])

lemma mon_compose_rev:
"[f € hom G H; g € hom HK; (g o f) € mon G K] = f € mon G H"
using inj_on_imageI2 by (auto simp: mon_def)

lemma epi_compose:
"[f € epi GH; g € epi HK] = (g o £f) € epi G K"
using hom_compose by (force simp: epi_def hom_compose simp flip: image_image)

lemma epi_compose_rev:
"[f € hom G H; g € hom HK; (g o f) € epi G K] = g € epi H K"
by (fastforce simp: epi_def hom_def Pi_iff image_def set_eq_iff)

lemma iso_compose_rev:
"[f € hom G H; g € hom HK; (g o f) € iso GK] = f € mon GH A g
€ epi H K"
unfolding iso_iff_mon_epi using mon_compose_rev epi_compose_rev by blast

lemma epi_iso_compose_rev:
assumes "f € epi G H" "g € hom H K" "(g o f) € iso G K"
shows "f € iso G H A g € iso H K"
proof
show "f € iso G H"
by (metis (no_types, lifting) assms epi_def iso_compose_rev iso_iff_mon_epi
mem_Collect_eq)
then have "f € hom G H A bij_betw f (carrier G) (carrier H)"
using Group.iso_def <f € Group.iso G H> by blast
then have "bij_betw g (carrier H) (carrier K)"
using Group.iso_def assms(3) bij_betw_comp_iff by blast
then show "g € iso H K"
using Group.iso_def assms(2) by blast
qed

lemma mon_left_invertible:
"[f € hom G H; Ax. x € carrier G = g(f x) = x] = f € mon G H"
by (simp add: mon_def inj_on_def) metis

lemma epi_right_invertible:
"l[g € hom H G; f € carrier G — carrier H; Ax. x € carrier G — g(f
x) =x] = g € epi H G"
by (force simp: Pi_iff epi_iff_subset image_subset_iff_ funcset subset_iff)

lemma (in monoid) hom_imp_img_monoid:
assumes "h € hom G H"
shows "monoid (H ( carrier :=h
?h_img")

¢ (carrier G), one := h 1g )" (is "monoid
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proof (rule monoidI)
show "l7p_ing € carrier 7h_img"
by auto
next
fix x y z assume "x € carrier 7h_img" "y € carrier ?h_img" "z € carrier
7h_img"
then obtain gl g2 g3
where gl: "gl € carrier G" "x = h gl"
and g2: "g2 € carrier G" "y = h g2"
and g3: "g3 € carrier G" "z = h g3"
using image_iff[where 7?f = h and 7A = "carrier G"] by auto
have aux_lemma:
"Aa b. [ a € carrier G; b € carrier G | = h a ®(7p_jpg) b b =h
(a ® )"
using assms unfolding hom_def by auto

show "x ®@(7n_img) 1(7n_img) = ¥
using aux_lemma[OF g1(1) one_closed] gi1(2) r_one[0F gi(1)] by simp

show "1(7y_img) ®(?h_img) X = X"
using aux_lemma[0F one_closed g1(1)] g1(2) 1_one[0OF gi1(1)] by simp

have "x ®(7p_ing) v = h (g1 ® g2)"
using aux_lemma gl g2 by auto

thus "x ®(ep_ing) ¥y € carrier 7h_img"
using g1(1) g2(1) by simp

have " (x ®(?h_img) y) ®(?h_img) z=nh ((gl ® g2) ® g3) "
using aux_lemma gl g2 g3 by auto

also have " ... =h (g1 ® (g2 ® g3))"
using m_assoc[0F gi1(1) g2(1) g3(1)] by simp
alSO haVe " ... =X ®(7h_1mg) (y ®(7h_1mg) Z) "

using aux_lemma gl g2 g3 by auto
finally show "(x @ (?h_img) y) @ (7h_img) Z = X O(?h_img) (y ® (?h_img)
z)" .
qed

lemma (in group) hom_imp_img_group:
assumes "h € hom G H"
shows "group (H ( carrier :=h
?h_img")
proof -
interpret monoid 7h_img
using hom_imp_img monoid[0OF assms]

¢ (carrier G), one := h 1g )" (is "group

show 7thesis

proof (unfold_locales)
show "carrier ?h_img C Units 7h_img"
proof (auto simp add: Units_def)
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have aux_lemma:
"Agl g2. [ gl € carrier G; g2 € carrier G| = h gl ®g h g2
h (g1 @ g2)"
using assms unfolding hom_def by auto

fix g1 assume gl: "gl € carrier G"
thus "Jdg2 € carrier G. (h g2) ®g (hgl) =h 1 A (hgl) ®g (h g2)

=h 1"
using aux_lemma[OF gl inv_closed[0F gi1]]
aux_lemma[OF inv_closed[OF gl] g1l
inv_closed by auto
qed
qed
qed

lemma (in group) iso_imp_group:

assumes "G = H" and "monoid H"

shows "group H"
proof -

obtain ¢ where phi: "¢ € iso G H" "inv_into (carrier G) ¢ € iso H
Gll

using iso_set_sym assms unfolding is_iso_def by blast

define @y where psi_def: "¢ = inv_into (carrier G) "

have surj: "¢ ¢
G) n

and inj: "inj_on ¢ (carrier G)" "inj_on ¢ (carrier H)"

and phi_hom: "Agl g2. [ gl € carrier G; g2 € carrier G | = ¢ (gl
® g2) = (p g1) ®y (p g2)"

and psi_hom: "Ahl h2. [ hl € carrier H; h2 € carrier H ] = ¢ (hl
®g h2) = (¢ h1) ® (¢ h2)"

using phi psi_def unfolding iso_def bij_betw_def hom_def by auto

(carrier G) = (carrier H)" "¢ ¢ (carrier H) = (carrier

have phi_one: "p 1 = 1yx"
proof -
have "(p 1) ®g 1y = (p 1) Ry (¢ )"
by (metis assms(2) image_eql monoid.r_one one_closed phi_hom r_one
surj (1))
thus 7thesis
by (metis (no_types, opaque_lifting) Units_eq Units_one_closed assms(2)
f_inv_into_f imagel
monoid.l_one monoid.one_closed phi_hom psi_def r_one surj)
qed

have "carrier H C Units H"
proof
fix h assume h: "h € carrier H"
let ?inv_h = "¢ (inv (¢p h))"
have "h ®y ?inv_h = ¢ (¢ h) ®y 7inv_h"
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by (simp add: f_inv_into_f h psi_def surj(1))

also have " ... = ¢ ((¢ h) ® inv (¢p h))"
by (metis h imagel inv_closed phi_hom surj(2))
also have " ... = ¢ 1"

by (simp add: h inv_into_into psi_def surj(1))
finally have 1: "h ®y ?7inv_h = 1"
using phi_one by simp

have "?inv_h ®g h = ?inv_h ®g ¢ (¢ h)"
by (simp add: f_inv_into_f h psi_def surj(1))

also have " ... = ¢ (inv (¢ h) ® (¢ h))"
by (metis h imageIl inv_closed phi_hom surj(2))
also have " ... = ¢ 1"

by (simp add: h inv_into_into psi_def surj(1))
finally have 2: "?inv_h ®y h = 1g"
using phi_one by simp

thus "h € Units H" unfolding Units_def using 1 2 h surj by fastforce
qed
thus 7thesis unfolding group_def group_axioms_def using assms(2) by
simp
qed

corollary (in group) iso_imp_img_group:
assumes "h € iso G H"
shows "group (H ( one :=h 1 |))"
proof -
let ?h_img = "H ( carrier :=h
have "h € iso G 7h_img"
using assms unfolding iso_def hom_def bij_betw_def by auto
hence "G = 7h_img"
unfolding is_iso_def by auto
hence "group 7h_img"
using iso_imp_groupl[of ?h_img] hom_imp_img monoid[of h H] assms un-
folding iso_def by simp
moreover have "carrier H = carrier 7h_img"
using assms unfolding iso_def bij_betw_def by simp
hence "H ( one :=h 1 |) = ?h_img"
by simp
ultimately show ?thesis by simp
qed

¢ (carrier G), one :=h 1 |)"

6.8.1 HOL Light’s concept of an isomorphism pair

definition group_isomorphisms
where
"group_isomorphisms G H f g =
f € hom GHA g € hom HG A
(Vx € carrier G. g(f x) = x) A
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(Vy € carrier H. f(g y) = y)"

lemma group_isomorphisms_sym: "group_isomorphisms G H f g = group_isomorphisms
HG g f"
by (auto simp: group_isomorphisms_def)

lemma group_isomorphisms_imp_iso: "group_isomorphisms G H f g =— f €
iso G H"

by (auto simp: iso_def inj_on_def image_def group_isomorphisms_def hom_def
bij_betw_def Pi_iff, metis+)

lemma (in group) iso_iff_group_isomorphisms:
"f € iso G H +— (dg. group_isomorphisms G H f g)"
proof safe
show "Jdg. group_isomorphisms G H £ g" if "f € Group.iso G H"
unfolding group_isomorphisms_def
proof (intro exI conjI)
let ?7g = "inv_into (carrier G) f"
show "Vxecarrier G. 7g (f x) = x"
by (metis (no_types, lifting) Group.iso_def bij_betw_inv_into_left
mem_Collect_eq that)
show "Vyeccarrier H. £ (?7g y) = y"
by (metis (no_types, lifting) Group.iso_def bij_betw_inv_into_right
mem_Collect_eq that)
ged (use Group.iso_def iso_set_sym that in <blast+>)
next
fix g
assume "group_isomorphisms G H f g"
then show "f € Group.iso G H"
by (auto simp: iso_def group_isomorphisms_def hom_in_carrier intro:
bij_betw_byWitness)
qed

6.8.2 Involving direct products

lemma DirProd_commute_iso_set:
shows "(A(x,y). (y,x)) € iso (G xx H) (H xx G)"
by (auto simp add: iso_def hom_def inj_on_def bij_betw_def)

corollary DirProd_commute_iso :
"(G xx H) = (H xx G)"
using DirProd_commute_iso_set unfolding is_iso_def by blast

lemma DirProd_assoc_iso_set:
shows "(A(x,y,2). (x,(y,2))) € iso (G Xxx H xx I) (G xx (H xx I))"
by (auto simp add: iso_def hom_def inj_on_def bij_betw_def)

lemma (in group) DirProd_iso_set_trans:
assumes "g € iso G G2"
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and "h € iso H I"
shows "(A(x,y). (g x, h y)) € iso (G xx H) (G2 xx I)"
proof-
have "(A\(x,y). (g x, h y)) € hom (G xx H) (G2 xx I)"
using assms unfolding iso_def hom_def by auto
moreover have " inj_on (A(x,y). (g x, h y)) (carrier (G xx H))"
using assms unfolding iso_def DirProd_def bij_betw_def inj_on_def
by auto
moreover have "(A(x, y). (g x, h y))
(G2 xx I)"
using assms unfolding iso_def bij_betw_def image_def DirProd_def by
fastforce
ultimately show "(A(x,y). (g x, h y)) € iso (G xx H) (G2 xx I)"
unfolding iso_def bij_betw_def by auto
qed

¢ carrier (G xXx H) = carrier

corollary (in group) DirProd_iso_trans :
assumes "G = G2" and "H = I"
shows "G xx H = G2 xx I"
using DirProd_iso_set_trans assms unfolding is_iso_def by blast

lemma hom_pairwise: "f € hom G (DirProd H K) <— (fst o f) € hom G H
A (snd o f) € hom G K"
apply (auto simp: hom_def mult_DirProd’ dest: Pi_mem)
apply (metis Product_Type.mem_Times_iff comp_eq_dest_lhs funcset_mem)
by (metis mult_DirProd prod.collapse)

lemma hom_paired:
"(Ax. (f x,g x)) € hom G (DirProd HK) <— f € hom G H A g € hom
G K"
by (simp add: hom_pairwise o_def)

lemma hom_paired2:

assumes '"group G" "group H"

shows "(A(x,y). (f x,g y)) € hom (DirProd G H) (DirProd G’ H’) +—
f € hom GG A g € hom H H”"

using assms

by (fastforce simp: hom_def Pi_def dest!: group.is_monoid)

lemma iso_paired2:

assumes '"group G" "group H"

shows "(A(x,y). (f x,g y)) € iso (DirProd G H) (DirProd G’ H’) +—
f € is0 GG’ N g € iso H H’"

using assms

by (fastforce simp add: iso_def inj_on_def bij_betw_def hom_paired?2
image_paired_Times

times_eq_iff group_def monoid.carrier_not_empty)

lemma hom_of_fst:
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assumes "group H"
shows "(f o fst) € hom (DirProd G H) K «<— f € hom G K"
proof -
interpret group H
by (rule assms)
show 7?7thesis
using one_closed by (auto simp: hom_def Pi_def)
qed

lemma hom_of_snd:
assumes "group G"
shows "(f o snd) € hom (DirProd G H) K «— f € hom H K"
proof -
interpret group G
by (rule assms)
show ?7thesis
using one_closed by (auto simp: hom_def Pi_def)
qed

6.9 The locale for a homomorphism between two groups

Basis for homomorphism proofs: we assume two groups G and H, with a
homomorphism h between them

locale group_hom = G?: group G + H?: group H for G (structure) and H (structure)
+

fixes h

assumes homh [simp]: "h € hom G H"

declare group_hom.homh [simp]

lemma (in group_hom) hom_mult [simp]:

"[| x € carrier G; y € carrier G |[] ==> h (x ®g y) =h x ®g h y"
proof -

assume "x € carrier G" "y € carrier G"

with homh [unfolded hom_def] show 7thesis by simp
qed

lemma (in group_hom) hom_closed [simp]:

"x € carrier G ==> h x € carrier H"
proof -

assume "x € carrier G"

with homh [unfolded hom_def] show 7thesis by auto
qed

lemma (in group_hom) one_closed: "h 1 € carrier H"
by simp

lemma (in group_hom) hom_one [simp]: "h 1 = 1y"
proof -
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have "h 1 ®y 1y =h 1 ®y h 1"
by (simp add: hom_mult [symmetric] del: hom_mult)
then show 7thesis
by (metis H.Units_eq H.Units_1_cancel H.one_closed local.one_closed)
qed

lemma hom_one:
assumes "h € hom G H" "group G" "group H"
shows "h (one G) = one H"
apply (rule group_hom.hom_one)
by (simp add: assms group_hom_axioms_def group_hom_def)

lemma hom_mult:

"[b € hom G H; x € carrier G; y € carrier G) = h (x ®¢ y) = h x ®y
hoy"

by (auto simp: hom_def)

lemma (in group_hom) inv_closed [simp]:
"x € carrier G ==> h (inv x) € carrier H"
by simp

lemma (in group_hom) hom_inv [simp]:
assumes "x € carrier G" shows "h (inv x) = invyg (h x)"
proof -
have "h x ®g h (inv x) = h x ®yg invg (h x)"
using assms by (simp flip: hom_mult)
with assms show ?7thesis by (simp del: H.r_inv H.Units_r_inv)
qed

lemma (in group) int_pow_is_hom:

"x € carrier G = ((["]) x) € hom ( carrier = UNIV, mult = (+), one
= 0::int ) G "

unfolding hom_def by (simp add: int_pow_mult)

lemma (in group_hom) img_is_subgroup: "subgroup (h ¢ (carrier G)) H"

apply (rule subgroupI)

apply (auto simp add: image_subsetI)

apply (metis G.inv_closed hom_inv image_iff)

by (metis G.monoid_axioms hom_mult image_eqIl monoid.m_closed)

lemma (in group_hom) subgroup_img_is_subgroup:
assumes "subgroup I G"
shows "subgroup (b ¢ I) H"
proof -
have "h € hom (G (| carrier := I |)) H"
using G.subgroupE[OF assms] subgroup.mem_carrier [OF assms] homh
unfolding hom_def by auto
hence "group_hom (G (| carrier := I |)) H h"
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using subgroup.subgroup_is_group[0OF assms G.is_group] is_group
unfolding group_hom_def group_hom_axioms_def by simp
thus 7thesis
using group_hom.img_is_subgrouplof "G ( carrier := I )" H h] by simp
qed

lemma (in subgroup) iso_subgroup:

assumes '"group G" "group F"

assumes "¢ € iso G F"

shows "subgroup (¢ ¢ H) F"

by (metis assms Group.iso_iff group_hom.intro group_hom_axioms_def group_hom.subgroup_img
subgroup_axioms)

lemma (in group_hom) induced_group_hom:
assumes "subgroup I G"
shows "group_hom (G ( carrier := I |)) (H ( carrier :=h ¢ I |)) h"
proof -
have "h € hom (G (| carrier := I |)) (H (| carrier :=h ¢ I )"
using homh subgroup.mem_carrier [0F assms] unfolding hom_def by auto
thus ?thesis
unfolding group_hom_def group_hom_axioms_def
using subgroup.subgroup_is_group [0F assms G.is_group]
subgroup . subgroup_is_group [0F subgroup_img_is_subgroup[0F assms]
is_group] by simp
qed

An isomorphism restricts to an isomorphism of subgroups.

lemma iso_restrict:

assumes " € iso G F"

assumes groups: "group G" "group F"

assumes HG: "subgroup H G"

shows "(restrict ¢ H) € iso (G(carrier := H)) (F(carrier := ¢ ¢ H))"
proof -

have "Ax y. [x € H; y€H; x @ y€H = ¢ Qg y) =¢ x Q ¢

y

by (meson assms hom_mult iso_imp_homomorphism subgroup.mem_carrier)
moreover have "Ax y. [x € H; y € H; x ® vy ¢ H = ¢ x Q ¢ y =
undefined"
by (simp add: HG subgroup.m_closed)
moreover have "Ax y. [x € H; y € H; p x = ¢ y] = x = y"
by (smt (verit, ccfv_SIG) assms group.iso_iff_group_isomorphisms group_isomorphisms_def
subgroup.mem_carrier)
ultimately show 7thesis
by (auto simp: iso_def hom_def bij_betw_def inj_on_def)
qed

lemma (in group) canonical_inj_is_hom:
assumes "subgroup H G"
shows "group_hom (G ( carrier :=H |)) G id"
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unfolding group_hom_def group_hom_axioms_def hom_def
using subgroup.subgroup_is_group[0F assms is_group]
is_group subgroup.subset[0OF assms] by auto

lemma (in group_hom) hom_nat_pow:
"x € carrier G = h (x [7] (n :: nat))
by (induction n) auto

(th x) ["1g n"

lemma (in group_hom) hom_int_pow:
"x € carrier G = h (x [7] (n :: int)) = (h x) ["lg n"
using hom_nat_pow by (simp add: int_pow_def2)

lemma hom_nat_pow:

"[b € hom G H; x € carrier G; group G; group Hl = h (x ["1¢ (n ::
nat)) = (h x) ["1g n"

by (simp add: group_hom.hom_nat_pow group_hom_axioms_def group_hom_def)

lemma hom_int_pow:
"[b € hom G H; x € carrier G; group G; group Hl = h (x ["1¢ (n ::
int)) = (h x) ["lg n"
by (simp add: group_hom.hom_int_pow group_hom_axioms.intro group_hom_def)

6.10 Commutative Structures

Naming convention: multiplicative structures that are commutative are called
commutative, additive structures are called Abelian.

locale comm_monoid = monoid +
assumes m_comm: "[x € carrier G; y € carrier G = x @ y =y ® x"

lemma (in comm_monoid) m_lcomm:
"[x € carrier G; y € carrier G; z € carrier G] =
x®(y®z) =y x& 2z2)"

proof -
assume xyz: "x € carrier G" "y € carrier G" "z € carrier G"
from xyz have "x ® (y ® 2) = (x ® y) ® z" by (simp add: m_assoc)
also from xyz have "... = (y ® x) ® z" by (simp add: m_comm)
also from xyz have "... =y ® (x ® z)" by (simp add: m_assoc)
finally show ?7thesis .

qed

lemmas (in comm_monoid) m_ac = m_assoc m_comm m_lcomm

lemma comm_monoidI:
fixes G (structure)
assumes m_closed:
"tx y. [| x € carrier G; y € carrier G |] ==> x ® y € carrier
Gll
and one_closed: "1 € carrier G"
and m_assoc:
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"x y z. [| x € carrier G; y € carrier G; z € carrier G [|] ==
YY) ®z=x (x 2"
and 1_one: "!!x. x € carrier G ==> 1 ® x = x"
and m_comm:
"lx y. [| x € carrier G; y € carrier G |] ==> x ® y =y ® x"
shows "comm_monoid G"
using 1_one
by (auto intro!: comm_monoid.intro comm_monoid_axioms.intro monoid.intro
intro: assms simp: m_closed one_closed m_comm)

lemma (in monoid) monoid_comm_monoidI:
assumes m_comm:
"tx y. [| x € carrier G; y € carrier G |] ==> x ® y =y ® x"
shows "comm_monoid G"
by (rule comm_monoidI) (auto intro: m_assoc m_comm)

lemma (in comm_monoid) submonoid_is_comm_monoid :
assumes "submonoid H G"

shows "comm_monoid (G(carrier := H))"
proof (intro monoid.monoid_comm_monoidI)
show "monoid (G(carrier := H|))"

using submonoid.submonoid_is_monoid assms comm_monoid_axioms comm_monoid_def
by blast
show "Ax y. x € carrier (G(carrier := H))) — y € carrier (G(carrier
:= H))
= X ®GQcar:rie:r =H) Y=Y ®GQcar:rie:r := H) x"
by simp (meson assms m_comm submonoid.mem_carrier)
qed

locale comm_group = comm_monoid + group

lemma (in group) group_comm_groupl:

assumes m_comm: "!!x y. [| x € carrier G; y € carrier G |] ==> x ®
y=y®x"

shows "comm_group G"

by standard (simp_all add: m_comm)

lemma comm_groupl:
fixes G (structure)
assumes m_closed:
"tx y. [| x € carrier G; y € carrier G |] ==> x ® y € carrier
Gll
and one_closed: "1 € carrier G"
and m_assoc:
"tx y z. [| x € carrier G; y € carrier G; z € carrier G |] ==
Ry ®z=x (x 2"
and m_comm:
"tx y. [| x € carrier G; y € carrier G |] ==> x ® y =y ® x"
and 1 _one: "!!x. x € carrier G ==> 1 ® x = x"
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and 1_inv_ex: "!lx. x € carrier G ==> Jy € carrier G. y ® x = 1"
shows "comm_group G"
by (fast intro: group.group_comm_groupl groupl assms)

lemma comm_groupE:
fixes G (structure)
assumes "comm_group G"
shows "Ax y. [ x € carrier G; y € carrier G | = x ® y € carrier
Gll
and "1 € carrier G"
and "Ax y z. [ x € carrier G; y € carrier G; z € carrier G | =
Ry ®z=x (x 2"
and "Ax y. [ x € carrier G; y € carrier G| = x ® y =y ® x"
and "Ax. x € carrier G = 1 ® x = x"
and "Ax. x € carrier G = Jy € carrier G. y ® x = 1"
apply (simp_all add: group.axioms assms comm_group.axioms comm_monoid.m_comm
comm_monoid.m_ac(1))
by (simp_all add: Group.group.axioms(1l) assms comm_group.axioms(2) monoid.m_closed
group.r_inv_ex)

lemma (in comm_group) inv_mult:
"[| x € carrier G; y € carrier G |] ==> inv (x ® y) = inv x ® inv y"
by (simp add: m_ac inv_mult_group)

lemma (in comm_monoid) nat_pow_distrib:
fixes n::nat
assumes "x € carrier G" "y € carrier G"
shows "x ® y) [(Tn=x["1n®y []n"
by (simp add: assms pow_mult_distrib m_comm)

lemma (in comm_group) int_pow_distrib:
assumes "x € carrier G" "y € carrier G"
shows "(x ® y) [7] (i::int) = x [7] i ® y [7] i"
by (simp add: assms int_pow_mult_distrib m_comm)

lemma (in comm_monoid) hom_imp_img_comm_monoid:
assumes "h € hom G H"
shows "comm_monoid (H ( carrier := h
(is "comm_monoid 7h_img")
proof (rule monoid.monoid_comm_monoidI)
show "monoid 7h_img"
using hom_imp_img_monoid [OF assms]
next
fix x y assume "x € carrier 7h_img
then obtain gl g2
where gl: "gl € carrier G" "x = h gl"
and g2: "g2 € carrier G" "y = h g2"
by auto
have "x ®(7h_img) ¥ = b (gl @ g2)"

¢ (carrier G), one :=h 1g D"

" "y € carrier 7h_img"
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using gl g2 assms unfolding hom_def by auto

also have " ... = h (g2 ® gl)"
using m_comm[0OF gl1(1) g2(1)] by simp
also have " ... =y ®(7h_ing) X"

using gl g2 assms unfolding hom_def by auto
ﬁnally ShOW "x ®(7h_1mg) y = y ®(7h_1mg) x" .
qed

lemma (in comm_group) hom_group_mult:
assumes "f € hom H G" "g € hom H G"
shows "(A\x. f x ®g g x) € hom H G"
using assms by (auto simp: hom_def Pi_def m_ac)

lemma (in comm_group) hom_imp_img_comm_group:
assumes "h € hom G H"
shows "comm_group (H ( carrier := h ¢ (carrier G), one := h 1g )"
unfolding comm_group_def
using hom_imp_img_group[OF assms] hom_imp_img_comm_monoid[0F assms]
by simp

lemma (in comm_group) iso_imp_img_comm_group:
assumes "h € iso G H"
shows "comm_group (H (| one := h 1¢ )"
proof -
let ?h_img = "H ( carrier :=h
have "comm_group 7h_img"
using hom_imp_img_comm_group[of h H] assms unfolding iso_def by auto
moreover have "carrier H = carrier 7h_img"
using assms unfolding iso_def bij_betw_def by simp
hence "H ( one :=h 1 |) = ?h_img"
by simp
ultimately show ?7thesis by simp
qed

¢ (carrier G), one := h 1 |"

lemma (in comm_group) iso_imp_comm_group:
assumes "G = H" "monoid H"
shows "comm_group H"
proof -
obtain h where h: "h € iso G H"
using assms(1) unfolding is_iso_def by auto
hence comm_gr: "comm_group (H (| one :=h 1 )"
using iso_imp_img_comm_group[of h H] by simp
hence "Ax. x € carrier H = h 1 ®y x = x"
using monoid.l_onelof "H (| one := h 1 "] unfolding comm_group_def
comm_monoid_def by simp
moreover have "h 1 € carrier H"
using h one_closed unfolding iso_def hom_def by auto
ultimately have "h 1 = 1y"
using monoid.one_unique[0OF assms(2), of "h 1"] by simp
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hence "H = H ( one :=h 1 )"
by simp
thus ?7thesis
using comm_gr by simp
qed

lemma (in group) incl_subgroup:

assumes "subgroup J G"

and "subgroup I (G(carrier:=J))"

shows "subgroup I G" unfolding subgroup_def
proof

have H1: "I C carrier (G(carrier:=J))" using assms(2) subgroup.subset
by blast

also have H2: "...CJ" by simp

also have "...C(carrier G)" by (simp add: assms(1) subgroup.subset)

finally have H: "I C carrier G" by simp

have "(Ax y. [x € I ; y € I] = x ® y € I)" using assms(2) by (auto
simp add: subgroup_def)

thus "I C carrier GA (Vxy. x €I —ye€l —x®ye€l" us-
ing H by blast

have K: "1 € I" using assms(2) by (auto simp add: subgroup_def)

have "(Ax. x € I = inv x € I)" using assms subgroup.m_inv_closed
H

by (metis H1 H2 m_inv_consistent subsetCE)

thus "1 € T A (Vx. x € T — inv x € I)" using K by blast

qed

lemma (in group) subgroup_incl:
assumes "subgroup I G" and "subgroup J G" and "I C J"
shows "subgroup I (G ( carrier := J |))"
using group.group_incl_imp_subgrouplof "G ( carrier := J )" I]
assms (1-2) [THEN subgroup.subgroup_is_group[0F _ group_axioms]]
assms(3) by auto

6.11 The Lattice of Subgroups of a Group

theorem (in group) subgroups_partial_order:
"partial_order (carrier = {H. subgroup H G}, eq = (=), le = (Q)]"
by standard simp_all

lemma (in group) subgroup_self:
"subgroup (carrier G) G"
by (rule subgroupI) auto

lemma (in group) subgroup_imp_group:
"subgroup H G ==> group (G(carrier := H|))"
by (erule subgroup.subgroup_is_group) (rule group_axioms)



122

lemma (in group) subgroup_mult_equality:

"[ subgroup H G; hi € H; h2 € H] = k1 &g ( carrier :
® h2"

unfolding subgroup_def by simp

theorem (in group) subgroups_Inter:
assumes subgr: "(AH. H € A = subgroup H G®)"
and not_empty: "A # {}"
shows "subgroup ([)A) G"
proof (rule subgroupl)
from subgr [THEN subgroup.subset] and not_empty
show "(A C carrier G" by blast
next
from subgr [THEN subgroup.one_closed]
show "(NA # {}" by blast
next
fix x assume "x € [A"
with subgr [THEN subgroup.m_inv_closed]
show "inv x € (A" by blast
next
fix x y assume "x € (A" "y € (A"
with subgr [THEN subgroup.m_closed]
show "x ® y € (A" by blast
qed

lemma (in group) subgroups_Inter_pair :
assumes "subgroup I G" "subgroup J G" shows "subgroup (INJ) G"
using subgroups_Inter[ where 7A = "{I,J}"] assms by auto

theorem (in group) subgroups_complete_lattice:
"complete_lattice (carrier = {H. subgroup H G}, eq = (=), le = (D))"
(is "complete_lattice ?7L")
proof (rule partial_order.complete_lattice_criterionl)
show "partial_order ?L" by (rule subgroups_partial_order)
next
have "greatest 7L (carrier G) (carrier ?7L)"
by (unfold greatest_def) (simp add: subgroup.subset subgroup_self)
then show "3G. greatest 7L G (carrier 7L)" ..
next
fix A
assume L: "A C carrier ?L" and non_empty: "A # {}"
then have Int_subgroup: "subgroup ([)A) G"
by (fastforce intro: subgroups_Inter)
have "greatest ?L ([|A) (Lower 7L A)" (is "greatest _ ?Int _")
proof (rule greatest_LowerI)
fix H
assume H: "H € A"
with L have subgroupH: "subgroup H G" by auto
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from subgroupH have groupH: "group (G (carrier := H))" (is "group
7H")
by (rule subgroup_imp_group)
from groupH have monoidH: "monoid 7H"
by (rule group.is_monoid)
from H have Int_subset: "7?Int C H" by fastforce
then show "le 7L ?7Int H" by simp
next
fix H
assume H: "H € Lower 7L A"
with L Int_subgroup show "le 7L H ?Int"
by (fastforce simp: Lower_def intro: Inter_greatest)
next
show "A C carrier 7L" by (rule L)

next
show "?7Int € carrier 7L" by simp (rule Int_subgroup)
qed
then show "JI. greatest 7L I (Lower 7L A)" ..
qed

6.12 The units in any monoid give rise to a group

Thanks to Jeremy Avigad. The file Residues.thy provides some infrastruc-
ture to use facts about the unit group within the ring locale.

definition units_of :: "(’a, ’b) monoid_scheme = ’a monoid"
where "units_of G =
Qcarrier = Units G, Group.monoid.mult = Group.monoid.mult G, one
one G)"

lemma (in monoid) units_group: "group (units_of G)"
proof -
have "Ax y z. [x € Units G; y € Units G; z € Units G] = x ® y ®
z=3xQ (y® 2)"
by (simp add: Units_closed m_assoc)
moreover have "Ax. x € Units G = Jy€lnits G. y ® x = 1"
using Units_1_inv by blast
ultimately show 7thesis
unfolding units_of_def
by (force intro!: groupl)
qed

lemma (in comm_monoid) units_comm_group: "comm_group (units_of G)"
proof -
have "Ax y. [x € carrier (units_of G); y € carrier (units_of G)]
= X Qunits of ¢ ¥ = ¥ ®units_of ¢ X"
by (simp add: Units_closed m_comm units_of_def)
then show 7thesis
by (rule group.group_comm_groupl [OF units_group]) auto
qed
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lemma units_of_carrier: "carrier (units_of G) = Units G"
by (auto simp: units_of_def)

lemma units_of_mult: "mult (units_of G) = mult G"
by (auto simp: units_of_def)

lemma units_of_one: "one (units_of G) = one G"
by (auto simp: units_of_def)

lemma (in monoid) units_of_inv:

assumes "x € Units G"

shows "m_inv (units_of G) x = m_inv G x"

by (simp add: assms group.inv_equality units_group units_of_carrier
units_of _mult units_of_one)

lemma units_of_units [simp] : "Units (units_of G) = Units G"
unfolding units_of_def Units_def by force

¢ carrier

lemma (in group) surj_const_mult: "a € carrier G = (A\x. a ® x)
G = carrier G"
apply (auto simp add: image_def)

by (metis inv_closed inv_solve_left m_closed)

lemma (in group) 1_cancel_one [simp]: "x € carrier G = a € carrier
G=—= x®a=x+<— a=one G"
by (metis Units_eq Units_1_cancel monoid.r_one monoid_axioms one_closed)

lemma (in group) r_cancel_one [simp]: "x € carrier G = a € carrier
G=— a®x=x < a=oneG"
by (metis monoid.l_one monoid_axioms one_closed right_cancel)

lemma (in group) 1_cancel_one’ [simp]l: "x € carrier G = a € carrier
G=— x=xQ®a<— a=one G"
using 1_cancel_one by fastforce

lemma (in group) r_cancel_one’ [simp]: "x € carrier G = a € carrier
G=— x=a®x < a=one G"
using r_cancel_one by fastforce
declare pow_nat [simp]
end
theory FiniteProduct

imports Group
begin



125

6.13 Product Operator for Commutative Monoids

6.13.1 Inductive Definition of a Relation for Products over Sets

Instantiation of locale LC of theory Finite_Set is not possible, because here
we have explicit typing rules like x € carrier G. We introduce an explicit
argument for the domain D.

inductive__set

foldSetD :: "[’a set, ’b = ’a = ’a, ’al] = (’b set * ’a) set"
for D :: "aset" and f :: "’b = ’a = ’a" and e :: ’a
where

emptyl [introl: "e € D = ({}, e) € foldSetD D £ e"
| insertI [introl: "[x ¢ A; f x y € D; (A, y) € foldSetD D f ¢] =
(insert x A, £ x y) € foldSetD D f e"

inductive__cases empty_foldSetDE [elim!]: "({}, x) &€ foldSetD D f e"

definition
foldD :: "[’a set, ’b = ’a = ’a, ’a, ’b set] = ’a"
where "foldD D f e A = (THE x. (A, x) € foldSetD D f e)"

lemma foldSetD_closed: "(A, z) € foldSetD D f e — z € D"
by (erule foldSetD.cases) auto

lemma Diff1_foldSetD:
"[(A - {x}, y) € foldSetD D f e; x € A; £ x y € D] =
(A, £ xy) € foldSetD D £ e"
by (metis Diff_insert_absorb foldSetD.insertI mk_disjoint_insert)

lemma foldSetD_imp_finite [simp]: "(A, x) € foldSetD D f e = finite
All
by (induct set: foldSetD) auto

lemma finite_imp_foldSetD:
"[finite A; e € D; Ax y. [x € A; y € D] = £ x y € D]
—> dx. (A, x) € foldSetD D f e"
proof (induct set: finite)
case empty then show 7case by auto
next
case (insert x F)
then obtain y where y: "(F, y) € foldSetD D f e" by auto
with insert have "y € D" by (auto dest: foldSetD_closed)
with y and insert have "(insert x F, f x y) € foldSetD D f e"
by (intro foldSetD.intros) auto
then show 7case ..
qed

lemma foldSetD_backwards:
assumes "A # {}" "(A, z) € foldSetD D f e"
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shows "dx y. x € AN (A - {x 3}, y) € foldSetDD f e A z =f x y"
using assms(2) by (cases) (simp add: assms(1l), metis Diff_insert_absorb
insertIl)

6.13.2 Left-Commutative Operations

locale LCD =
fixes B :: "’b set"
and D :: "’a set"
and f :: "’b = ’a = ’a" (infixl "." 70)

assumes left_commute:
"x €B; y€B;z€D] = x-(y-2)=y- - (x- 2)"
and f_closed [simp, intro!]: "!!x y. [x € B; y € D] = £ xy € D"

lemma (in LCD) foldSetD_closed [dest]: "(A, z) € foldSetD D f e — z
€ D"
by (erule foldSetD.cases) auto

lemma (in LCD) Diff1_foldSetD:
"[(A - {x}, y) € foldSetD D f e; x € A; A C B] =
(A, £ x y) € foldSetD D £ e"
by (meson Diffl_foldSetD f_closed local.foldSetD_closed subsetCE)

lemma (in LCD) finite_imp_foldSetD:
"[finite A; A C B; e € D] = Jx. (A, x) € foldSetD D f e"
proof (induct set: finite)
case empty then show ?7case by auto
next
case (insert x F)
then obtain y where y: "(F, y) € foldSetD D f e" by auto
with insert have "y € D" by auto
with y and insert have "(insert x F, f x y) € foldSetD D f &"
by (intro foldSetD.intros) auto
then show 7case ..
qed

lemma (in LCD) foldSetD_determ_aux:
assumes "e € D" and A: "card A < n" "A C B" "(A, x) € foldSetD D f
e" "(A, y) € foldSetD D f e"
shows "y = x"
using A
proof (induction n arbitrary: A x y)
case 0
then show 7case
by auto
next
case (Suc n)
then consider "card A = n" "card A < n"
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by linarith
then show 7case
proof cases
case 1
show 7thesis
using foldSetD.cases [0OF <(A,x) € foldSetD D (:) e>]
proof cases
case 1

then show 7thesis
using < (A,y) € foldSetD D (-) e> by auto

next
case (2 x’ A’ y?)
note A’ = this

show 7thesis
using foldSetD.cases [OF <(A,y) € foldSetD D (-) e>]
proof cases
case 1
then show ?7thesis
using <(A,x) € foldSetD D () e> by auto
next
case (2 x’’ A’ y’?)
note A’’ = this
show 7thesis
proof (cases "x’ = x’’")
case True
show 7?7thesis
proof (cases "y’ = y’’")
case True
then show ?7thesis
using A’ A’’ <x’ = x’’> by (blast elim!: equalityE)
next
case False
then show ?7thesis
using A’ A’ <x’ = x’7>
by (metis <card A = n> Suc.IH Suc.prems(2) card_insert_disjoint
foldSetD_imp_finite insert_eq_iff insert_subset lessI)
qged
next
case False
then have *: "A’ - {x’°} = A’ - {x’}" "x’’ € A’" "x’ € A’"
using A’ A’’ by fastforce+
then have "A’ = insert x’’ A’ - {x’}"
using <x’ ¢ A’> by blast
then have card: "card A’ < card A’’"
using A’ A’’ * by (metis card_Suc_Diffl eq_refl foldSetD_imp_finite)
obtain u where u: "(A’ - {x’’}, u) € foldSetD D (-) e"
using finite_imp_foldSetD [of "A’ - {x’’}"] A’ Diff_insert
<A C B> <e € D> by fastforce
have "y’ = £ x’? u"
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using Diff1l_foldSetD [OF u] <x’’ € A’> <card A = n> A’ Suc.IH
<A C B> by auto

then have "(A’’ - {x’}, u) € foldSetD D f e"
using "*"(1) u by auto
then have "y’’ = f x> u"

using A’’ by (metis * <card A = n> A’(1) Diffl_foldSetD Suc.IH
<A C B>
card card_Suc_Diffl card_insert_disjoint foldSetD_imp_finite
insert_subset le_imp_less_Suc)
then show 7thesis

using A’ A’?
by (metis <A C B> <y’ = x’’ - u> insert_subset left_commute
local.foldSetD_closed u)
qed
qed
qed
next
case 2 with Suc show 7thesis by blast
qed
qed

lemma (in LCD) foldSetD_determ:
"[(A, x) € foldSetD D f e; (A, y) € foldSetD D f e; e € D; A C B]
> y = x"
by (blast intro: foldSetD_determ_aux [rule_format])

lemma (in LCD) foldD_equality:
"[(A, y) € foldSetD D f e; e € D; A C B] = foldDD f e A = y"
by (unfold foldD_def) (blast intro: foldSetD_determ)

lemma foldD_empty [simp]:
"e € D= foldDD f e {} = e"
by (unfold foldD_def) blast

lemma (in LCD) foldD_insert_aux:
"[x ¢ A; x € B; e € D; A C B
—> ((insert x A, v) € foldSetD D f e) +— (Jy. (A, y) € foldSetD
DfeAv=1Ffzxy"
apply auto
by (metis Diff_insert_absorb f_closed finite_Diff foldSetD.insertI foldSetD_determ
foldSetD_imp_finite insert_subset local.finite_imp_foldSetD local.foldSetD_closed)

lemma (in LCD) foldD_insert:
assumes "finite A" "x ¢ A" "x € B" "e € D" "A C B"
shows "foldD D f e (insert x A) = f x (foldD D f e A)"
proof -
have "(THE v. dy. (A, y) € foldSetD D (-) e A v =x-y) =x - (THE
y. (A, y) € foldSetD D (-) e)"
by (rule the_equality) (use assms foldD_def foldD_equality foldD_def
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finite_imp_foldSetD in <metis+>)
then show 7thesis
unfolding foldD_def using assms by (simp add: foldD_insert_aux)
qed

lemma (in LCD) foldD_closed [simp]:
"[finite A; e € D; A C Bl = foldDD f e A € D"
proof (induct set: finite)
case empty then show 7case by simp
next
case insert then show 7case by (simp add: foldD_insert)
qed

lemma (in LCD) foldD_commute:
"[finite A; x € B; e € D; A C B] =
f x (foldD D f e A) = foldD D f (f x e) A"
by (induct set: finite) (auto simp add: left_commute foldD_insert)

lemma Int_mono2:
"[ACC; BCC] = A IntBCC"
by blast

lemma (in LCD) foldD_nest_Un_Int:

"[finite A; finite C; e € D; A C B; C C B] =
foldD D f (foldD D f e C) A = foldD D f (foldD D f e (A Int C)) (A
Un C)"

proof (induction set: finite)
case (insert x F)
then show 7case
by (simp add: foldD_insert foldD_commute Int_insert_left insert_absorb
Int_mono2)
qged simp

lemma (in LCD) foldD_nest_Un_disjoint:
"[[finite A; finite B; A Int B ={}; e € D; A C B; C C B]]
— foldD D f e (A Un B) = foldD D f (foldD D f e B) A"
by (simp add: foldD_nest_Un_Int)

— Delete rules to do with foldSetD relation.

declare foldSetD_imp_finite [simp dell
empty_foldSetDE [rule dell
foldSetD.intros [rule del]

declare (in LCD)
foldSetD_closed [rule del]

Commutative Monoids

We enter a more restrictive context, with £ :: ’a = ’a = ’a instead of ’b
= ’a = ’a.
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locale ACeD =

fixes D :: "’a set"
and f :: "a = ’a = ’a" (infixl "-" 70)
and e :: ’a

assumes ident [simpl: "x € D = x - e = x'
and commute: "[x € D; y € D] = x -y =y - x
and assoc: "[x € D; y€D; z€D] = x-y) rz=x-(y - 2z2)"
and e_closed [simp]: "e € D"
and f_closed [simpl: "[x € D; y € D] = x -y € D"

lemma (in ACeD) left_commute:
"x €D; yE€D; z€D] = x-(y-2z)=y - (x-2)"

proof -
assume D: "x € D" "y € D" "z € D"
then have "x - (y - 2) = (y - 2) - x" by (simp add: commute)
also from D have "... =y - (z - x)" by (simp add: assoc)
also from D have "z - x = x - z" by (simp add: commute)
finally show 7thesis .

qed

lemmas (in ACeD) AC = assoc commute left_commute

lemma (in ACeD) left_ident [simpl: "x € D = e - x = x"
proof -

assume "x € D"

then have "x - e = x" by (rule ident)

with <x € D> show ?7thesis by (simp add: commute)
qed

lemma (in ACeD) foldD_Un_Int:
"[finite A; finite B; A C D; B C D] =
foldD D f e A:- foldDD f e B =
foldD D f e (AUnB) - foldD D f e (A Int B)"
proof (induction set: finite)
case empty
then show 7case
by (simp add: left_commute LCD.foldD_closed [OF LCD.intro [of D]])
next
case (insert x F)
then show 7case
by (simp add: AC insert_absorb Int_insert_left Int_mono2
LCD.foldD_insert [OF LCD.intro [of D]]
LCD.foldD_closed [OF LCD.intro [of D]])
qed

lemma (in ACeD) foldD_Un_disjoint:
"[finite A; finite B; A Int B = {}; A CD; B C D] =
foldD D f e (A UnB) = foldDD f e A - foldD D f e B"
by (simp add: foldD_Un_Int
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left_commute LCD.foldD_closed [OF LCD.intro [of D]1)

6.13.3 Products over Finite Sets

definition
finprod :: "[(’b, ’m) monoid_scheme, ’a = ’b, ’a set] = ’b"
where "finprod G £ A =
(if finite A
then foldD (carrier G) (mult G o f) 1g A

else 1g)"
syntax
"_finprod" :: "index = idt = ’a set = ’b = ’b"
"B ___. )" [1000, 0, 51, 10] 10)
translations

"®Gi€A. b" = "CONST finprod G (%i. b) A"
— Beware of argument permutation!

lemma (in comm_monoid) finprod_empty [simp]:
"finprod G £ {} = 1"
by (simp add: finprod_def)

lemma (in comm_monoid) finprod_infinite[simp]:
"= finite A = finprod G £ A = 1"
by (simp add: finprod_def)

declare funcsetI [intro]
funcset_mem [dest]

context comm_monoid begin

lemma finprod_insert [simp]:
assumes "finite F" "a ¢ F" "f € F — carrier G" "f a € carrier G"
shows "finprod G f (insert a F) = f a ® finprod G f F"
proof -
have "finprod G f (insert a F) = foldD (carrier G) ((®) o f) 1 (insert
a F)n
by (simp add: finprod_def assms)
also have "... = ((®) o f) a (foldD (carrier G) ((®) o f) 1 F)"
by (rule LCD.foldD_insert [OF LCD.intro [of "insert a F"]])
(use assms in <auto simp: m_lcomm Pi_iff>)
also have "... = f a ® finprod G f F"
using <finite F> by (auto simp add: finprod_def)
finally show 7thesis .
qed

lemma finprod_one_eqIl: "(Ax. x € A = f x = 1) — finprod G f A =
1||
proof (induct A rule: infinite_finite_induct)



case empty show 7case by simp
next
case (insert a A)
have "(A\i. 1) € A — carrier G" by auto
with insert show ?7case by simp
qged simp

lemma finprod_one [simp]: "(@i€A. 1) = 1"
by (simp add: finprod_one_eqIl)

lemma finprod_closed [simp]:
fixes A
assumes f: "f € A — carrier G"
shows "finprod G £ A € carrier G"

using f

proof (induct A rule: infinite_finite_induct)
case empty show 7case by simp

next
case (insert a A)
then have a: "f a € carrier G" by fast
from insert have A: "f € A — carrier G" by fast
from insert A a show 7case by simp

qed simp

lemma funcset_Int_left [simp, intro]:
"f €A —-C £fe€B—-C = f€AlIntB— C"
by fast

lemma funcset_Un_left [iff]:
"f€AUnB—->C =(ecA->CAEfeB—=>O"
by fast

lemma finprod_Un_Int:
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"[finite A; finite B; g € A — carrier G; g € B — carrier G] =

finprod G g (A Un B) ® finprod G g (A Int B) =
finprod G g A ® finprod G g B"

— The reversed orientation looks more natural, but LOOPS as a simprule!

proof (induct set: finite)
case empty then show 7case by simp
next
case (insert a A)
then have a: "g a € carrier G" by fast
from insert have A: "g € A — carrier G" by fast
from insert A a show 7case

by (simp add: m_ac Int_insert_left insert_absorb Int_mono2)

qed

lemma finprod_Un_disjoint:
"[finite A; finite B; A Int B = {};
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g € A — carrier G; g € B — carrier GJ
— finprod G g (A Un B) = finprod G g A ® finprod G g B"
by (metis Pi_split_domain finprod_Un_Int finprod_closed finprod_empty
r_one)

lemma finprod_multf [simp]:
"[f € A — carrier G; g € A — carrier G =
finprod G (Ax. f x ® g x) A = (finprod G f A ® finprod G g A)"
proof (induct A rule: infinite_finite_induct)
case empty show 7case by simp
next
case (insert a A) then
have fA: "f € A — carrier G" by fast
from insert have fa: "f a € carrier G" by fast
from insert have gA: "g € A — carrier G" by fast
from insert have ga: "g a € carrier G" by fast
from insert have fgA: "(¥x. f x ® g x) € A — carrier G"
by (simp add: Pi_def)
show 7case
by (simp add: insert fA fa gA ga fgA m_ac)
qed simp

lemma finprod_cong’:
"[A = B; g € B — carrier G;
11i. i € B= f i =g i] = finprod G f A
proof -
assume prems: "A = B" "g € B — carrier G"
"1i, i €eB = fi=gi"
show ?thesis
proof (cases "finite B")
case True
then have "!!A. [A = B; g € B — carrier G;
1"i. i € B= f i =g i] = finprod G f A
proof induct
case empty thus 7case by simp
next
case (insert x B)
then have "finprod G f A = finprod G f (insert x B)" by simp
also from insert have "... = f x ® finprod G £ B"
proof (intro finprod_insert)
show "finite B" by fact

finprod G g B"

finprod G g B"

next
show "x ¢ B" by fact
next
assume "x ¢ B" "!li. i € insert x B = f i = g i"

"g € insert x B — carrier G"
thus "f € B — carrier G" by fastforce
next

assume "x ¢ B" "!li. i € insert x B = f i = g i"
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"g € insert x B — carrier G"
thus "f x € carrier G" by fastforce

qed
also from insert have "... = g x ® finprod G g B" by fastforce
also from insert have "... = finprod G g (insert x B)"

by (intro finprod_insert [THEN sym]) auto
finally show 7case .
qed
with prems show ?7thesis by simp
next
case False with prems show 7thesis by simp
qed
qed

lemma finprod_cong:
"[A = B; £ € B — carrier G = True;
ANi. i € B =simp=> f i = g i] = finprod G f A = finprod G g B"

by (rule finprod_cong’) (auto simp add: simp_implies_def)

Usually, if this rule causes a failed congruence proof error, the reason is that
the premise g € B — carrier G cannot be shown. Adding Pi_def to the
simpset is often useful. For this reason, finprod_cong is not added to the
simpset by default.

end

declare funcsetl [rule dell]
funcset_mem [rule del]

context comm_monoid begin

lemma finprod_0 [simp]:
"f € {0::nat} — carrier G = finprod G £ {..0} = £ O"
by (simp add: Pi_def)

lemma finprod_07:
"f € {..n} = carrier G = (f 0) ® finprod G f {Suc 0..n} = finprod
G f {..n}"
proof -
assume A: "f € {.. n} — carrier G"
hence "(f 0) ® finprod G £ {Suc 0..n} = finprod G £ {..0} ® finprod
G £ {Suc 0..n}"
using finprod_O[of f] by (simp add: funcset_mem)
also have " ... = finprod G £ ({..0} U {Suc 0..n}H)"
using finprod_Un_disjoint[of "{..0}" "{Suc 0..n}" f] A by (simp add:
funcset_mem)
also have " ... = finprod G £ {..n}"
by (simp add: atLeastAtMost_insertL atMost_atLeastO)
finally show 7thesis .
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qed

lemma finprod_Suc [simp]:

"f € {..Suc n} — carrier G =

finprod G £ {..Suc n} = (f (Suc n) ® finprod G £ {..n}H)"
by (simp add: Pi_def atMost_Suc)

lemma finprod_Suc2:
"f € {..Suc n} — carrier G =
finprod G £ {..Suc n} = (finprod G (%i. f (Suc 1)) {..n} ® £ 0)"
proof (induct n)
case 0 thus 7case by (simp add: Pi_def)
next
case Suc thus 7case by (simp add: m_assoc Pi_def)
qed

lemma finprod_Suc3:
assumes "f € {..n :: nat} — carrier G"
shows "finprod G £ {.. n} = (f n) ® finprod G £ {..< n}"
proof (cases "n = 0")
case True thus 7thesis
using assms atMost_Suc by simp
next
case False
then obtain k where "n = Suc k"
using notO_implies_Suc by blast
thus 7thesis
using finprod_Suc[of f k] assms atMost_Suc lessThan_Suc_atMost by
simp
qed

lemma finprod_reindex:

"f € (b ¢ A) — carrier G =

inj_on h A = finprod G £ (h ¢ A) = finprod G (Ax. £ (h x)) A"

proof (induct A rule: infinite_finite_induct)

case (infinite A)

hence "— finite (h ¢ A)"

using finite_imageD by blast

with <- finite A> show ?7case by simp

qged (auto simp add: Pi_def)

lemma finprod_const:
assumes a [simp]: "a € carrier G"
shows "finprod G (Ax. a) A = a [7] card A"
proof (induct A rule: infinite_finite_induct)
case (insert b A)
show 7case
proof (subst finprod_insert[0OF insert(1-2)])
show "a ®@ (R x€A. a) = a ["] card (insert b A)"
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by (insert insert, auto, subst m_comm, auto)
ged auto
qed auto

lemma finprod_singleton:
assumes i_in A: "i € A" and fin_A: "finite A" and f_Pi: "f € A —
carrier G"
shows "(Q) j€A. if i = j then f j else 1) = £ i"
using i_in_A finprod_insert [of "A - {i}" i "(Aj. if 1 = j then f j
else 1)"]
fin A f_Pi finprod_one [of "A - {i}"]
finprod_cong [of "A - {i}" "A - {i}" "(\j. if i = j then f j else
D" "(Ai. "]
unfolding Pi_def simp_implies_def by (force simp add: insert_absorb)

lemma finprod_singleton_swap:

assumes i_in_ A: "i € A" and fin_A: "finite A" and f_Pi: "f € A —
carrier G"

shows "(Q) j€A. if j = i then f j else 1) = £ i"

using finprod_singleton [OF assms] by (simp add: eq_commute)

lemma finprod_mono_neutral_cong_left:
assumes "finite B"
and "A C B"
and 1: "Ai. i € B-A = hi-=1"
and gh: "Ax. x € A = g x =h x"
and h: "h € B — carrier G"
shows "finprod G g A = finprod G h B"
proof-
have eq: "A U (B - A) = B" using <A C B> by blast
have d: "A N (B - A) = {}" using <A C B> by blast
from <finite B> <A C B> have f: "finite A" "finite (B - A)"
by (auto intro: finite_subset)
have "h € A — carrier G" "h € B - A — carrier G"
using assms by (auto simp: image_subset_iff_funcset)
moreover have "finprod G g A = finprod G h A ® finprod G h (B - A)"
proof -
have "finprod Gh (B - A) = 1"
using "1" finprod_one_eql by blast
moreover have "finprod G g A = finprod G h A"
using <h € A — carrier G> finprod_cong’ gh by blast
ultimately show ?7thesis
by (simp add: <h € A — carrier G>)
qed
ultimately show 7thesis
by (simp add: finprod_Un_disjoint [OF f d, unfolded eql)
qed

lemma finprod_mono_neutral_cong_right:
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assumes "finite B"
and "A C B" "/\i. i€eB-A=gi=1" "/\X.XEA:>gx=h
x" "g € B = carrier G"
shows "finprod G g B = finprod G h A"
using assms by (auto intro!: finprod_mono_neutral_cong_left [symmetric])

lemma finprod_mono_neutral_cong:
assumes [simp]: "finite B" "finite A"
and *: "/\i. ieB-A=—hi-=1" "/\i. ieA-B=gi=1"
and gh: "Ax. x € ANB = gx=nh x"
and g: "g € A — carrier G"
and h: "h € B — carrier G"
shows "finprod G g A = finprod G h B"
proof-
have "finprod G g A = finprod G g (A N B)"
by (rule finprod_mono_neutral_cong_right) (use assms in auto)

also have "... = finprod G h (A N B)"
by (rule finprod_cong) (use assms in auto)
also have "... = finprod G h B"

by (rule finprod_mono_neutral_cong_left) (use assms in auto)
finally show ?7thesis .
qed

end

lemma (in comm_group) power_order_eq_one:
assumes fin [simp]: "finite (carrier G)"
and a [simp]: "a € carrier G"
shows "a [7] card(carrier G) = one G"
proof -
have "(Q) x€carrier G. x) = (R xEcarrier G. a ® x)"
by (subst (2) finprod_reindex [symmetric],
auto simp add: Pi_def inj_on_cmult surj_const_mult)
also have "... = (QxE€carrier G. a) ® (Q)xEcarrier G. x)"
by (auto simp add: finprod_multf Pi_def)
also have "(Q) xccarrier G. a) = a [7] card(carrier G)"
by (auto simp add: finprod_const)
finally show 7thesis
by auto
qed

lemma (in comm_monoid) finprod_UN_disjoint:
assumes
"finite I" "Ai. i € I = finite (A i)" "pairwise (Ai j. disjnt (A
i) (4 j)) 1"
"Aix. i €I = x € Ai= gx € carrier G"
shows "finprod G g (|J(A ¢ I)) = finprod G (Ai. finprod G g (A i)) I"
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using assms
proof (induction set: finite)
case empty
then show 7case
by force
next
case (insert i I)
then show 7case
unfolding pairwise_def disjnt_def
apply clarsimp
apply (subst finprod_Un_disjoint)
apply (fastforce intro!: funcsetI finprod_closed)+
done
qed

lemma (in comm_monoid) finprod_Union_disjoint:
"[finite C; AA. A € C = finite A A (Vx€A. f x € carrier G); pairwise
disjnt C] =
finprod G £ (|JC) = finprod G (finprod G f) C"
by (frule finprod_UN_disjoint [of C id f]) auto

end

theory Coset
imports Group
begin

7 Cosets and Quotient Groups

definition
r_coset :: "[_, ’a set, ’a]l] = ’a set" (infix] "#>2" 60)
where "H #>¢ a = ((JheH. {h ®¢ a})"

definition
1_coset :: "[_, ’a, ’a set] = ’a set" (infix]l "<#2" 60)
where "a <#g H = ((JheH. {a ®¢ h}H)"

definition
RCOSETS :: "[_, ’a set] = (’a set)set" ("rcosetse _" [81] 80)
where "rcosetsg H = (|Ja€carrier G. {H #>¢ a})"

definition
set_mult :: "[_, ’a set ,’a set] = ’a set" (infixl "<#>2" 60)
where "H <#>¢ K = ((JheH. Jke€K. {h ®qg kD"

definition
SET_INV :: "[_,’a set] = ’a set" ("set’_inve _" [81] 80)
where "set_invg H = ((JheH. {invg h})"
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locale normal = subgroup + group +
assumes coset_eq: "(Vx € carrier G. H #> x = x <# H)"

abbreviation

normal_rel :: "[’a set, (’a, ’b) monoid_scheme] = bool" (infixl "<"
60) where

"H < G = normal H G"

lemma (in comm_group) subgroup_imp_normal: "subgroup A G — A < G"
by (simp add: normal_def normal_axioms_def 1_coset_def r_coset_def m_comm
subgroup.mem_carrier)

lemma 1_coset_eq_set_mult:
fixes G (structure)
shows "x <# H = {x} <#> H"
unfolding 1_coset_def set_mult_def by simp

lemma r_coset_eq_set_mult:
fixes G (structure)
shows "H #> x = H <#> {x}"
unfolding r_coset_def set_mult_def by simp

lemma (in subgroup) rcosets_non_empty:
assumes "R € rcosets H"
shows "R # {}"
proof -
obtain g where "g € carrier G" "R = H #> g"
using assms unfolding RCOSETS_def by blast
hence "1 ® g € R"
using one_closed unfolding r_coset_def by blast
thus 7thesis by blast
qed

lemma (in group) diff_neutralizes:
assumes "subgroup H G" "R € rcosets H"
shows "Ar1 r2. [rl € R; r2 € R] = rl1 ® (inv r2) € H"
proof -
fix r1 r2 assume ri1: "rl1 € R" and r2: "r2 € R"
obtain g where g: "g € carrier G" "R = H #> g"
using assms unfolding RCOSETS_def by blast
then obtain hl h2 where hi: "hl € H" "rl = hl ® g"
and h2: "h2 € H" "r2 = h2 ® g"
using r1 r2 unfolding r_coset_def by blast
hence "r1 ® (inv r2) = (h1 ® g) ® ((inv g) ® (inv h2))"
using inv_mult_group is_group assms(1l) g(1) subgroup.mem_carrier by
fastforce
also have " ... = (b1 ® (g ® inv g) ® inv h2)"
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using hl h2 assms(1) g(1) inv_closed m_closed monoid.m_assoc
monoid_axioms subgroup.mem_carrier
proof -
have "hl € carrier G"
by (meson subgroup.mem_carrier assms(1) h1(1))
moreover have "h2 € carrier G"
by (meson subgroup.mem_carrier assms(1) h2(1))
ultimately show 7thesis
using g(1) inv_closed m_assoc m_closed by presburger
qged
finally have "r1 ® inv r2 = hl ® inv h2"
using assms(1) g(1) hi1(1l) subgroup.mem_carrier by fastforce
thus "r1 ® inv r2 € H" by (metis assms(1) h1(1) h2(1) subgroup_def)
qed

lemma mono_set_mult: "[ H C H’; K C K’ | = H <#>g K C H’> <#>g K"

unfolding set_mult_def by (simp add: UN_mono)

7.1 Stable Operations for Subgroups

lemma set_mult_consistent [simp]:
"N <#>(G ( carrier := 1 )) K = N <#>g K
unfolding set_mult_def by simp

lemma r_coset_consistent [simp]:
"I #>g ( carrier := H | h =1 #> h"
unfolding r_coset_def by simp

lemma 1_coset_consistent [simp]:
"h <#g ( carrier :=H | I =h <# I"
unfolding 1_coset_def by simp

7.2 Basic Properties of set multiplication

lemma (in group) setmult_subset_G:
assumes "H C carrier G" "K C carrier G"
shows "H <#> K C carrier G" using assms
by (auto simp add: set_mult_def subsetD)

lemma (in monoid) set_mult_closed:
assumes "H C carrier G" "K C carrier G"
shows "H <#> K C carrier G"
using assms by (auto simp add: set_mult_def subsetD)

lemma (in group) set_mult_assoc:
assumes "M C carrier G" "H C carrier G" "K C carrier G"
shows "(M <#> H) <#> K = M <#> (H <#> K)"

proof
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show "(M <#> H) <#> K C M <#> (H <#> K)"
proof
fix x assume "x € (M <#> H) <#> K"
then obtain m h k where x: "m € M" "h € H" "k € K" "x = (m ® h)
® k"
unfolding set_mult_def by blast
hence "x =m ® (h ® k)"
using assms m_assoc by blast
thus "x € M <#> (H <#> K)"
unfolding set_mult_def using x by blast
qed
next
show "M <#> (H <#> K) C (M <#> H) <#> K"
proof
fix x assume "x € M <#> (H <#> K)"
then obtain m h k where x: "m € M" "h € H" "k € K" "x = m ® (h ®

k)"
unfolding set_mult_def by blast
hence "x = (m ® h) ® k"
using assms m_assoc rev_subsetD by metis
thus "x € (M <#> H) <#> K"
unfolding set_mult_def using x by blast
qed
qed

7.3 Basic Properties of Cosets

lemma (in group) coset_mult_assoc:
assumes "M C carrier G" "g € carrier G" "h € carrier G"
shows "(M #> g) #> h = M #> (g ® h)"
using assms by (force simp add: r_coset_def m_assoc)

lemma (in group) coset_assoc:
assumes "x € carrier G" "y € carrier G" "H C carrier G"
shows "x <# (H #> y) = (x <# H) #> y"
using set_mult_assoc[of "{x}" H "{y}"]
by (simp add: 1_coset_eq_set_mult r_coset_eq_set_mult assms)

lemma (in group) coset_mult_one [simp]: "M C carrier G ==> M #> 1 =
Mll
by (force simp add: r_coset_def)

lemma (in group) coset_mult_invl:
assumes "M #> (x ® (inv y)) = M"
and "x € carrier G" "y € carrier G" "M C carrier G"
shows "M #> x = M #> y" using assms
by (metis coset_mult_assoc group.inv_solve_right is_group subgroup_def
subgroup_self)
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lemma (in group) coset_mult_inv2:
assumes "M #> x = M #> y"
and "x € carrier G" "y € carrier G" "M C carrier G"
shows "M #> (x ® (inv y)) = M " using assms
by (metis group.coset_mult_assoc group.coset_mult_one inv_closed is_group
r_inv)

lemma (in group) coset_joinl:
assumes "H #> x = H"
and "x € carrier G" "subgroup H G"
shows "x € H"
using assms r_coset_def 1_one subgroup.one_closed sym by fastforce

lemma (in group) solve_equation:
assumes "subgroup H G" "x € H" "y € H"
shows "Jh € H. y = h ® x"
proof -
have "y = (y ® (inv x)) ® x" using assms
by (simp add: m_assoc subgroup.mem_carrier)
moreover have "y ® (inv x) € H" using assms
by (simp add: subgroup_def)
ultimately show 7thesis by blast
qed

lemma (in group_hom) inj_on_one_iff:

"inj_on h (carrier G) +— (Vx. x € carrier G — h x = one H — x
= one G)"
using G.solve_equation G.subgroup_self by (force simp: inj_on_def)

lemma inj_on_one_iff’:

"[b € hom G H; group G; group H] = inj_on h (carrier G) +— (Vx.
X € carrier G — h x = one H — x = one G)"

using group_hom.inj_on_one_iff group_hom.intro group_hom_axioms.intro
by blast

lemma mon_iff_hom_one:

"[group G; group Hl = f € mon G H «— f € hom G H A (Vx. x € carrier
GATfx=1y — x = 1g)"

by (auto simp: mon_def inj_on_one_iff’)

lemma (in group_hom) iso_iff: "h € iso G H +— carrier H C h ¢ carrier
G A (Vx€carrier G. h x =1y — x = 1)"
by (auto simp: iso_def bij_betw_def inj_on_one_iff)

lemma (in group) repr_independence:
assumes "y € H #> x" "x € carrier G" "subgroup H G"
shows "H #> x = H #> y" using assms
by (auto simp add: r_coset_def m_assoc [symmetric]
subgroup.subset [THEN subsetD]
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subgroup.m_closed solve_equation)

lemma (in group) coset_join2:
assumes "x € carrier G" "subgroup H G" "x € H"
shows "H #> x = H" using assms
— Alternative proof is to put x = 1 in repr_independence.
by (force simp add: subgroup.m_closed r_coset_def solve_equation)

lemma (in group) coset_join3:
assumes "x € carrier G" "subgroup H G" "x € H"
shows "x <# H = H"
proof
have "Ah. h € H = x ® h € H" using assms
by (simp add: subgroup.m_closed)
thus "x <# H C H" unfolding 1_coset_def by blast
next
have "Ah. h € H = x ® ((inv x) ® h) = h"
by (metis (no_types, lifting) assms group.inv_closed group.inv_solve_left
is_group
monoid.m_closed monoid_axioms subgroup.mem_carrier)
moreover have "Ah. h € H = (inv x) ® h € H"
by (simp add: assms subgroup.m_closed subgroup.m_inv_closed)
ultimately show "H C x <# H" unfolding 1_coset_def by blast
qed

lemma (in monoid) r_coset_subset_G:
"[ H C carrier G; x € carrier G | = H #> x C carrier G"
by (auto simp add: r_coset_def)

lemma (in group) rcosI:
"[ h € H; H C carrier G; x € carrier G] = h ® x € H #> x"
by (auto simp add: r_coset_def)

lemma (in group) rcosetsI:
"[H C carrier G; x € carrier G] = H #> x € rcosets H"
by (auto simp add: RCOSETS_def)

lemma (in group) rcos_self:
"[ x € carrier G; subgroup HG | = x € H #> x"
by (metis 1_one rcosI subgroup_def)

Opposite of "repr_independence"

lemma (in group) repr_independenceD:
assumes "subgroup H G" "y € carrier G"
and "H #> x = H #> y"
shows "y € H #> x"
using assms by (simp add: rcos_self)

FElements of a right coset are in the carrier
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lemma (in subgroup) elemrcos_carrier:
assumes 'group G" "a € carrier G"
and "a’ € H #> a"
shows "a’ € carrier G"
by (meson assms group.is_monoid monoid.r_coset_subset_G subset subsetCE)

lemma (in subgroup) rcos_const:
assumes '"group G" "h € H"
shows "H #> h = H"
using group.coset_join2[0F assms(1), of h H]
by (simp add: assms(2) subgroup_axioms)

lemma (in subgroup) rcos_module_imp:
assumes '"group G" "x € carrier G"
and "x’ € H #> x"
shows "(x’ ® inv x) € H"
proof -
obtain h where h: "h € H" "x’ = h ® x"
using assms(3) unfolding r_coset_def by blast
hence "x’ ® inv x = h"
by (metis assms elemrcos_carrier group.inv_solve_right mem_carrier)
thus 7thesis using h by blast
qed

lemma (in subgroup) rcos_module_rev:
assumes "group G" "x € carrier G" "x’ € carrier G"
and "(x’ ® inv x) € H"
shows "x’ € H #> x"
proof -
obtain h where h: "h € H" "x’ ® inv x = h"
using assms(4) unfolding r_coset_def by blast
hence "x’ = h ® x"
by (metis assms group.inv_solve_right mem_carrier)
thus 7thesis using h unfolding r_coset_def by blast
qed

Module property of right cosets

lemma (in subgroup) rcos_module:
assumes "group G" "x € carrier G" "x’ € carrier G"
shows "(x’> € H #> x) = (x> ® inv x € H)"
using rcos_module_rev rcos_module_imp assms by blast

Right cosets are subsets of the carrier.

lemma (in subgroup) rcosets_carrier:
assumes '"group G" "X € rcosets H"
shows "X C carrier G"
using assms elemrcos_carrier singletonD
subset_eq unfolding RCOSETS_def by force

Multiplication of general subsets
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lemma (in comm_group) mult_subgroups:
assumes HG: "subgroup H G" and KG: "subgroup K G"
shows "subgroup (H <#> K) G"
proof (rule subgroup.intro)
show "H <#> K C carrier G"
by (simp add: setmult_subset_G assms subgroup.subset)
next
have "1 ® 1 € H <#> K"
unfolding set_mult_def using assms subgroup.one_closed by blast
thus "1 € H <#> K" by simp
next
show "Ax. x € H <#> K = inv x € H <#> K"
proof -
fix x assume "x € H <#> K"
then obtain h k where hk: "h € H" "k € K" "x = h ® k"
unfolding set_mult_def by blast
hence "inv x = (inv k) ® (inv h)"
by (meson inv_mult_group assms subgroup.mem_carrier)
hence "inv x = (inv h) ® (inv k)"
by (metis hk inv_mult assms subgroup.mem_carrier)
thus "inv x € H <#> K"
unfolding set_mult_def using hk assms
by (metis (no_types, lifting) UN_iff singletonI subgroup_def)
qed
next
show "Ax y. x e H<#> K = y € H<#> K = x ® y € H <#> K"
proof -
fix x y assume "x € H <#> K" "y € H <#> K"
then obtain hil k1 h2 k2 where hikl: "hl € H" "k1 € K" "x = hl ®
k1"
and h2k2: "h2 € H" "k2 € K" "y = h2 ® k2"
unfolding set_mult_def by blast
with KG HG have carr: "kl € carrier G" "hl € carrier G" "k2 € carrier
G" "h2 € carrier G"
by (meson subgroup.mem_carrier)+
have "x ® y = (h1 ® k1) ® (h2 ® k2)"
using hik1l h2k2 by simp

also have " ... = hl ® (k1 ® h2) ® k2"
by (simp add: carr comm_groupE(3) comm_group_axioms)
also have " ... = hl ® (h2 ® k1) ® k2"

by (simp add: carr m_comm)

finally have "x ® y = (bl ® h2) ® (k1 ® k2)"
by (simp add: carr comm_groupE(3) comm_group_axioms)

thus "x ® y € H <#> K" unfolding set_mult_def
using subgroup.m_closed[0OF assms(1) hik1(1) h2k2(1)]

subgroup.m_closed[OF assms(2) h1k1(2) h2k2(2)] by blast
qed
qed
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lemma (in subgroup) lcos_module_rev:
assumes '"group G" "x € carrier G" "x’ € carrier G"
and "(inv x ® x’) € H"
shows "x’ € x <# H"
proof -
obtain h where h: "h € H" "inv x ® x’ = h"
using assms(4) unfolding 1_coset_def by blast
hence "x’ = x ® h"
by (metis assms group.inv_solve_left mem_carrier)
thus 7thesis using h unfolding 1_coset_def by blast
qed

7.4 Normal subgroups

lemma normal_imp_subgroup: "H <1 G = subgroup H G"
by (rule normal.axioms(1))

lemma (in group) normall:
"subgroup H G = (Vx € carrier G. H#> x = x <# H) = H < G"
by (simp add: normal_def normal_axioms_def is_group)

lemma (in normal) inv_op_closedl:
assumes "x € carrier G" and "h € H"
shows "(inv x) ® h ® x € H"
proof -
have "h ® x € x <# H"
using assms coset_eq assms(1) unfolding r_coset_def by blast
then obtain h’ where "h’ € H" "h ® x = x ® h’"
unfolding 1_coset_def by blast
thus 7thesis by (metis assms inv_closed 1_inv 1_one m_assoc mem_carrier)
qed

lemma (in normal) inv_op_closed2:
assumes "x € carrier G" and "h € H"
shows "x ® h ® (inv x) € H"
using assms inv_op_closedl by (metis inv_closed inv_inv)

lemma (in comm_group) normal_iff_subgroup:

"N 4 G <— subgroup N G"
proof

assume "subgroup N G"

then show "N < G"

by unfold_locales (auto simp: subgroupE subgroup.one_closed 1_coset_def

r_coset_def m_comm subgroup.mem_carrier)
qged (simp add: normal_imp_subgroup)

Alternative characterization of normal subgroups

lemma (in group) normal_inv_iff:
"(N < G) =
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(subgroup N G A (Vx € carrier G. Vh € N. x ® h ® (inv x) € N))"
(is "_ = ?rhs")
proof
assume N: "N < G"
show 7rhs
by (blast intro: N normal.inv_op_closed2 normal_imp_subgroup)
next
assume 7rhs
hence sg: "subgroup N G"
and closed: "Ax. x€carrier G = VheN. x ® h ® inv x € N" by auto
hence sb: "N C carrier G" by (simp add: subgroup.subset)
show "N < G"
proof (intro normall [OF sgl], simp add: 1_coset_def r_coset_def, clarify)
fix x
assume x: "x € carrier G"
show "(UheN. {h ® x}) = (JheN. {x ® h})"
proof
show "(|JheN. {h ® x}) C ((JheN. {x ® h})"
proof clarify
fix n
assume n: "n € N"
show "n ® x € ((JheN. {x ® h})"
proof
from closed [of "inv x"]
show "inv x ® n ® x € N" by (simp add: x n)
show "n ® x € {x ® (inv x ® n ® x)}"
by (simp add: x n m_assoc [symmetric] sb [THEN subsetD])
qed
qed
next
show "(|JheN. {x ® h}) € (JheN. {h ® x}H"
proof clarify
fix n
assume n: "n € N"
show "x ® n € (UheN. {h @ x})"
proof
show "x ® n ® inv x € N" by (simp add: x n closed)
show "x ® n € {x ® n ® inv x ® x}"
by (simp add: x n m_assoc sb [THEN subsetD])
qed
qed
qed
qed
qed

corollary (in group) normal_invI:

assumes "subgroup N G" and "Ax h. [ x € carrier G; h € N ] = x ®
h ® inv x € N"
shows "N < G"
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using assms normal_inv_iff by blast

corollary (in group) normal_invE:

assumes "N < G"

shows "subgroup N G" and "Ax h. [ x € carrier G; h e N] = x ® h
® inv x € N"

using assms normal_inv_iff apply blast

by (simp add: assms normal.inv_op_closed2)

lemma (in group) one_is_normal: "{1} < G"
using normal_invI triv_subgroup by force

The intersection of two normal subgroups is, again, a normal subgroup.

lemma (in group) normal_subgroup_intersect:
assumes "M < G" and "N < G" shows "M N N < G"
using assms normal_inv_iff subgroups_Inter_pair by force

Being a normal subgroup is preserved by surjective homomorphisms.

lemma (in normal) surj_hom_normal_subgroup:
assumes ¢: "group_hom G F "
assumes @surj: "¢ ¢ (carrier G) = carrier F"
shows "(¢ ¢ H) < F"
proof (rule group.normall)
show "group F"
using ¢ group_hom.axioms(2) by blast
next
show "subgroup (¢ ¢ H) F"
using ¢ group_hom.subgroup_img_is_subgroup subgroup_axioms by blast
next
show "Vxeccarrier F. ¢ ‘ H #>p x = x <#f ¢ ¢ H"
proof
fix f
assume f: "f € carrier F"
with ¢surj obtain g where g: "g € carrier G" "f = ¢ g" by auto
hence "p  H#>r £ = ¢ ¢ H #>r ¢ g" by simp

also have "... = (Ax. (¢ x) ®Fr (¢ g)) ¢ H"
unfolding r_coset_def image_def by auto
also have "... = (Ax. ¢ x ® g)) ¢ H"
using subset g ¢ group_hom.hom_mult unfolding image_def by fastforce
also have "... = ¢ ¢ (H # g)"
using ¢ unfolding r_coset_def by auto
also have "... = ¢ ¢ (g <#t D"
by (metis coset_eq g(1))
also have "... = (Ax. ¢ (g ® x)) ¢ H"
using ¢ unfolding 1_coset_def by auto
also have "... = (Ax. (¢ g) ®F (p x)) ¢ H"
using subset g ¢ group_hom.hom_mult by fastforce
also have "... = ¢ g <#p ¢ ¢ H"

unfolding 1_coset_def image_def by auto
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also have "... = f <#p ¢ ¢ H"
using g by simp
finally show "¢ ¢ H #>p £ = f <#p ¢ ¢ H".
qed
qed

Being a normal subgroup is preserved by group isomorphisms.

lemma iso_normal_subgroup:
assumes @: "p € iso G F" "group G" "group F" "H < G"
shows "(¢ ¢ H) < F"
by (meson assms Group.iso_iff group_hom_axioms_def group_hom_def normal.surj_hom_normal_s

The set product of two normal subgroups is a normal subgroup.

lemma (in group) setmult_lcos_assoc:
"[H C carrier G; K C carrier G; x € carrier GJ
— (X <# H) <#> K =x < (H <#> K)"
by (force simp add: 1_coset_def set_mult_def m_assoc)

7.5 More Properties of Left Cosets

lemma (in group) 1_repr_independence:
assumes "y € x <# H" "x € carrier G" and HG: "subgroup H G"
shows "x <# H = y <# H"
proof -
obtain h’ where h’: "h’ € H" "y = x @ h’"
using assms(1) unfolding 1_coset_def by blast
hence "x ® h = y ® ((inv h’) ® h)" if "h € H" for h
proof -
have "h’ € carrier G"
by (meson HG h’(1) subgroup.mem_carrier)
moreover have "h € carrier G"
by (meson HG subgroup.mem_carrier that)
ultimately show ?thesis
by (metis assms(2) h’(2) inv_closed inv_solve_right m_assoc m_closed)
qed
hence "Axh. xh € x <# H = xh € y <# H"
unfolding 1_coset_def by (metis (no_types, lifting) UN_iff HG h’ (1)
subgroup_def)
moreover have "A\h. h € H = y ® h=x® (b’ ® h)"
using h’ by (meson assms(2) HG m_assoc subgroup.mem_carrier)
hence "Ayh. yh € y <# H = yh € x <# H"
unfolding 1_coset_def using subgroup.m_closed[0F HG h’(1)] by blast
ultimately show 7thesis by blast
qed

lemma (in group) lcos_m_assoc:

"[ M C carrier G; g € carrier G; h € carrier G | = g <# (h <# M) =
(g ® h) <# M"
by (force simp add: 1_coset_def m_assoc)
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lemma (in group) lcos_mult_one: "M C carrier G = 1 <# M = M"
by (force simp add: 1_coset_def)

lemma (in group) 1_coset_subset_G:
"[ H C carrier G; x € carrier G | = x <# H C carrier G"
by (auto simp add: 1_coset_def subsetD)

lemma (in group) 1_coset_carrier:

"[ v € x <# H; x € carrier G; subgroup H G ] = y € carrier G"

by (auto simp add: 1_coset_def m_assoc subgroup.subset [THEN subsetD]
subgroup.m_closed)

lemma (in group) 1_coset_swap:

assumes "y € x <# H" "x € carrier G" "subgroup H G"

shows "x € y <# H"

using assms(2) 1_repr_independence [0F assms] subgroup.one_closed[OF
assms (3)]

unfolding 1_coset_def by fastforce

lemma (in group) subgroup_mult_id:
assumes "subgroup H G"
shows "H <#> H = H"
proof
show "H <#> H C H"
unfolding set_mult_def using subgroup.m_closed[0OF assms] by (simp
add: UN_subset_iff)
show "H C H <#> H"
proof
fix x assume x: "x € H" thus "x € H <#> H" unfolding set_mult_def
using subgroup.m_closed[OF assms subgroup.one_closed[0F assms] x]
subgroup.one_closed[OF assms]
using assms subgroup.mem_carrier by force
qed
qed

7.5.1 Set of Inverses of an r_coset.

lemma (in normal) rcos_inv:
assumes Xx: "x € carrier G"
shows "set_inv (H #> x) = H #> (inv x)"
proof (simp add: r_coset_def SET_INV_def x inv_mult_group, safe)
fix h
assume h: "h € H"
show "inv x ® inv h € (Jj€H. {j ® inv x})"
proof
show "inv x ® inv h ® x € H"
by (simp add: inv_op_closedl h x)
show "inv x ® inv h € {inv x ® inv h ® x ® inv x}"



151

by (simp add: h x m_assoc)
qed
show "h ® inv x € (|Jj€H. {inv x ® inv j})"
proof
show "x ® inv h ® inv x € H"
by (simp add: inv_op_closed2 h x)
show "h ® inv x € {inv x ® inv (x ® inv h ® inv x)}"
by (simp add: h x m_assoc [symmetric] inv_mult_group)
qed
qed

7.5.2 Theorems for <#> with #> or <#.

lemma (in group) setmult_rcos_assoc:
"[[H C carrier G; K C carrier G; x € carrier G]] =
H<#> (K #> x) = (H <#> K) #> x"
using set_mult_assoc[of H K "{x}"] by (simp add: r_coset_eq_set_mult)

lemma (in group) rcos_assoc_lcos:
"[[H C carrier G; K C carrier G; x € carrier G]] =
(H #> x) <#> K = H <#> (x <# K"
using set_mult_assoc[of H "{x}" K]
by (simp add: 1_coset_eq_set_mult r_coset_eq_set_mult)

lemma (in normal) rcos_mult_stepl:
"[x € carrier G; y € carrier G] =
H# x) <#> H#> y) = (H<H (x<# H) #> y"
by (simp add: setmult_rcos_assoc r_coset_subset_G
subset 1_coset_subset_G rcos_assoc_lcos)

lemma (in normal) rcos_mult_step2:

"[x € carrier G; y € carrier G]

= H<#> x<#tH)) #>y = H<#> (H# x)) #> y"
by (insert coset_eq, simp add: normal_def)

lemma (in normal) rcos_mult_step3:
"[x € carrier G; y € carrier G]
= H<#> H#PH>x)) #Hy=H#H x y"
by (simp add: setmult_rcos_assoc coset_mult_assoc
subgroup_mult_id normal.axioms subset normal_axioms)

lemma (in normal) rcos_sum:
"[x € carrier G; y € carrier G]
= H#H <> HHy) =HH G 7P"
by (simp add: rcos_mult_stepl rcos_mult_step2 rcos_mult_step3)

lemma (in normal) rcosets_mult_eq: "M € rcosets H =— H <#> M = M"
— generalizes subgroup_mult_id
by (auto simp add: RCOSETS_def subset
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setmult_rcos_assoc subgroup_mult_id normal.axioms normal_axioms)

7.5.3 An Equivalence Relation

definition

r_congruent :: "[(’a,’b)monoid_scheme, ’a set] = (’ax’a)set" ("rcong?
ll)

where "rcongg H = {(x,y). x € carrier G A y € carrier G A invg x ®g
y e H}ll

lemma (in subgroup) equiv_rcong:
assumes "group G"
shows "equiv (carrier G) (rcong H)"
proof -
interpret group G by fact
show ?thesis
proof (intro equivI)
have "rcong H C carrier G X carrier G"
by (auto simp add: r_congruent_def)
thus "refl_on (carrier G) (rcong H)"
by (auto simp add: r_congruent_def refl_on_def)
next
show "sym (rcong H)"
proof (simp add: r_congruent_def sym_def, clarify)
fix xy
assume [simp]: "x € carrier G" "y € carrier G"
and "inv x ® y € H"
hence "inv (inv x ® y) € H" by simp
thus "inv y ® x € H" by (simp add: inv_mult_group)
qed
next
show "trans (rcong H)"
proof (simp add: r_congruent_def trans_def, clarify)
fix xy z
assume [simp]: "x € carrier G" "y € carrier G" "z € carrier G"
and "inv x ® y € H" and "inv y ® z € H"
hence "(inv x ® y) ® (inv y ® z) € H" by simp
hence "inv x ® (y ® inv y) ® z € H"
by (simp add: m_assoc del: r_inv Units_r_inv)
thus "inv x ® z € H" by simp
qed
qed
qed

Equivalence classes of rcong correspond to left cosets. Was there a mistake
in the definitions? I'd have expected them to correspond to right cosets.

lemma (in subgroup) 1_coset_eq_rcong:
assumes "group G"
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assumes a: "a € carrier G"

shows "a <# H = (rcong H) ‘¢ {a}"
proof -

interpret group G by fact

show ?7thesis by (force simp add: r_congruent_def 1_coset_def m_assoc
[symmetric] a )
qed

7.5.4 Two Distinct Right Cosets are Disjoint

lemma (in group) rcos_equation:

assumes "subgroup H G"

assumes p: "ha ® a = h ® b" "a € carrier G" "b € carrier G" "h € H"
"ha € H" "hb € H"

shows "hb ® a € (| JheH. {h ® b})"
proof -

interpret subgroup H G by fact

from p show 7thesis

by (rule_tac UN_I [of "hb ® ((inv ha) ® h)"]) (auto simp: inv_solve_left

m_assoc)
qed

lemma (in group) rcos_disjoint:
assumes "subgroup H G"
shows "pairwise disjnt (rcosets H)"
proof -
interpret subgroup H G by fact
show 7thesis
unfolding RCOSETS_def r_coset_def pairwise_def disjnt_def
by (blast intro: rcos_equation assms sym)
qed

7.6 Further lemmas for r_congruent

The relation is a congruence

lemma (in normal) congruent_rcong:
shows "congruent2 (rcong H) (rcong H) (la b. a ® b <# H)"
proof (intro congruent2I[of "carrier G" _ "carrier G" _] equiv_rcong is_group)
fix abc
assume abrcong: "(a, b) € rcong H"
and ccarr: "c € carrier G"

from abrcong
have acarr: "a € carrier G"
and bcarr: "b € carrier G"
and abH: "inv a ® b € H"
unfolding r_congruent_def
by fast+
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note carr = acarr bcarr ccarr

from ccarr and abH
have "inv ¢ ® (inv a ® b) ® ¢ € H" by (rule inv_op_closedl)
moreover
from carr and inv_closed
have "inv ¢ ® (inva ® b) ® ¢ = (inv ¢ ® inv a) ® (b ® c)"
by (force cong: m_assoc)

moreover
from carr and inv_closed
have "... = (inv (a ® ¢)) @ (b ® )"
by (simp add: inv_mult_group)
ultimately

have "(inv (a ® ¢)) ® (b ® c) € H" by simp
from carr and this
have "(b ® ¢) € (a ® c) <# H"
by (simp add: lcos_module_rev[0F is_group])
from carr and this and is_subgroup
show "(a ® c) <# H= (b ® c) <# H" by (intro 1_repr_independence,
simp+)
next
fix abc
assume abrcong: "(a, b) € rcong H"
and ccarr: "c € carrier G"

from ccarr have "c € Units G" by simp
hence cinvc_one: "inv ¢ ® ¢ = 1" by (rule Units_1_inv)

from abrcong
have acarr: "a € carrier G"
and bcarr: "b € carrier G"
and abH: "inv a ® b € H"
by (unfold r_congruent_def, fast+)

note carr = acarr bcarr ccarr
from carr and inv_closed

have "inv a ® b = inv a ® (1 ® b)" by simp
also from carr and inv_closed

have "... = inv a ® (inv ¢ ® c) ® b" by simp
also from carr and inv_closed

have "... = (inv a ® inv ¢) ® (c ® b)" by (force cong: m_assoc)
also from carr and inv_closed

have "... = inv (¢ ® a) ® (c ® b)" by (simp add: inv_mult_group)
finally

have "inv a ® b = inv (c ® a) ® (c ® b)" .
from abH and this
have "inv (¢ ® a) ® (¢ ® b) € H" by simp
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from carr and this
have "(c ® b) € (c ® a) <# H"
by (simp add: lcos_module_rev[0OF is_group])
from carr and this and is_subgroup
show "(c ® a) <# H = (c ® b) <# H" by (intro 1_repr_independence,
simp+)
qed

7.7 Order of a Group and Lagrange’s Theorem

definition
order :: "(’a, ’b) monoid_scheme = nat"
where "order S = card (carrier S)"

lemma iso_same_order:
assumes "¢ € iso G H"
shows "order G = order H"
by (metis assms is_isol iso_same_card order_def order_def)

lemma (in monoid) order_gt_O_iff_finite: "O < order G ¢<— finite (carrier
G) n
by (auto simp add: order_def card_gt_O_iff)

lemma (in group) order_one_triv_iff:

shows "(order G = 1) = (carrier G = {1})"

by (metis One_nat_def card.empty card_Suc_eq empty_iff one_closed order_def
singleton_iff)

lemma (in group) rcosets_part_G:

assumes "subgroup H G"

shows "(J (rcosets H) = carrier G"
proof -

interpret subgroup H G by fact

show ?thesis

unfolding RCOSETS_def r_coset_def by auto

qed

lemma (in group) cosets_finite:
"[c € rcosets H; H C carrier G; finite (carrier G)] — finite
Cll
unfolding RCOSETS_def
by (auto simp add: r_coset_subset_G [THEN finite_subset])

The next two lemmas support the proof of card_cosets_equal.

lemma (in group) inj_on_f:
assumes "H C carrier G" and a: "a € carrier G"
shows "inj_on (\y. y ® inv a) (H #> a)"

proof
fix xy
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assume "x € H #> a" "y € H #> a" and xy: "x ® inv a = y ® inv a"
then have "x € carrier G" "y € carrier G"
using assms r_coset_subset_G by blast+
with xy a show "x = y"
by auto
qed

lemma (in group) inj_on_g:
"[H C carrier G; a € carrier G = inj_on (A\y. y ® a) H"
by (force simp add: inj_on_def subsetD)

lemma (in group) card_cosets_equal:
assumes "R € rcosets H" "H C carrier G"
shows "Jf. bij_betw £ H R"
proof -
obtain g where g: "g € carrier G" "R = H #> g"
using assms(1) unfolding RCOSETS_def by blast

let 7f = "\h. h ® g"
have "A\r. r €¢ R = Jh € H. ?f h = r"
proof -
fix r assume "r € R"
then obtain h where "h € H" "r = h ® g"
using g unfolding r_coset_def by blast
thus "dh € H. ?f h = r" by blast
qed
hence "R C 7f ¢ H" by blast
moreover have "?f ¢ H C R"
using g unfolding r_coset_def by blast
ultimately show ?7thesis using inj_on_g unfolding bij_betw_def
using assms(2) g(1) by auto
qed

corollary (in group) card_rcosets_equal:
assumes "R € rcosets H" "H C carrier G"
shows '"card H = card R"
using card_cosets_equal assms bij_betw_same_card by blast

corollary (in group) rcosets_finite:
assumes "R € rcosets H" "H C carrier G" "finite H"
shows "finite R"
using card_cosets_equal assms bij_betw_finite is_group by blast

lemma (in group) rcosets_subset_PowG:
"subgroup H G = rcosets H C Pow(carrier G)"
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using rcosets_part_G by auto

proposition (in group) lagrange_finite:
assumes "finite(carrier G)" and HG: "subgroup H G"
shows "card(rcosets H) * card(H) = order(G)"
proof -
have "card H * card (rcosets H) = card (|J (rcosets H))"
proof (rule card_partition)
show "Acl c2. [c1l € rcosets H; c2 € rcosets H; ¢l # ¢2] = c1 N
C2 = {}n
using HG rcos_disjoint by (auto simp: pairwise_def disjnt_def)
ged (auto simp: assms finite_UnionD rcosets_part_G card_rcosets_equal
subgroup.subset)
then show 7thesis
by (simp add: HG mult.commute order_def rcosets_part_G)
qed

theorem (in group) lagrange:
assumes "subgroup H G"
shows "card (rcosets H) * card H = order G"
proof (cases "finite (carrier G)")
case True thus 7thesis using lagrange_finite assms by simp
next
case False
thus 7thesis
proof (cases "finite H")
case False thus 7thesis using <infinite (carrier G)> by (simp add:
order_def)
next
case True
have "infinite (rcosets H)"
proof
assume "finite (rcosets H)"
hence finite_rcos: "finite (rcosets H)" by simp
hence "card (|J (rcosets H)) = (Y Re(rcosets H). card R)"
using card_Union_disjoint[of "rcosets H"] <finite H> rcos_disjoint [OF
assms (1)]
rcosets_finite[where 7H = H] by (simp add: assms subgroup.subset)
hence "order G = () Re(rcosets H). card R)"
by (simp add: assms order_def rcosets_part_G)
hence "order G = () Re(rcosets H). card H)"
using card_rcosets_equal by (simp add: assms subgroup.subset)
hence "order G = (card H) * (card (rcosets H))" by simp
hence "order G # 0" using finite_rcos <finite H> assms ex_in_conv
rcosets_part_G subgroup.one_closed by
fastforce
thus False using <infinite (carrier G)> order_gt_O_iff_finite by
blast
qed
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thus 7thesis using <infinite (carrier G)> by (simp add: order_def)
qed
qed

The cardinality of the right cosets of the trivial subgroup is the cardinality
of the group itself:

corollary (in group) card_rcosets_triv:
assumes "finite (carrier G)"
shows "card (rcosets {1}) = order G"
using lagrange triv_subgroup by fastforce

7.8 Quotient Groups: Factorization of a Group

definition
FactGroup :: "[(’a,’b) monoid_scheme, ’a set] = (’a set) monoid" (infixl
"Mod" 65)
— Actually defined for groups rather than monoids
where "FactGroup G H = (]carrier = rcosetsg H, mult = set_mult G, one
= HDII

lemma (in normal) setmult_closed:
"[K1 € rcosets H; K2 € rcosets H|] = K1 <#> K2 € rcosets H"
by (auto simp add: rcos_sum RCOSETS_def)

lemma (in normal) setinv_closed:
"K € rcosets H = set_inv K € rcosets H"
by (auto simp add: rcos_inv RCOSETS_def)

lemma (in normal) rcosets_assoc:
"[M1 € rcosets H; M2 € rcosets H; M3 € rcosets H]
= M1 <#> M2 <#> M3 = M1 <#> (M2 <#> M3)"
by (simp add: group.set_mult_assoc is_group rcosets_carrier)

lemma (in subgroup) subgroup_in_rcosets:
assumes "group G"
shows "H € rcosets H"
proof -
interpret group G by fact
from _ subgroup_axioms have "H #> 1 = H"
by (rule coset_join2) auto
then show 7thesis
by (auto simp add: RCOSETS_def)
qged

lemma (in normal) rcosets_inv_mult_group_eq:

"M € rcosets H = set_inv M <#> M = H"
by (auto simp add: RCOSETS_def rcos_inv rcos_sum subgroup.subset normal.axioms
normal_axioms)
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theorem (in normal) factorgroup_is_group: "group (G Mod H)"
proof -
have "Ax. x € rcosets H = JyE€rcosets H. y <#> x = H"
using rcosets_inv_mult_group_eq setinv_closed by blast
then show 7thesis
unfolding FactGroup_def
by (intro groupI)
(auto simp: setmult_closed subgroup_in_rcosets rcosets_assoc rcosets_mult_eq)
qed

lemma carrier_FactGroup: "carrier(G Mod N) = (Ax. r_coset G N x) ¢ carrier
Gll
by (auto simp: FactGroup_def RCOSETS_def)

lemma one_FactGroup [simp]: "one(G Mod N) = N"
by (auto simp: FactGroup_def)

lemma mult_FactGroup [simp]: "monoid.mult (G Mod N) = set_mult G"
by (auto simp: FactGroup_def)

lemma (in normal) inv_FactGroup:
assumes "X € carrier (G Mod H)"
shows "invg Mog H X = set_inv X"
proof -
have X: "X € rcosets H"
using assms by (simp add: FactGroup_def)
moreover have "set_inv X <#> X = H"
using X by (simp add: normal.rcosets_inv_mult_group_eq normal_axioms)
moreover have "Group.group (G Mod H)"
using normal.factorgroup_is_group normal_axioms by blast
ultimately show ?thesis
by (simp add: FactGroup_def group.inv_equality normal.setinv_closed
normal_axioms)
qed

The coset map is a homomorphism from G to the quotient group G Mod H

lemma (in normal) r_coset_hom_Mod:
"(Aa. H #> a) € hom G (G Mod H)"
by (auto simp add: FactGroup_def RCOSETS_def Pi_def hom_def rcos_sum)

lemma (in comm_group) set_mult_commute:
assumes "N C carrier G" "x € rcosets N" "y € rcosets N"
shows "x <#> y = y <#> x"
using assms unfolding set_mult_def RCOSETS_def
by auto (metis m_comm r_coset_subset_G subsetCE)+

lemma (in comm_group) abelian_FactGroup:
assumes "subgroup N G" shows "comm_group(G Mod N)"



160

proof (rule group.group_comm_groupl)
have "N < G"
by (simp add: assms normal_iff_subgroup)
then show "Group.group (G Mod N)"
by (simp add: normal.factorgroup_is_group)
fix x :: "a set" and y :: "’a set"
assume "x € carrier (G Mod N)" "y € carrier (G Mod N)"
then show "x ®g Mod N ¥ = ¥ ®G Mod N X"
by (metis FactGroup_def assms mult_FactGroup partial_object.simps(1)
set_mult_commute subgroup_def)
qed

lemma FactGroup_universal:
assumes "h € hom G H" "N < G"
and h: "Ax y. [x € carrier G; y € carrier G; r_coset G N x = r_coset
GNy] = hx=hy"
obtains g
where "g € hom (G Mod N) H" "Ax. x € carrier G = g(r_coset G N x)
= h x"
proof -
obtain g where g: "Ax. x € carrier G = h x = g(r_coset G N x)"
using h function_factors_left_gen [of "Ax. x € carrier G" "r_coset
G N" h] by blast
show thesis
proof
show "g € hom (G Mod N) H"
proof (rule homI)
show "g (u ®g Moa N V) = g u ®y g v"
if "u € carrier (G Mod N)" "v € carrier (G Mod N)" for u v

proof -
from that
obtain x y where xy: "x € carrier G" "u = r_coset G N x" "y €
carrier G" "v = r_coset G N y"

by (auto simp: carrier_FactGroup)
then have "h (x ®; y) =h x ®y h y"
by (metis hom_mult [OF <h € hom G H>])
then show 7thesis
by (metis Coset.mult_FactGroup xy <N < G> g group.subgroup_self
normal.axioms(2) normal.rcos_sum subgroup_def)
qed
ged (use <h € hom G H> in <auto simp: carrier_FactGroup Pi_iff hom_def
simp flip: g>)
qged (auto simp flip: g)
qed

lemma (in normal) FactGroup_pow:
fixes k::nat
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assumes "a € carrier G"
shows "pow (FactGroup G H) (r_coset G H a) k = r_coset G H (pow G a
k)"
proof (induction k)
case 0
then show 7case
by (simp add: r_coset_def)
next
case (Suc k)
then show 7case
by (simp add: assms rcos_sum)
qed

lemma (in normal) FactGroup_int_pow:

fixes k::int

assumes "a € carrier G"

shows "pow (FactGroup G H) (r_coset G H a) k = r_coset G H (pow G a
k)"

by (metis Group.group.axioms(1l) image_eql is_group monoid.nat_pow_closed
int_pow_def2 assms

FactGroup_pow carrier_FactGroup inv_FactGroup rcos_inv)

7.9 The First Isomorphism Theorem

The quotient by the kernel of a homomorphism is isomorphic to the range
of that homomorphism.

definition
kernel :: "(’a, ’m) monoid_scheme = (’b, ’n) monoid_scheme = (’a
= ’b) = ’a set"
— the kernel of a homomorphism
where "kernel G H h = {x. x € carrier G A h x = 1yx}"

lemma (in group_hom) subgroup_kernel: "subgroup (kernel G H h) G"
by (auto simp add: kernel_def group.intro intro: subgroup.intro)

The kernel of a homomorphism is a normal subgroup

lemma (in group_hom) normal_kernel: "(kernel G H h) < G"
apply (simp only: G.normal_inv_iff subgroup_kernel)
apply (simp add: kernel_def)
done

lemma iso_kernel_image:
assumes "group G" "group H"
shows "f € iso GH <— f € hom G H A kernel G H f = {1g} A f ¢ carrier
G = carrier H"
(is "?1lhs = ?rhs")
proof (intro iffI conjI)
assume f: 7lhs
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show "f € hom G H"
using Group.iso_iff f by blast
show "kernel G H f = {1g}"
using assms f Group.group_def hom_one
by (fastforce simp add: kernel_def iso_iff_mon_epi mon_iff_hom_one
set_eq_iff)
show "f ¢ carrier G = carrier H"
by (meson Group.iso_iff f)
next
assume 7rhs
with assms show ?71lhs
by (auto simp: kernel_def iso_def bij_betw_def inj_on_one_iff’)
qed

lemma (in group_hom) FactGroup_nonempty:

assumes "X € carrier (G Mod kernel G H h)"

shows "X # {}"

using assms unfolding FactGroup_def

by (metis group_hom.subgroup_kernel group_hom_axioms partial_object.simps(1)
subgroup.rcosets_non_empty)

lemma (in group_hom) FactGroup_universal_kernel:
assumes "N < G" and h: "N C kernel G H h"
obtains g where "g € hom (G Mod N) H" "Ax. x € carrier G = g(r_coset
G N x)=hx"
proof -
have "h x = h y"
if "x € carrier G" "y € carrier G" "r_coset G N x = r_coset G N y"
for x y
proof -
have "x ®¢ invg y € N"
using <N < G> group.rcos_self normal.axioms(2) normal_imp_subgroup
subgroup.rcos_module_imp that by metis
with h have xy: "x ®g invg y € kernel G H h"
by blast
have "h x ®y invg(h y) = h (x ®q invg y)"
by (simp add: that)
also have "... = 1"
using xy by (simp add: kernel_def)
finally have "h x ®y invg(h y) = 1g" .
then show 7thesis
using H.inv_equality that by fastforce
qed
with FactGroup_universal [OF homh <N < G>] that show thesis
by metis
qed
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lemma (in group_hom) FactGroup_the_elem_mem:
assumes X: "X € carrier (G Mod (kernel G H h))"
shows "the_elem (h‘X) € carrier H"
proof -
from X
obtain g where g: "g € carrier G"
and "X = kernel G H h #> g"
by (auto simp add: FactGroup_def RCOSETS_def)
hence "h ¢ X = {h g}" by (auto simp add: kernel_def r_coset_def g intro!:
imageI)
thus 7thesis by (auto simp add: g)
qed

lemma (in group_hom) FactGroup_hom:
"(AX. the_elem (h‘X)) € hom (G Mod (kernel G H h)) H"
proof -
have "the_elem (h ¢ (X <#> X’)) = the_elem (h ¢ X) ®y the_elem (h ¢
X))u
if X: "X € carrier (G Mod kernel G H h)" and X’: "X’ € carrier (G
Mod kernel G H h)" for X X’
proof -
obtain g and g’
where "g € carrier G" and "g’ € carrier G"
and "X = kernel G Hh #> g" and "X’ = kernel G H h #> g’"
using X X’ by (auto simp add: FactGroup_def RCOSETS_def)
hence all: "VxeX. h x = h g" "Vx€X’. hx =h g’"
and Xsub: "X C carrier G" and X’sub: "X’ C carrier G"
by (force simp add: kernel_def r_coset_def image_def)+
hence "h ¢ (X <#> X’) = {h g ®yg h g’}" using X X’
by (auto dest!: FactGroup_nonempty intro!: image_eqlI
simp add: set_mult_def
subsetD [0OF Xsub] subsetD [OF X’sub])
then show "the_elem (h ¢ (X <#> X’)) = the_elem (h ¢ X) ®y the_elem
(h < X2)"
by (auto simp add: all FactGroup_nonempty X X’ the_elem_image_unique)
qed
then show 7thesis
by (simp add: hom_def FactGroup_the_elem_mem normal.factorgroup_is_group
[OF normal_kernel] group.axioms monoid.m_closed)
qed

Lemma for the following injectivity result

lemma (in group_hom) FactGroup_subset:
assumes "g € carrier G" "g’ € carrier G" "h g = h g’"
shows "kernel G H h #> g C kernel G H h #> g’"
unfolding kernel_def r_coset_def

proof clarsimp
fix y
assume "y € carrier G" "h y = 1y"
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with assms show "Jx. x € carrier G Ahx =1 Ay ® g=x ® g’"
by (rule_tac x="y ® g ® inv g’" in exI) (auto simp: G.m_assoc)
qed

lemma (in group_hom) FactGroup_inj_on:
"inj_on (AX. the_elem (h ¢ X)) (carrier (G Mod kernel G H h))"
proof (simp add: inj_on_def, clarify)
fix X and X’
assume X: "X €& carrier (G Mod kernel G H h)"
and X’: "X’ € carrier (G Mod kernel G H h)"
then
obtain g and g’
where gX: "g € carrier G" "g’ € carrier G"
"X = kernel G H h #> g" "X’ = kernel G H h #> g’"
by (auto simp add: FactGroup_def RCOSETS_def)
hence all: "Vxe€X. h x = h g" "Vx€X’. hx =h g’"
by (force simp add: kernel_def r_coset_def image_def)+
assume "the_elem (h ¢ X) = the_elem (h ¢ X’)"
hence h: "h g = h g’"
by (simp add: all FactGroup_nonempty X X’ the_elem_image_unique)
show "X=X’" by (rule equalityI) (simp_all add: FactGroup_subset h gX)
qed

If the homomorphism h is onto H, then so is the homomorphism from the
quotient group

lemma (in group_hom) FactGroup_onto:
assumes h: "h ¢ carrier G = carrier H"
shows "(AX. the_elem (h ¢ X)) ¢ carrier (G Mod kernel G H h) = carrier
Hll
proof
show "(AX. the_elem (h ¢ X)) ¢ carrier (G Mod kernel G H h) C carrier
Hll
by (auto simp add: FactGroup_the_elem_mem)
show "carrier H C (A\X. the_elem (h ¢ X)) ¢ carrier (G Mod kernel G
H h)"
proof
fix y
assume y: "y € carrier H"
with h obtain g where g: "g € carrier G" "h g = y"
by (blast elim: equalityE)
hence "(|Jx€kernel G Hh #> g. {h x}) = {y}"
by (auto simp add: y kernel_def r_coset_def)
with g show "y € (AX. the_elem (h ¢ X)) ¢ carrier (G Mod kernel G
H h)"
apply (auto intro!: bexI image_eql simp add: FactGroup_def RCOSETS_def)
apply (subst the_elem_image_unique)
apply auto
done
qed
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qed

If h is a homomorphism from G onto H, then the quotient group G Mod kernel
G H h is isomorphic to H.

theorem (in group_hom) FactGroup_iso_set:
"h ¢ carrier G = carrier H
—> (MX. the_elem (h‘X)) € iso (G Mod (kernel G H h)) H"
by (simp add: iso_def FactGroup_hom FactGroup_inj_on bij_betw_def
FactGroup_onto)

corollary (in group_hom) FactGroup_iso :
"h ¢ carrier G = carrier H
= (G Mod (kernel G H h))= H"
using FactGroup_iso_set unfolding is_iso_def by auto

lemma (in group_hom) trivial_hom_iff:
"h ¢ (carrier G) = { 1y } +— kernel G H h = carrier G"
unfolding kernel_def using one_closed by force

lemma (in group_hom) trivial_ker_imp_inj:
assumes "kernel GHh = { 1 }"
shows "inj_on h (carrier G)"
proof (rule inj_onI)
fix g1 g2 assume A: "gl € carrier G" "g2 € carrier G" "h gl = h g2"
hence "h (g1 ® (inv g2)) = 1y" by simp
hence "g1 ® (inv g2) = 1"
using A assms unfolding kernel_def by blast
thus "gl = g2"
using A G.inv_equality G.inv_inv by blast
qed

lemma (in group_hom) inj_iff_trivial_ker:
shows "inj_on h (carrier G) <— kernel GH h ={ 1 }"
proof
assume inj: "inj_on h (carrier G)" show "kernel GHh ={ 1 }"
unfolding kernel_def
proof (auto)
fix a assume "a € carrier G" "h a = 1ly" thus "a = 1"
using inj hom_one unfolding inj_on_def by force
qed
next
show "kernel G Hh ={ 1} = inj_on h (carrier G)"
using trivial_ker_imp_inj by simp
qed

lemma (in group_hom) induced_group_hom’:
assumes "subgroup I G" shows "group_hom (G ( carrier := I )) H h"
proof -



166

have "h € hom (G ( carrier := I |) H"
using homh subgroup.subset[0OF assms] unfolding hom_def by (auto, meson
hom_mult subsetCE)
thus 7thesis
using subgroup.subgroup_is_group[0F assms G.group_axioms] group_axioms
unfolding group_hom_def group_hom_axioms_def by auto
qed

lemma (in group_hom) inj_on_subgroup_iff_trivial_ker:
assumes "subgroup I G"
shows "inj_on h I <— kernel (G ( carrier := I )) Hh={1 }"
using group_hom.inj_iff_trivial_ker[0OF induced_group_hom’ [OF assms]]
by simp

lemma set_mult_hom:
assumes "h € hom G H" "I C carrier G" and "J C carrier G"
shows "h ¢ (I <#>¢ J) = (b * I) <#>g (h © D"
proof
show "h ¢ (I <#>¢ J) C (h ¢ I) <#>g (b © D"
proof
fix a assume "a € h ¢ (I <#>¢ )"
then obtain i j where i: "i € I" and j: "j € J" and "a = h (i ®g
"
unfolding set_mult_def by auto
hence "a = (h i) ®g (h )"
using assms unfolding hom_def by blast
thus "a € (h * I) <#>g (b < "
using i and j unfolding set_mult_def by auto
qed
next
show "(h ¢ I) <#>g (b ¢ J) Ch ¢ (I <#>¢g D"
proof
fix a assume "a € (h ¢ I) <#>yg (b ¢ D"
then obtain i j where i: "i € I" and j: "j € J" and "a = (h i)
®yg (& )"
unfolding set_mult_def by auto
hence "a = h (1 ®; "
using assms unfolding hom_def by fastforce
thus "a € h ¢ (I <#>¢ J)"
using i and j unfolding set_mult_def by auto
qed
qed

corollary coset_hom:

assumes "h € hom G H" "I C carrier G" "a € carrier G"

shows "h ¢ (a <#g I) =h a<#y (h * I)" and "h ¢ (I #>¢ a) = (h ¢ I)
#>y h a"

unfolding 1_coset_eq_set_mult r_coset_eq_set_mult using assms set_mult_hom[0OF
assms(1)] by auto
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corollary (in group_hom) set_mult_ker_hom:
assumes "I C carrier G"
shows "h ¢ (I <#> (kernel G Hh)) =h ¢ I" and "h ¢ ((kernel G H h)
<#> I) =h ¢ I"
proof -
have ker_in_carrier: "kernel G H h C carrier G"
unfolding kernel_def by auto

have "h ¢ (kernel G H h) = { 1y }"
unfolding kernel_def by force
moreover have "h ¢ I C carrier H"
using assms by auto
hence "(h “ I) <#>p {1y } =h “ I"and "{ 1g } <>y (b ¢ I) = h ¢
Ill
unfolding set_mult_def by force+
ultimately show "h ¢ (I <#> (kernel G H h)) = h ¢ I" and "h ¢ ((kernel
GHN) <#>1I) =h ¢ I"
using set_mult_hom[OF homh assms ker_in_carrier] set_mult_hom[OF homh
ker_in_carrier assms] by simp+
qed

7.9.1 Trivial homomorphisms

definition trivial_homomorphism where
"trivial_homomorphism G H f = f € hom G H A (Vx € carrier G. f x =
one H)"

lemma trivial_homomorphism_kernel:
"trivial_homomorphism G H f <— f € hom G H A kernel G H f = carrier
Gll
by (auto simp: trivial_homomorphism_def kernel_def)

lemma (in group) trivial_homomorphism_image:
"trivial_homomorphism G H f +— f € hom G H A £ ¢ carrier G = {one
H}n
by (auto simp: trivial_homomorphism_def) (metis one_closed rev_image_eql)

7.10 Image kernel theorems

lemma group_Int_image_ker:
assumes f: "f € hom G H" and g: "g € hom H K"
and "inj_on (g o f) (carrier G)" "group G" "group H" "group K"
shows "(f ¢ carrier G) N (kernel H K g) = {1xy}"
proof -
have "(f ¢ carrier G) N (kernel H K g) C {1y}"
using assms
apply (clarsimp simp: kernel_def o_def)
by (metis group.is_monoid hom_one inj_on_eq_iff monoid.one_closed)
moreover have "one H € f ¢ carrier G"
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by (metis f <group G> <group H> group.is_monoid hom_one image_iff
monoid.one_closed)
moreover have "one H € kernel H K g"
unfolding kernel_def using Group.group_def <group H> <group K> g
hom_one by blast
ultimately show 7thesis
by blast
qed

lemma group_sum_image_ker:
assumes f: "f € hom G H" and g: "g € hom H K" and eq: "(g o f) ¢ (carrier
G) = carrier K"
and "group G" "group H" "group K"
shows "set_mult H (f ¢ carrier G) (kernel H K g) = carrier H" (is "7lhs
= ?rhs")
proof
show "?lhs C ?rhs"
apply (clarsimp simp: kernel_def set_mult_def)
by (meson <group H> f group.is_monoid hom_in_carrier monoid.m_closed)
have "Jdxe€carrier G. 3z. z € carrier HA gz =1k ANy = f x ®g 2"
if y: "y € carrier H" for y
proof -
have "g y € carrier K"
using g hom_carrier that by blast
with assms obtain x where x: "x € carrier G" "(go f) x = g y"
by (metis image_iff)
with assms have invf: "invy f x ®y y € carrier H"
by (metis group.subgroup_self hom_carrier image_subset_iff subgroup_def

y)
moreover
have "g (invyg f x ®yg y) = 1x"
proof -
have "invyg f x € carrier H"
by (meson <group H> f group.inv_closed hom_carrier image_subset_iff
x(1))

then have "g (invg f x ®y y) = g (dnvyg f x) ®k g y"
by (simp add: hom_mult [OF gl y)
also have "... = invg (g (f x)) ®k g y"
using assms x(1)
by (metis (mono_tags, lifting) group_hom.hom_inv group_hom.intro
group_hom_axioms.intro hom_carrier image_subset_iff)
also have "... = 1"
using <g y € carrier K> assms(6) group.l_inv x(2) by fastforce
finally show 7thesis .
qed
moreover
have "y = f x ®y (invg f x ®g y)"
using x y
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by (meson <group H> invf f group.inv_solve_left’ hom_in_carrier)
ultimately
show 7thesis
using x y by force
qed
then show "?rhs C 71hs"
by (auto simp: kernel_def set_mult_def)
qed

lemma group_sum_ker_image:
assumes f: "f € hom G H" and g: "g € hom H K" and eq: "(g o f) ¢ (carrier
G) = carrier K"
and "group G" "group H" "group K"
shows "set_mult H (kernel H K g) (f ¢ carrier G) = carrier H" (is "7lhs
= ?rhs")
proof
show "?lhs C ?rhs"
apply (clarsimp simp: kernel_def set_mult_def)
by (meson <group H> f group.is_monoid hom_in_carrier monoid.m_closed)
have "Jwecarrier H. Jx € carrier G. gw =1x Ay = w ®g £ x"
if y: "y € carrier H" for y
proof -
have "g y € carrier K"
using g hom_carrier that by blast
with assms obtain x where x: "x € carrier G" "(go f) x = g y"
by (metis image_iff)
with assms have carr: "(y ®y invyg f x) € carrier H"
by (metis group.subgroup_self hom_carrier image_subset_iff subgroup_def

y)
moreover
have "g (y ®yg invg f x) = 1"
proof -
have "invyg f x € carrier H"
by (meson <group H> f group.inv_closed hom_carrier image_subset_iff
x(1))

then have "g (y ®y invg f x) = gy ® g (invg f x)"
by (simp add: hom_mult [OF gl y)
also have "... = g y ® invg (g (£ x))"
using assms x(1)
by (metis group_hom.hom_inv group_hom_axioms.intro group_hom_def
hom_in_carrier)
also have "... = 1"
using <g y € carrier K> assms(6) group.l_inv x(2)
by (simp add: group.r_inv)
finally show ?7thesis .
qed
moreover
have "y = (y ®y invyg £ x) ®yg £ x"



170

using x y by (meson <group H> carr f group.inv_solve_right hom_carrier
image_subset_iff)
ultimately
show ?7thesis
using x y by force
qed
then show "?rhs C 71hs"
by (force simp: kernel_def set_mult_def)
qed

lemma group_semidirect_sum_ker_image:

assumes "(g o f) € iso G K" "f € hom G H" "g € hom H K" "group G" "group
H" "group K"

shows "(kernel H K g) N (f ¢ carrier G)

"kernel H K g <#>y (f ¢ carrier G)

using assms

by (simp_all add: iso_iff_mon_epi group_Int_image_ker group_sum_ker_image
epi_def mon_def Int_commute [of "kernel H K g"])

{1H}"

carrier H"

lemma group_semidirect_sum_image_ker:

assumes f: "f € hom G H" and g: "g € hom H K" and iso: "(g o f) €
iso G K"

and "group G" "group H" "group K"
shows "(f ¢ carrier G) N (kernel H K g) = {1yz}"
"f ¢ carrier G <#>y (kernel H K g) = carrier H"
using group_Int_image_ker [OF f g] group_sum_image_ker [OF f g] assms
by (simp_all add: iso_def bij_betw_def)

7.11 Factor Groups and Direct product

lemma (in group) DirProd_normal :
assumes "group K"
and "H < G"
and "N < K"
shows "H x N 4 G xx K"
proof (intro group.normal_invI[OF DirProd_group[0OF group_axioms assms(1)]])
show sub : "subgroup (H x N) (G xx K)"
using DirProd_subgroups [OF group_axioms normal_imp_subgroup[0F assms(2)]assms(1)
normal_imp_subgroup[0F assms(3)]1].
show "Ax h. x € carrier (GXxxK) = h € HXN = x ®gxxKk b ®¢x xK
invgx xgk ¥ € HxN"
proof-
fix x h assume xGK : "x € carrier (G xx K)" and hHN : " h € H X
Nll
hence hGK : "h € carrier (G xx K)" using subgroup.subset[OF sub]
by auto
from xGK obtain x1 x2 where x1x2 :"x1 € carrier G" "x2 € carrier
K" "x = (x1,x2)"
unfolding DirProd_def by fastforce
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from hHN obtain hl h2 where hih2 : "hl € H" "h2 € N" "h = (h1,h2)"
unfolding DirProd_def by fastforce
hence h1h2GK : "hl € carrier G" "h2 € carrier K"
using normal_imp_subgroup subgroup.subset assms by blast+
have "invg wx x x = (invg x1,invg x2)"
using inv_DirProd[0F group_axioms assms(1) x1x2(1)x1x2(2)] x1x2
by auto
hence "x ®¢ «xx K b ®¢ xx K 1nvg xx K ¥ = (x1 ® hl ® inv x1,x2
®g h2 ®g invg x2)"
using h1h2 x1x2 h1h2GK by auto
moreover have "x1 ® hl ® inv x1 € H" "x2 ®g h2 ®g invg x2 € N"
using assms x1x2 hlh2 assms by (simp_all add: normal.inv_op_closed2)
hence "(x1 ® hl ® inv x1, x2 ®g h2 ®g invg x2)€ H x N" by auto
ultimately show " x ®¢ xx x h ®¢ xx k¥ invg xx kK x € H X N" by
auto
qed
qed

lemma (in group) FactGroup_DirProd_multiplication_iso_set :
assumes "group K"
and "H < G"
and "N < K"
shows "(A (X, Y). X x Y) € iso ((G Mod H) xx (K Mod N)) (G xx K
Mod H x N)"
proof-
have R :"(A\ (X, Y). X X Y) € carrier (G Mod H) X carrier (K Mod N)
— carrier (G xx K Mod H x N)"
unfolding r_coset_def Sigma_def DirProd_def FactGroup_def RCOSETS_def
by force
moreover have "(Vxé&carrier (G Mod H). Vy€&carrier (K Mod N). Vxa€ccarrier
(G Mod H).
Vyaccarrier (K Mod N). (x <#> xa) x (y <#>¢ ya) = x
X y <#>¢ xx K xa X ya)"
unfolding set_mult_def by force
moreover have "(Vxé&carrier (G Mod H). Vy€&carrier (K Mod N). Vxa€ccarrier
(G Mod H).
Vya€carrier (K Mod N). x X y = xa X ya — X = xa
ANy =ya)
unfolding FactGroup_def using times_eq_iff subgroup.rcosets_non_empty
by (metis assms(2) assms(3) normal_def partial_object.select_convs(1l))
moreover have "(A(X, Y). X X Y) ¢ (carrier (G Mod H) X carrier (K
Mod N)) =
carrier (G Xxx K Mod H x M)"
proof -
have 1: "Ax a b. [a € carrier (G Mod H); b € carrier (K Mod N)] =
a X b € carrier (G Xx K Mod H x N)"
using R by force
have 2: "Az. z € carrier (G Xx K Mod H x N) = Jx€carrier (G Mod
H). Jdy€carrier (X Mod N). z = x x y"
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unfolding DirProd_def FactGroup_def RCOSETS_def r_coset_def by force
show 7thesis
unfolding image_def by (auto simp: intro: 1 2)
qed
ultimately show ?7thesis
unfolding iso_def hom_def bij_betw_def inj_on_def by simp
qed

corollary (in group) FactGroup_DirProd_multiplication_iso_1 :
assumes "group K"
and "H < G"
and "N < K"
shows " ((G Mod H) xx (K Mod N)) = (G XX K Mod H x N)"
unfolding is_iso_def using FactGroup_DirProd_multiplication_iso_set
assms by auto

corollary (in group) FactGroup_DirProd_multiplication_iso_2 :

assumes "group K"

and "H < G"

and "N < K"
shows "(G XX K Mod H x N) = ((G Mod H) xx (K Mod N))"
using FactGroup_DirProd_multiplication_iso_1 group.iso_sym assms

DirProd_group [OF normal.factorgroup_is_group normal.factorgroup_is_group]

by blast

7.11.1 More Lemmas about set multiplication

A group multiplied by a subgroup stays the same

lemma (in group) set_mult_carrier_idem:
assumes "subgroup H G"
shows "(carrier G) <#> H = carrier G"
proof
show "(carrier G)<#>H C carrier G"
unfolding set_mult_def using subgroup.subset assms by blast
next
have " (carrier G) #> 1 = carrier G" unfolding set_mult_def r_coset_def
group_axioms by simp
moreover have "(carrier G) #> 1 C (carrier G) <#> H" unfolding set_mult_def
r_coset_def
using assms subgroup.one_closed[0F assms] by blast
ultimately show "carrier G C (carrier G) <#> H" by simp
qed

Same lemma as above, but everything is included in a subgroup

lemma (in group) set_mult_subgroup_idem:
assumes HG: "subgroup H G" and NG: "subgroup N (G ( carrier :=H |))"
shows "H <#> N = H"
using group.set_mult_carrier_idem[OF subgroup.subgroup_is_group[0F HG
group_axioms] NG] by simp
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A normal subgroup is commutative with set multiplication

lemma (in group) commut_normal:

assumes "subgroup H G" and "N<G"

shows "H<#>N = N<#>H"
proof-

have aux1l: "{H <#> N} = {{Jhe€H. h <# N }" unfolding set_mult_def 1_coset_def
by auto

also have "... = {{JheH. N #> h }" using assms normal.coset_eq subgroup.mem_carrier
by fastforce

moreover have aux2: "{N <#> H} = {(Jh€H. N #> h }"unfolding set_mult_def
r_coset_def by auto

ultimately show "H<#>N = N<#>H" by simp
qed

Same lemma as above, but everything is included in a subgroup

lemma (in group) commut_normal_subgroup:
assumes "subgroup H G" and "N < (G( carrier :=H )"
and "subgroup K (G (| carrier := H )"
shows "K <#> N = N <#> K"
by (metis assms(2) assms(3) group.commut_normal normal.axioms(2) set_mult_consistent)

7.11.2 Lemmas about intersection and normal subgroups

Mostly by Jakob von Raumer

lemma (in group) normal_inter:
assumes "subgroup H G"
and "subgroup K G"
and "H1<G(carrier := H)"
shows "(H1NK) <(G(carrier:= (HNK)[)"
proof-
define HK and H1K and GH and GHK
where "HK = HNK" and "H1K=H1NK" and "GH =G(carrier := H)" and "GHK
= (G(carrier:= (HNK)))"
show "H1K<IGHK"
proof (intro group.normal_invI[of GHK H1K])
show "Group.group GHK"
using GHK_def subgroups_Inter_pair subgroup_imp_group assms by blast

next
have H1K_incl:"subgroup H1K (G(carrier:= (HNK)|)"
proof (intro subgroup_incl)
show "subgroup H1K G"
using assms normal_imp_subgroup subgroups_Inter_pair incl_subgroup
H1K_def by blast
next
show "subgroup (HNK) G" using HK_def subgroups_Inter_pair assms
by auto
next
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have "H1 C (carrier (G(carrier:=H[)))"

using assms(3) normal_imp_subgroup subgroup.subset by blast
also have "... C H" by simp
thus "H1K CHNK"

using H1K_def calculation by auto

qed
thus "subgroup H1K GHK" using GHK_def by simp
next
show "/ x h. xE€carrier GHK — h€H1K — x ®qpx h ®¢uk invemk X€
H1K"
proof-
have invHK: "[y€HK] — invggg y = invgg y"
using m_inv_consistent assms HK_def GH_def GHK_def subgroups_Inter_pair
by simp
have multHK : "[x€HK;y€HK] — x ® (G(carrier:=HK)) ¥ = X ® ¥"
using HK_def by simp
fix x assume p: "x€carrier GHK"
fix h assume p2 : "h:H1K"
have "carrier (GHK) CHK"
using GHK_def HK_def by simp
hence xHK:"x€HK" using p by auto
hence invx:"invggg x = invgyg x"
using invHK assms GHK_def HK_def GH_def m_inv_consistent subgroups_Inter_pair
by simp
have "HiCcarrier(GH)"
using assms GH_def normal_imp_subgroup subgroup.subset by blast
hence hHK:"heHK"
using p2 H1K_def HK_def GH_def by auto
hence xhx_egal : "x ®ggk h ®c¢uk inveukX = X ®gg h ®¢g invgy x"
using invx invHK multHK GHK_def GH_def by auto
have xH:"x€ccarrier(GH)"
using xHK HK_def GH_def by auto
have hH:"hecarrier(GH)"
using hHK HK_def GH_def by auto
have "(Vxé&carrier (GH). VheHl. x ®q¢g h ®gg invgg x € HD"
using assms GH_def normal.inv_op_closed2 by fastforce
hence INCL_1 : "x ®gg h ®¢gg invgg x € H1"
using xH H1K_def p2 by blast
have " x ®gg h ®qug invgyg x € HK"
using assms HK_def subgroups_Inter_pair hHK xHK
by (metis GH_def inf.coboundedl subgroup_def subgroup_incl)
hence " x ®qgg h ®q¢g invgy x € K" using HK_def by simp
hence " x ®gg h ®qgg invgy x € H1K" using INCL_1 H1K_def by auto
thus "x ®guk h ®qux invguk x € H1K" using xhx_egal by simp
qed
qed
qed

lemma (in group) normal_Int_subgroup:
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assumes "subgroup H G"

and "N < G"
shows "(NNH) < (G(carrier := H))"
proof -

define K where "K = carrier G"
have "G(carrier := K) = G" using K_def by auto
moreover have "subgroup K G" using K_def subgroup_self by blast
moreover have "normal N (G (carrier :=K|))" using assms K_def by simp
ultimately have "N N H < G(carrier := K N H)"
using normal_inter[of K H N] assms(1) by blast
moreover have "K N H = H" using K_def assms subgroup.subset by blast
ultimately show "normal (NNH) (G(carrier := H))"
by auto
qed

lemma (in group) normal_restrict_supergroup:
assumes "subgroup S G" "N < G" "N C 8"
shows "N < (G(carrier := S))"
by (metis assms inf.absorb_iffl normal_Int_subgroup)

A subgroup relation survives factoring by a normal subgroup.

lemma (in group) normal_subgroup_factorize:
assumes "N < G" and "N C H" and "subgroup H G"
shows "subgroup (rcosetscqcarrier := H) N) (G Mod N)"
proof -
interpret GModN: group "G Mod N"
using assms(1) by (rule normal.factorgroup_is_group)
have "N < G(carrier := H)"
using assms by (metis normal_restrict_supergroup)
hence grpHN: "group (G(carrier := H) Mod N)"
by (rule normal.factorgroup_is_group)
have "(<#>G(|carrier:=H|)) = (AU K. (Uheu. UJkek. {h ®GQcar:rier := H) k}))"

using set_mult_def by metis

moreover have "... = (AU K. ((JheU. [JkeK. {h ®¢ k)"
by auto

moreover have "(<#>) = (AU K. ((JheU. JkeK. {h @ k})"
using set_mult_def by metis

ultimately have "(<#>GQcarrier:=H|)) = (<#>)"

by simp
with grpHN have "group ((G Mod N)(carrier := (rcosetscqcarrier := H)
N)D)Il
unfolding FactGroup_def by auto
moreover have "rcosetscqcarrier := H) N C carrier (G Mod N)"

unfolding FactGroup_def RCOSETS_def r_coset_def using assms(3) subgroup.subset

by fastforce
ultimately show 7thesis
using GModN.group_incl_imp_subgroup by blast
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qed

A normality relation survives factoring by a normal subgroup.

lemma (in group) normality_factorization:
assumes NG: "N < G" and NH: "N C H" and HG: "H < G"
shows "(rcosetquCarrier := H) N) < (G Mod N)"
proof -
from assms(1) interpret GModN: group "G Mod N" by (metis normal.factorgroup_is_group)
show 7thesis
unfolding GModN.normal_inv_iff
proof (intro conjI strip)
show "subgroup (rcosetscqCarrier := H) N) (G Mod N)"
using assms normal_imp_subgroup normal_subgroup_factorize by force
next
fix UV
assume U: "U € carrier (G Mod N)" and V: "V € rcosetquCarrier .= H)
Nll
then obtain g where g: "g € carrier G" "U = N #> g"
unfolding FactGroup_def RCOSETS_def by auto
from V obtain h where h: "h € H" "V = N #> h"
unfolding FactGroup_def RCOSETS_def r_coset_def by auto
hence hG: "h € carrier G"
using HG normal_imp_subgroup subgroup.mem_carrier by force
hence ghG: "g ® h € carrier G"
using g m_closed by auto
from g h have "g ® h ® inv g € H"
using HG normal_inv_iff by auto
moreover have "U <#> V <#> invg yog N U =N #> (g ® h ® inv g)"
proof -
from g U have "invg Mog ¥ U = N #> inv g"
using NG normal.inv_FactGroup normal.rcos_inv by fastforce
hence "U <#> V <#> invg yog y U = (N #> g) <#> (N #> h) <#> (N #>
inv g)"
using g h by simp
also have "... =N # (g ® h ® inv g)"
using g hG NG inv_closed ghG normal.rcos_sum by force
finally show 7thesis .
qed
ultimately show "U ®g Mod ¥ V ®¢ Mod N 1nVg Mod N U € rcosetsg(carrier := H)
Nll
unfolding RCOSETS_def r_coset_def by auto
qed
qed

Factorizing by the trivial subgroup is an isomorphism.

lemma (in group) trivial_factor_iso:
shows "the_elem € iso (G Mod {1}) G"
proof -
have "group_hom G G (Ax. x)"
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unfolding group_hom_def group_hom_axioms_def hom_def using is_group
by simp
moreover have "(\x. x)
by simp
moreover have "kernel G G (A\x. x) = {1}"
unfolding kernel_def by auto
ultimately show 7thesis using group_hom.FactGroup_iso_set
by force
qed

¢ carrier G = carrier G"

And the dual theorem to the previous one: Factorizing by the group itself
gives the trivial group

lemma (in group) self_factor_iso:
shows "(AX. the_elem ((Ax. 1) ¢ X)) € iso (G Mod (carrier G)) (G( carrier
= {1} "
proof -
have "group (G(carrier := {1}))"
by (metis subgroup_imp_group triv_subgroup)
hence "group_hom G (G(carrier := {1}))) (Ax. 1)"
unfolding group_hom_def group_hom_axioms_def hom_def using is_group
by auto

moreover have "(Ax. 1) ¢ carrier G = carrier (G(carrier := {1}))"
by auto
moreover have "kernel G (G(carrier := {1})) (A\x. 1) = carrier G"

unfolding kernel_def by auto
ultimately show ?7thesis using group_hom.FactGroup_iso_set
by force
qed

Factoring by a normal subgroups yields the trivial group iff the subgroup is
the whole group.

lemma (in normal) fact_group_trivial iff:
assumes "finite (carrier G)"
shows "(carrier (G Mod H) = {1g Moq g}) ¢— (H = carrier G)"
proof
assume "carrier (G Mod H) = {1g Moq y}"
moreover have "order (G Mod H) * card H = order G"
by (simp add: FactGroup_def lagrange order_def subgroup_axioms)
ultimately have "card H = order G" unfolding order_def by auto
thus "H = carrier G"
by (simp add: assms card_subset_eq order_def subset)
next
assume "H = carrier G"
with assms is_subgroup lagrange
have "card (rcosets H) * order G = order G"
by (simp add: order_def)
then have "card (rcosets H) = 1"
using assms order_gt_O_iff_finite by auto
hence "order (G Mod H) = 1"
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unfolding order_def FactGroup_def by auto
thus "carrier (G Mod H) = {l1¢ Moq H}"
using factorgroup_is_group by (metis group.order_one_triv_iff)
qed

The union of all the cosets contained in a subgroup of a quotient group acts
as a represenation for that subgroup.

lemma (in normal) factgroup_subgroup_union_char:
assumes "subgroup A (G Mod H)"
shows "(|JA) = {x € carrier G. H #> x € A}"
proof
show "[JA C {x € carrier G. H #> x € A}"
proof
fix x
assume x: "x € [JA"
then obtain a where a: "a € A" "x € a" and xx: "x € carrier G"
using subgroup.subset assms by (force simp add: FactGroup_def RCOSETS_def
r_coset_def)
from assms a obtain y where y: "y € carrier G" "a = H #> y"
using subgroup.subset unfolding FactGroup_def RCOSETS_def by force
with a have "x € H #> y" by simp
hence "H #> y = H #> x" using y is_subgroup repr_independence by
auto
with y(2) a(1) have "H #> x € A"
by auto
with xx show "x € {x € carrier G. H #> x € A}" by simp
qed
next
show "{x € carrier G. H #> x € A} C A"
using rcos_self subgroup_axioms by auto
qed

lemma (in normal) factgroup_subgroup_union_subgroup:
assumes "subgroup A (G Mod H)"
shows "subgroup (|JA) G"
proof -
have "subgroup {x € carrier G. H #> x € A} G"
proof
show "{x € carrier G. H #> x € A} C carrier G" by auto
next
fix x y
assume xy: "x € {x € carrier G. H #> x € A}" "y € {x € carrier G.
H #> x € A}"
then have "(H #> x) <#> (H #> y) € A"
using subgroup.m_closed assms unfolding FactGroup_def by fastforce
hence "H #> (x ® y) € A"
using xy rcos_sum by force
with xy show "x ® y € {x € carrier G. H #> x € A}" by blast
next
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have "H #> 1 € A"
using assms subgroup.one_closed subset by fastforce
with assms one_closed show "1 € {x € carrier G. H #> x € A}" by
simp
next
fix x
assume x: "x € {x € carrier G. H #> x € A}"
hence invx: "inv x € carrier G" using inv_closed by simp
from assms x have "set_inv (H #> x) € A" using subgroup.m_inv_closed
using inv_FactGroup subgroup.mem_carrier by fastforce
with invx show "inv x € {x € carrier G. H #> x € A}"
using rcos_inv x by force
qed
with assms factgroup_subgroup_union_char show 7thesis by auto
qed

lemma (in normal) factgroup_subgroup_union_normal:
assumes "A < (G Mod H)"
shows " JA < G"
proof -
have "{x € carrier G. H #> x € A} < G"
unfolding normal_def normal_axioms_def
proof (intro conjI strip)
from assms show "subgroup {x € carrier G. H #> x € A} G"
by (metis (full_types) factgroup_subgroup_union_char factgroup_subgroup_union_subgrou
normal_imp_subgroup)
next
interpret Anormal: normal A "(G Mod H)" using assms by simp
show "{x € carrier G. H #> x € A} #> x = x <# {x € carrier G. H #>
x € AY" if x: "x € carrier G" for x

proof -
{ fixy
assume y: "y € {x € carrier G. H #> x € A} #> x"
then obtain x’ where x’: "x’ € carrier G" "H #> x’ € A" "y =
X) ® X"

unfolding r_coset_def by auto
from x(1) have Hx: "H #> x € carrier (G Mod H)"
unfolding FactGroup_def RCOSETS_def by force
with x’ have "(invg Mmog 5§ (H #> %)) ®¢ Mod H (H #> X’) ¢ Mod H
(H #> x) € A"
using Anormal.inv_op_closedl by auto
hence "(set_inv (H #> x)) <#> (H #> x’) <#> (H #> x) € A"
using inv_FactGroup Hx unfolding FactGroup_def by auto
hence "(H #> (inv x)) <#> (H #> x’) <#> (H #> x) € A"
using x(1) by (metis rcos_inv)
hence "H #> (inv x ® x> ® x) € A"
by (metis inv_closed m_closed rcos_sum x’ (1) x(1))
moreover have "inv x ® x’ ® x € carrier G"
using x x’ by (metis inv_closed m_closed)
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ultimately have xcoset: "x ® (inv x ® x’ ® x) € x <# {x € carrier
G. H#> x € A}"
unfolding 1_coset_def using x(1) by auto
have "x ® (inv x ® x’ ® x) = (x ® inv x) ® x’ ® x"
by (metis Units_eq Units_inv_Units m_assoc m_closed x’(1) x(1))
also have "... = y"
by (simp add: x x’)
finally have "x ® (inv x ® x> ® x) = y" .
with xcoset have "y € x <# {x € carrier G. H #> x € A}" by auto}

moreover
{ fix y
assume y: "y € x <# {x € carrier G. H #> x € A}"
then obtain x’ where x’: "x’ € carrier G" "H #> x> € A" "y =

x ® x’" unfolding 1_coset_def by auto
from x(1) have invx: "inv x € carrier G"
by (rule inv_closed)
hence Hinvx: "H #> (inv x) € carrier (G Mod H)"
unfolding FactGroup_def RCOSETS_def by force
with x’ have "(invg Mog # (H #> inv x)) ®¢ Mod H# (H #> x’) ®¢ Mod H
(H #> inv x) € A"
using invx Anormal.inv_op_closedl by auto
hence "(set_inv (H #> inv x)) <#> (H #> x’) <#> (H #> inv x) €
All
using inv_FactGroup Hinvx unfolding FactGroup_def by auto
hence "H #> (x ® x’ ® inv x) € A"
by (simp add: rcos_inv rcos_sum x x’(1))
moreover have "x ® x’ ® inv x € carrier G" using x x’ by (metis
inv_closed m_closed)
ultimately have xcoset: "(x ® x’ ® inv x) ® x € {x € carrier
G. H #> x € A} #> x"
unfolding r_coset_def using invx by auto
have "(x ® x> ® inv x) ® x = (x ® x’) ® (inv x ® x)"
by (metis Units_eq Units_inv_Units m_assoc m_closed x’ (1) x(1))
also have "... = y"
by (simp add: x x’)
finally have "x ® x’ ® inv x ® x = y".
with xcoset have "y € {x € carrier G. H #> x € A} #> x" by auto

ultimately show ?thesis
by auto
qed
qged auto
with assms show ?thesis
by (metis (full_types) factgroup_subgroup_union_char normal_imp_subgroup)
qed

lemma (in normal) factgroup_subgroup_union_factor:
assumes "subgroup A (G Mod H)"
shows "A = rcosetscqcarrier = Ja) H"
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using assms subgroup.mem_carrier factgroup_subgroup_union_char by (fastforce
simp: RCOSETS_def FactGroup_def)

8 Flattening the type of group carriers

Flattening here means to convert the type of group elements from ’a set to
"a. This is possible whenever the empty set is not an element of the group.
By Jakob von Raumer

definition flatten where
"flatten (G::(’a set, ’b) monoid_scheme) rep = (carrier=(rep
@),
monoid.mult=(\ x y. rep ((the_inv_into (carrier G) rep x) ®¢ (the_inv_into
(carrier G) rep y))),
one=rep 1lg )"

¢ (carrier

lemma flatten_set_group_hom:
assumes group: "group G"
assumes inj: "inj_on rep (carrier G)"
shows "rep € hom G (flatten G rep)"
by (force simp add: hom_def flatten_def inj the_inv_into_f_f)

lemma flatten_set_group:
assumes "group G" "inj_on rep (carrier G)"
shows "group (flatten G rep)"
proof (rule groupIl)
fix xy
assume "x € carrier (flatten G rep)" and "y € carrier (flatten G rep)"
then show "x ®flatten G rep ¥ € carrier (flatten G rep)"
using assms group.surj_const_mult the_inv_into_f_f by (fastforce simp:
flatten_def)
next
show "lfiatten G rep € carrier (flatten G rep)"
unfolding flatten_def by (simp add: assms group.is_monoid)
next
fix xy z
assume "x € carrier (flatten G rep)" "y € carrier (flatten G rep)"
"z € carrier (flatten G rep)"

then show "x ®flatten G rep ¥ ®Oflatten G rep Z = X ®flatten G rep (y

®flatten G rep z)"
by (auto simp: assms flatten_def group.is_monoid monoid.m_assoc monoid.m_closed

the_inv_into_f_f)
next

fix x

assume x: "x € carrier (flatten G rep)"

then show "lfjatten G rep ®flatten G rep X = X"

by (auto simp: assms group.is_monoid the_inv_into_f_f flatten_def)

then have "Jyeccarrier G. rep (y ®¢ z) = rep 1g" if "z € carrier G"

for z
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by (metis <group G> group.l_inv_ex that)
with assms x show "Jy€carrier (flatten G rep). y ®flatten G rep X =
lflatten G rep'I
by (auto simp: flatten_def the_inv_into_f_f)
qed

lemma (in normal) flatten_set_group_mod_inj:
shows "inj_on (AU. SOME g. g € U) (carrier (G Mod H))"
proof (rule inj_onI)
fix UV
assume U: "U € carrier (G Mod H)" and V: "V € carrier (G Mod H)"
then obtain g h where g: "U = H #> g" "g € carrier G" and h: "V =
H #> h" "h € carrier G"
unfolding FactGroup_def RCOSETS_def by auto
hence notempty: "U # {}" "V # {}"
by (metis empty_iff is_subgroup rcos_self)+
assume "(SOME g. g € U) = (SOME g. g € )"
with notempty have "(SOME g. g € U) € U N V"
by (metis IntI ex_in_conv somel)
thus "U = V"
by (metis Int_iff g h is_subgroup repr_independence)
qed

lemma (in normal) flatten_set_group_mod:
shows "group (flatten (G Mod H) (AU. SOME g. g € U))"
by (simp add: factorgroup_is_group flatten_set_group flatten_set_group_mod_inj)

lemma (in normal) flatten_set_group_mod_iso:
shows "(AU. SOME g. g € U) € iso (G Mod H) (flatten (G Mod H) (AU.
SOME g. g € U))"

proof -
have "(A\U. SOME g. g € U) € hom (G Mod H) (flatten (G Mod H) (AU. SOME
g. g€ m)"
using factorgroup_is_group flatten_set_group_hom flatten_set_group_mod_inj
by blast
moreover

have "inj_on (AU. SOME g. g € U) (carrier (G Mod H))"
using flatten_set_group_mod_inj by blast
ultimately show 7?thesis
by (simp add: iso_def bij_betw_def flatten_def)
qed

end
theory Exponent

imports Main "HOL-Computational_Algebra.Primes"
begin
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9 Sylow’s Theorem

The Combinatorial Argument Underlying the First Sylow Theorem

needed in this form to prove Sylow’s theorem

corollary (in algebraic_semidom) div_combine:

"[prime_elem p; - p ~Suc rdvdn; p " (a+r) dvdn * k] = p " a
dvd k"

by (metis add_Suc_right mult.commute prime_elem_power_dvd_cases)

fixes p :: nat
assumes "0 < m" "O < k" "p # 0" "k < p~a"
shows "multiplicity p (p”a * m - k) = multiplicity p (p"a - k)"
proof (rule multiplicity_cong [OF iffI])
fix r
assume *: "p " rdvd p " a *m - k"
show "p " r dvd p ~ a - k"
proof -
have "k < p = a * m" using assms
by (meson nat_dvd_not_less dvd_triv_left lel mult_pos_pos order.strict_trans)
then have "r < a"
by (meson "*" <0 < k> <k < p~a> dvd_diffD1 dvd_triv_left lel less_imp_le_nat
nat_dvd_not_less power_le_dvd)
then have "p~r dvd p~a * m" by (simp add: le_imp_power_dvd)
thus 7thesis
by (meson <k < p ~ a * m> <r < a> * dvd_diffD1 dvd_diff_nat le_imp_power_dvd)
qed
next
fix r
assume *: "p T rdvd p T~ a - k"
with assms have "r < a"
by (metis diff_diff_cancel less_imp_le_nat nat_dvd_not_less nat_le_linear
power_le_dvd zero_less_diff)
show "p " rdvd p ~ a * m - k"
proof -
have "p~r dvd p~a*m"
by (simp add: <r < a> le_imp_power_dvd)
then show 7thesis
by (meson assms * dvd_diffDl1 dvd_diff _nat le_imp_power_dvd less_imp_le_nat
<r < a»)
qed
qed

lemma p_not_div_choose_lemma:
fixes p :: nat
assumes eeq: "Ai. Suc i < K = multiplicity p (Suc i) = multiplicity
p (Suc (j + i)D"
and "k < K" and p: "prime p"
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shows "multiplicity p (j + k choose k) = 0"
using <k < K>
proof (induction k)
case 0 then show 7case by simp
next
case (Suc k)
then have *: "(Suc (j+k) choose Suc k) > 0" by simp
then have "multiplicity p ((Suc (j+k) choose Suc k) * Suc k) = multiplicity
p (Suc K"
by (subst Suc_times_binomial_eq [symmetric], subst prime_elem_multiplicity_mult_distrib
(insert p Suc.prems, simp_all add: eeq [symmetric] Suc.IH)
with p * show 7case
by (subst (asm) prime_elem _multiplicity_mult_distrib) simp_all
qed

The lemma above, with two changes of variables

lemma p_not_div_choose:
assumes "k < K" and "k < n"
and eeq: "Aj. [0<j; j<K] = multiplicity p (n - k + (X - j)) =
multiplicity p (K - j)" "prime p"
shows "multiplicity p (n choose k) = 0"
apply (rule p_not_div_choose_lemma [of K p "n-k" k, simplified assms nat_minus_add_max
max_absorbi])
apply (metis add_Suc_right eeq diff_diff_cancel order_less_imp_le zero_less_Suc
zero_less_diff)
apply (rule Truel)+
done

proposition const_p_fac:
assumes "m>0" and prime: "prime p"
shows "multiplicity p (p~a * m choose p~a) = multiplicity p m"
proof-
from assms have p: "0 < p "~ a" "0 < pTa * m" "pTa < pTa * m"
by (auto simp: prime_gt_O_nat)
have *: "multiplicity p ((p"a * m - 1) choose (p~a - 1)) = O"
apply (rule p_not_div_choose [where K = "p~a"])
have "multiplicity p ((p ~ a * m choose p ~ a) * p ~ a) = a + multiplicity
p mll
proof -
have "(p " a * m choose p " a) *p "a=p " a*mx* (p~ a*m-
1 choose (p ~a - D))"
(is "_ = ?rhs") using prime
by (subst times_binomial_minusil_eq [symmetric]) (auto simp: prime_gt_O_nat)
also from p have "p ~a - Suc 0 < p ~ a * m - Suc 0" by linarith
with prime * p have "multiplicity p ?rhs = multiplicity p (p ~ a
* m)"
by (subst prime_elem_multiplicity_mult_distrib) auto
also have "... = a + multiplicity p m"
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using prime p by (subst prime_elem multiplicity_mult_distrib) simp_all
finally show 7thesis .
qed
then show ?7thesis
using prime p by (subst (asm) prime_elem_multiplicity_mult_distrib)
simp_all
qed

end

theory Sylow
imports Coset Exponent
begin

See also [4].

The combinatorial argument is in theory Exponent.

lemma le_extend_mult: "[0 < c; a < b] = a < b * c"

for ¢ :: nat

by (metis divisors_zero dvd_triv_left lel less_le_trans nat_dvd_not_less
zero_less_iff_neq_zero)

locale sylow = group +
fixes p and a and m and calM and RelM
assumes prime_p: "prime p"
and order_G: "order G = (p~a) * m"
and finite_G[iff]: "finite (carrier G)"
defines "calM = {s. s C carrier G A card s = p~al}"
and "RelM = {(N1, N2). N1 € calM A N2 € calM A (Jg € carrier G.
N1 = N2 # g)}"
begin

lemma RelM_subset: "RelM C calM x calM"
by (auto simp only: RelM_def)

lemma RelM_refl _on: "refl_on calM RelM"
by (auto simp: refl_on_def RelM_def calM_def) (blast intro!: coset_mult_one
[symmetric])

lemma RelM_sym: "sym RelM"
proof (unfold sym_def RelM_def, clarify)
fix y g
assume "y € calM"
and g: "g € carrier G"
then have "y = y #> g #> (inv g)"
by (simp add: coset_mult_assoc calM_def)
then show "Jg’ccarrier G. y =y #> g #> g’"
by (blast intro: g)
qed
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lemma RelM_trans: "trans RelM"
by (auto simp add: trans_def RelM_def calM_def coset_mult_assoc)

lemma RelM_equiv: "equiv calM RelM"
using RelM_subset RelM_refl_on RelM_sym RelM_trans by (intro equivI)

lemma M_subset_calM_prep: "M’ € calM // RelM =— M’ C calM"
unfolding RelM_def by (blast elim!: quotientE)

end

9.1 Main Part of the Proof

locale sylow_central = sylow +
fixes H and M1 and M
assumes M_in_quot: "M € calM // RelM"
and not_dvd_M: "— (p ~ Suc (multiplicity p m) dvd card M)"
and M1_in_M: "M1 € M"
defines "H = {g. g € carrier G A M1 #> g = M1}"
begin

lemma M_subset_calM: "M C calM"
by (rule M_in_quot [THEN M_subset_calM_prep])

lemma card_M1: "card M1 = p~a"
using M1_in_M M_subset_calM calM_def by blast

lemma exists_x_in_M1: "dx. x € M1"

using prime_p [THEN prime_gt_Suc_O_nat] card_M1

by (metis Suc_lessD card_eq O_iff empty_subsetI equalityl gr_implies_notO
nat_zero_less_power_iff subsetI)

lemma M1_subset_G [simp]: "M1 C carrier G"
using M1_in M M_subset_calM calM_def mem_Collect_eq subsetCE by blast

lemma M1_inj H: "df € H—M1. inj_on f H"
proof -
from exists_x_in M1 obtain m1 where miM: "m1 € M1"..
have m1: "m1 € carrier G"
by (simp add: miM M1_subset_G [THEN subsetD])
show 7thesis
proof
show "inj_on (Az€H. ml ® z) H"
by (simp add: H_def inj_on_def ml)
show "restrict ((®) m1) H € H — M1"
proof (rule restrictI)
fix z
assume zH: "z € H"
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show "m1 ® z € M1"
proof -
from zH
have zG: "z € carrier G" and Mizeq: "M1 #> z = M1"
by (auto simp add: H_def)
show ?thesis
by (rule subst [0OF Mlzeq]) (simp add: miM zG rcosI)
qed
qed
qged
qed

end

9.2 Discharging the Assumptions of sylow_central

context sylow
begin

lemma EmptyNotInEquivSet: "{} ¢ calM // RelM"
by (blast elim!: quotientE dest: RelM_equiv [THEN equiv_class_self])

lemma existsM1inM: "M € calM // RelM =— JM1. M1 € M"
using RelM_equiv equiv_Eps_in by blast

lemma zero_less_o_G: "O < order G"
by (simp add: order_def card_gt_O_iff carrier_not_empty)

lemma zero_less_m: "m > 0"
using zero_less_o_G by (simp add: order_G)

lemma card_calM: "card calM = (p~a) * m choose p~a"
by (simp add: calM_def n_subsets order_G [symmetric] order_def)

lemma zer