
Cardinal Numbers and Maps
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Proposition 0.1. Let x, y be sets and f : x ↪→ y and a ⊆ x. Then
|f [a]| = |a|.

Proof. f ↾ a is a bijection between a and f [a]. f [a] is a set. Hence
|a| = |f [a]|.

Proposition 0.2. Let κ be a cardinal and x ⊆ κ. Then |x| ≤ κ.

Proof. Assume |x| > κ. Then κ ⊆ |x|. Take a bijection f between |x| and x.
Then f ↾ κ is an injective map from κ to x. idx is an injective map from x to
κ. Hence x and κ are equinumerous (by cantor_schroeder_bernstein).
Indeed x is a set. Thus |x| = κ. Contradiction.
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Proposition 0.3. Let x, y be sets. Then there exists an injective map
from x to y iff |x| ≤ |y|.

Proof. Case there exists an injective map from x to y. Consider an injective
map f from x to y. Take a bijection g from |x| to x and a bijection h from
y to |y|. Then g is an injective map from |x| to x and h is an injective map
from y to |y|. Hence h◦f is an injective map from x to |y|. Thus (h◦f)◦g
is an injective map from |x| to |y|. Therefore |x| = ||x|| = |((h ◦ f) ◦ g)[|x|]|
(by SET_THEORY_06_2820082336006144, SET_THEORY_06_551385072192
7168). We have ((h ◦ f) ◦ g)[|x|] ⊆ |y|. Hence |x| ≤ |y|. End.
Case |x| ≤ |y|. Take a bijection g from x to |x| and a bijection h from |y|
to y. We have |x| ⊆ |y|. Hence g is an injective map from x to |y|. Take
f = h ◦ g. Then f is an injective map from x to y. Indeed f is injective.
Indeed h is an injective map from |y| to y. End.
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Corollary 0.4. Let x be a set and y ⊆ x. Then |y| ≤ |x|.

Proof. Define f(v) = v for v ∈ y. Then f is an injective map from y to x.
Hence |y| ≤ |x|.
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Corollary 0.5. Let x, y be sets such that |y| < |x|. Then x \ y is
nonempty.

Proof. Assume the contrary. Then x ⊆ y. Hence |x| ≤ |y|. Contradiction.

SET_THEORY_06_192336220913664

Proposition 0.6. Let x, y be nonempty sets. Then there exists a
surjective map from x onto y iff |x| ≥ |y|.

Proof. Case there exists a surjective map from x onto y. Consider a
surjective map f from x onto y. Define g(v) = “choose u ∈ x such that
f(u) = v in u” for v ∈ y. Then g is an injective map from y to x. Indeed
we can show that g is injective. Let v, v′ ∈ y. Assume g(v) = g(v′). Take
u ∈ x such that f(u) = v and g(v) = u. Take u′ ∈ x such that f(u′) = v′

and g(v′) = u′. Then v = f(u) = f(g(v)) = f(g(v′)) = f(u′) = v′. End.
Hence |x| ≥ |y|. End.
Case |x| ≥ |y|. Then we can take an injective map f from y to x. Then
f−1 is a bijection between range(f) and y. Consider an element z of y.
Define

g(u) =

{
f−1(u) : u ∈ range(f)

z : u /∈ range(f)

for u ∈ x. Then g is a surjective map from x onto y. Indeed we can show
that every element of y is a value of g. Let v ∈ y. Then f(v) ∈ range(f).
Hence g(f(v)) = f−1(f(v)) = v. End. End.
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Proposition 0.7. Let x, y be nonempty sets. |x| < |y| iff there exists
an injective map from x to y and there exists no surjective map from
x onto y.

Proof. There exists an injective map from x to y and there exists no
surjective map from x onto y iff |x| ≤ |y| and |x| ≱ |y| (by SET_THEORY_0

6_407116133171200, SET_THEORY_06_192336220913664). |x| ≤ |y| and
|x| ≱ |y| iff |x| ≤ |y| and |x| ≠ |y|. |x| ≤ |y| and |x| ≠ |y| iff |x| < |y|.
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Proposition 0.8. Let x, y be sets and f : x → y and a ⊆ x. Then
|f [a]| ≤ |a|.

Proof. Case a is empty. Obvious.

Case a is nonempty. f ↾ a is a surjective map from a onto f [a]. f [a] is
nonempty. Hence |f [a]| ≤ |a| (by SET_THEORY_06_192336220913664).
Indeed a and f [a] are sets. End.
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