Fuclid’s Division Theorem

Naproche formalization:

Marcel Schiitz
2024

This is a formalization of Euclid’s Division Theorem (within Peano Arithmetic)
which states that for every pair of natural numbers n and m with m # 0 there
exist unique natural numbers ¢ and r such that

n=mq-+r

with 7 < m (cf. [Burton2005]).

Theorem 1 (Euclid’s Division Theorem: Existence). Let n,m be
natural numbers such that m # 0. Then there exist natural numbers ¢, r
such that

n=m-q)+r

and r < m.
Proof. (a) Define ® = {n’ € N | there exist natural numbers ¢, such that
r<mandn =(m-q)+r}

(1) ® contains 0. Proof. Take ¢ = 0 and » = 0. Then r < m and
0= (m-q)+r. Hence 0 € . Qed.

(2) For all n’ € ® we have n’ +1 € ®. Proof. Let n’ € ®.

Let us show that there exist natural numbers ¢, such that » < m and
n'+1 = (m-q) + r. Take natural numbers ¢’,r’ such that ' < m and
n'=(m-q)+r" (bya). Wehave r' +1 <m or ' +1=m.

Case ' +1 <m. Takeq = ¢ +0and r = ' +1. Then r < m and
n+1=((d m)+r)+1=(¢ -m)+ (@' +1)=(¢-m)+r. End.

Case ' +1=m. Takeq=¢' +1and r = 0. Then r < mand n' +1 =
(g m) 7)1 = (g )+ (7 + 1) = (¢ -m) +m = (g -m) + (1 m) =
(¢ +1)-m=(¢-m)+r. End. End.

Hence n’ +1 € ®. Qed.
Then ® contains every natural number (by ARITHMETIC_01_4764664342



773760). Thus there exist natural numbers ¢, r such that n = (m-q) +r
and 7 <m (by a). O

Theorem 2 (Euclid’s Division Theorem: Uniqueness). Let n,m be
natural numbers such that m # 0. Let ¢,r be natural numbers such that

n=m-q)+r
and r < m. Let ¢/, 7' be natural numbers such that
n=(m-q¢)+r

and 7’ <m. Then q=¢ and r = r'.
Proof. We have (m-q)+r=(m-¢)+r'.

Caseq>¢ andr >1'. (1) (m-q)+r)—r" = (m-q)+ (r—r') (by ARITHMET
I1C_05_7578468875239424). (2) ((m-q")+r")—r" = (m-¢")+(r'—r") = m-q’.
Hence (m-q) + (r—r') =m-q'. Thus ((m-q) —(m-¢'))+ (r—1') = 0.
Consequently (m-q) —(m-¢)=0and r—r'=0. If (m-q) — (m-¢) =
then ¢ — ¢’ = 0. Therefore ¢ — ¢’ =0 and r — r’ = 0. Thus we have q = ¢’
and r = /. End.

Case ¢ > ¢ and r < r/. Take ¢" = ¢ — ¢ and " = ' — r. Then
(m- (¢ +4") +7 = (m-q) + (r + 7). We have (m-q) + (r+1") = (m
¢)+(r"+7) = (m-¢)+7)+7. Hence (m-(¢'+q"))+r = (m-¢')++")+7.
Thus m- (¢’ +¢") = (m-¢')+r" (by ARITHMETIC_03_3137702874578944).
We have m-(¢'+¢") = (m-q¢')+(m-q"). Hence (m-q")+(m-q") = (m-q")+r".
Thus m - ¢ = " (by ARITHMETIC_03_8445946379632640). Then we have
m-q¢’ <m-1. Indeed m-q¢’ =7" <r' <m = m-1. Therefore ¢’ < 1
(by ARITHMETIC_06_5048640368279552). Consequently ¢ — ¢’ = ¢’ = 0.
Hence ¢ = ¢’. Thus (m-q) +r = (m-q) +r’. Therefore r = r/. End.

Case ¢ < ¢ and r > r'. Take ¢" = ¢ —q and v/ = r — r’. Then
(m-q)+ (' +7") = (m-(g+q")+7". We have (m-q)+ (' +7") = (m-q)+
(' +17) = ((m-q) + 1) + 1. Hence ((m-q)+)+1/ = (m-(g-+q")) +7"
Thus (m-q)+r" =m-(¢+¢") (by ARITHMETIC_03_3137702874578944).
We have m-(¢+¢") = (m-q)+(m-q"). Hence (m-q)+r" = (m-q)+(m-q").
Thus 7/ = m - ¢’ (by ARITHMETIC_03_8445946379632640). Then we have
m-q’ <m-1. Indeed m ¢’ =7r" <r <m = m-1. Therefore ¢ < 1
(by ARITHMETIC_06_5048640368279552). Consequently ¢' — g = ¢’ = 0.
Hence ¢’ = q. Thus (m-q) +r = (m - q) +r’. Therefore r = r/. End.

Case g < ¢ andr <7v'. (1) (m-¢)+7)—r=(m-¢)+ (" —r) (by
ARITHMETIC_05_7578468875239424). (2) ((m-q)+r)—r = ( «q)+(r—r) =
m-q. Hence (m-¢')+ (r' —r) =m-q. Thus ((m-¢")— (m-q))+ (' — 1)

((m-¢)+ (" =r)) — (m-q) = 0. Consequently (m-¢') — (m-q) =0 and



r'—r=0.1If (m-¢) — (m-q) = 0 then ¢’ — g = 0. Therefore ¢ —¢q =0
and ' —r = 0. Thus we have ¢’ = ¢ and ' = r. End. O
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