Computation Laws for Cartesian Products

Subclass Laws
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Proposition 0.1. Let A, B,C be classes. IF A C B then A x C' C
B xC.

Proof. Assume A C B. Let z € A x C. Take a € A and ¢ € C such that
z = (a,c). Then a € B. Hence (a,c) € B x C. O

FOUNDATIONS_05_4888282951319552

Proposition 0.2. Let A, A’, B, B’ be classes. Assume that A and A’
are nonempty. Then (A x A") C(Bx B')iff AC Band A’ C B'.

Proof. Case (A x A') C (B x B’). Let us show that for all a € A and
all @ € A" we have a € B and o/ € B'. Let a € A and o/ € A’. Then
(a,a’) € A x A’. Hence (a,a') € B x B'. Thus a € B and o’ € B’. End.
End.

Case AC Band A/ C B'. Let x € Ax A’. Takea € A and a’ € A’ such
that £ = (a,a’). Then a € B and o’ € B’. Hence (a,a’) € B x B’. End.
O

Distributivity of Product and Union
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Proposition 0.3. Let A, B, C be classes. Then (AU B) x C = (A x
C)U (B x O).

Proof. Let us show that (AU B) x C) C (Ax C)U (B x (). Let z €
(AUB) x C. Take y € AU B and ¢ € C such that z = (y,c¢). Theny € A
ory € B. If ye Athenx € Ax C and if y € B then z € B x C. Hence
re€AxCorzeBxC. Thusz € (Ax C)U (B x C). End.

Let us show that ((AxC)U(BxC)) C (AUB)xC. Let z € (AxC)U(BxC).
Then € AXxC or x € B x C. Take objects y, ¢ such that z = (y, c). Then
(ye Aory e B)and c € C. Hence y € AUB. Thus z € (AU B) x C.
End. O
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Proposition 0.4. Let A, B, C be classes. Then A x (BUC) = (A x
B)U (A x C).




Proof. Let us show that Ax (BUC) C (AxB)U(AxC). Let x € Ax(BUC).
Take a € A and y € BUC such that x = (a,y). Then y € B or y € C.
Hence x € A x Borx € A x C. Indeed if y € B then x € A x B and if
ye Cthenz € AxC. Thus z € (A x B)U (A x C). End.

Let us show that ((AxB)U(AxC)) C Ax(BUC). Let x € (AxB)U(AXC).
Then x € Ax B or x € Ax C. Take objects a,y such that z = (a,y). Then
a€Aand (y € Borye (). Hence z € A x (BUC). End. O

Distributivity of Product and Intersection
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Proposition 0.5. Let A, B, C be classes. Then (AN B) x C = (A x
C)Nn (B xO).

Proof. Let us show that (ANB) x C) C (AxC)N(B x (). Let z €
(AN B) x C. Take y € AN B and ¢ € C such that x = (y,c¢). Then y € A
andy € B. Hencex € AxCandxz € BxC. Thusz € (AxC)N(BxC(C).
End.

Let us show that ((AxC)N(BxC)) C (ANB)xC. Let z € (AxC)N(Bx(C).
Then z € AxC and x € BxC. Take objects y, z such that x = (y, z). Then
(ye Aand y € B) and z € C. Hence y € ANB. Thus x € (AN B) x C.
End. O
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Proposition 0.6. Let A, B, C be classes. Then A x (BNC) = (A x
B)n (A x C).

Proof. Let us show that Ax (BNC) C (AxB)N(AxC). Let x € Ax(BNC).
Take a € A and b € BN C such that x = (a,b). Then b € B and b € C.
Hence x € Ax Band x € A x C. Thus z € (A x B)N (A x C). End.

Let us show that ((Ax B)N(AxC)) C Ax(BNC). Let x € (AxB)N(AxC).
Then € A x B and « € A x C. Take objects y, z such that z = (y, 2).
Then y € A and (2 € B and z € C). Hence x € A x (BN C). End. O

Distributivity of Product and Complement
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Proposition 0.7. Let A, B,C be classes. Then (A\ B) x C' = (4 x
C)\ (B x C).




Proof. Let us show that ((A\B)xC) C (AxC)\(BxC). Let z € (A\B)xC.
Take a € A\ B and ¢ € C such that z = (a,c). Then a € A and a ¢ B.
Hence z € Ax C and z ¢ B x C. Thus z € (A x C)\ (B x C). End.

Let us show that ((AxC)\(BxC)) C (A\B)xC. Let z € (AxC)\(BxC).
Then z € AxC and z ¢ BxC. Take a € A and ¢ € C such that z = (a, ¢).
Then a ¢ B. Indeed if @ € B then # € B x C. Hence a € A\ B. Thus
x € (A\ B) x C. End. O
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Proposition 0.8. Let A, B,C be classes. Then A x (B\ C) = (4 x
B)\ (A x C).

Proof. Let us show that Ax (B\C) C (AxB)\(AxC). Let z € Ax(B\C).
Take a € A and b € B\ C such that x = (a,b). Then b € B and b ¢ C.
Hence z €¢ Ax Bandz ¢ Ax C. Thus z € (A x B) \ (A x C). End.

Let us show that ((Ax B)\(AxC)) € Ax(B\C). Let x € (AxB)\(AxC).
Then z € A x B and ¢ A x C. Take objects a,b such that z = (a,b).
Thena € Aand (b€ Band b ¢ C). Hence z € A x (B\ C). End. O

Equality Law
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Proposition 0.9. Let A, A’, B, B’ be classes. Assume that A and A’
are nonempty or B and B’ are nonempty. Then (4 x A’) = (B x B’)
if A=Band A’ = B'.

Proof. Case A x A’ = B x B’. Then A and A’ are nonempty iff B and B’
are nonempty.

Let us show that for all a € A and all @’ € A’ we have a € B and a/ € B'.
Let a € Aand a’ € A’. Then (a,a’) € Ax A’. Hence we can take x € Bx B’
such that x = (a,a’). Thus a € B and o’ € B’. End.

Therefore A C B and A’ C B’. Indeed A and A’ are nonempty.

Let us show that for all b € B and all b’ € B’ we have b€ A and V' € A’.
Let b € Band b/ € B’. Then (b,b") € Bx B’. Hence we can take z € Ax A’
such that x = (b,0). Thus (b,0') € A x A’. End.

Therefore B C A and B’ C A’. Indeed B and B’ are nonempty. End.
Case A = B and A’ = B’. Trivial. O

Intersections of Products
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Proposition 0.10. Let A, A’, B, B’ be classes. Then (A x B)N (A’ x
B)Y=(AnA") x (BN B).

Proof. Let us show that ((Ax B)N (A’ x B')) C(ANA") x (BN B’). Let
z € (AxB)N (A x B’). Then x € A x B and z € A’ x B’. Take objects
a,b such that x = (a,b). Then a € A, A’ and b € B, B’. Hence a € AN A’
and be BNB'. Thusz € (ANA’) x (BN B’). End.

Let us show that (AN A) x (BNB') C (Ax B)N (4" x B). Let = €
(ANA")x (BNB'). Take elements a, b such that = (a,b). Thena € ANA’
and b € BN B’. Hence a € A,A’ and b € B,B’. Thus z € A x B and
x € A’ x B'. Therefore z € (A x B)N (A’ x B'). End. O

Unions of Products
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Proposition 0.11. Let A, A’, B, B’ be classes. Then (A x B)U (A4’ x
B)C(AUA) x (BUB).

Proof. Let x € (Ax BYU(A’ x B'). Thenz € AX Bor z € A’ x B’. Take
objects a, b such that = (a,b). Then (a € Aor a € A’) and (b € B or
be B'). Hencea€e AUA" andbe BUB'. Thus z € (AUA’) x (BUB').

O

Complements of Products
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Proposition 0.12. Let A, A’, B, B’ be classes. Then (A x B) \ (A’ x
B) = (Ax (B\ B))U((A\ &) x B).

Proof. Let us show that ((Ax B)\(A’xB’)) C (Ax(B\B'))U((A\A")x B).
Let . € (AxB)\(A'xB’). Thenz € AxBandxz ¢ A'xB’. Takea € A and
b € B such that = (a,b). Then it is wrong that a € A’ and b € B’. Hence
ag Aorb¢ B'. Thusa € A\ A’ or b € B\ B'. Therefore x € Ax (B\B’)
orxz € (A\ A’) x B. Hence we have z € (A x (B\ B"))U ((A\ 4’) x B).
End.

Let us show that (A x (B\ B))U((A\ A’) x B) C (Ax B)\ (A" x B').
Let z € (Ax (B\ B))U ((A\ 4) x B). Then z € (A x (B\ B’)) or
xz € ((A\ A") x B). Take elements a,b such that x = (a,b) (by FOUNDATI
ONS_04_2877806274936832). Then (a € A and b€ B\ B') or (a € A\ A’
and b € B).



Casea € Aand b€ B\ B’. Then a € A and b € B. Hence z € A x B. We
have b ¢ B’. Thus x ¢ A’ x B’. Therefore z € (A x B) \ (A’ x B’). End.

Casea € A\ A" and b€ B. Thena € A and b € B. Hence z € A x B. We
have a ¢ A’. Thus z ¢ A’ X B’. Therefore z € (A x B) \ (A’ x B’). End.
End. O



