Symmetric Difference

Definitions
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Definition 0.1. Let A, B be classes. AAB=(AUB)\ (AN B).

Let the symmetric difference of A and B stand for A A B.
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Proposition 0.2. Let A, B be classes. Then AA B = (A\B)U(B\A).

Proof. Let us show that AAB C (A\B)U(B\A). Let u € AA B. Then
u€ AUB and u ¢ ANB. Hence (u € A or u € B) and not (u € A
and v € B). Thus (u € Aor u € B) and (u ¢ A or u ¢ B). Therefore
if u e Athenu ¢ B. If u € B then u ¢ A. Then we have (u € A and
u ¢ B)or (ue Band u ¢ A). Hence u € A\ B or u € B\ A. Thus
u€e (A\B)U(B\ A). End.

Let us show that (A\ B)U(B\A)) CAAB. Letue (A\B)U(B\ A).
Then (u € Aand u ¢ B) or (u € Band u ¢ A). If u € A and u ¢ B then
ue€ AUBandu ¢ ANB. Ifu € Bandu ¢ A thenu € AUB and u ¢ ANB.
Hence u € AUB and u ¢ ANB. Thusu € (AUB)\ (ANB)=AAB.
End. O

Computation Laws

Commutativity
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Proposition 0.3. Let A, B be classes. Then AA B = B A A.

Proof AANB=(AUB)\(ANB)=(BUA)\(BNA)=BAA. O

Associativity
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Proposition 0.4. Let A, B, C be classes. Then (AAB)AC = AA(BAC).

Proof. Take a class X such that X = (((A\ B)U(B\ A4))\C)U(C\ ((A\
B)U(B\ 4))).

Take a class Y such that Y = (A\((B\C)U(C\B)))U(((B\C)U(C\B))\A).



We have AAB = (A\B)U(B\ A) and BAC = (B\C)U(C\ B). Hence
(AAB)AC =X and ANBAC) =Y.

Let us show that (I) X C Y. Let « € X.

(I1)Casex e ((A\B)U(B\A))\C. Then z ¢ C.

(I 1a) Case x € A\ B. Then ¢ ¢ B\ C and z ¢ C \ B. = € A. Hence
ze A\ ((B\C)U(C\ B)). Thus z € Y. End.

(I 1b) Case z € B\ A. Then z € B\ C. Hence z € (B\ C)U (C \ B).
x¢ A Thus z € (B\C)U(C\ B)) \ A. Therefore z € Y. End. End.

(I2) Casex € C\((A\B)U(B\A)). Thenz € C. x ¢ A\Bandz ¢ B\ A.
Hence not (x € A\ B or x € B\ A). Thus not ((x € A and = ¢ B) or
(x € Band z ¢ A)). Therefore (x ¢ Aor z € B) and (z ¢ B or z € A).

(I 2a) Case x € A. Then z € B. Hence z ¢ (B\ C)U (C\ B). Thus
ze A\ ((B\C)U(C\ B)). Therefore z € Y. End.

(I2b) Casez ¢ A. Thenz ¢ B. Hence x € C\B. Thus z € (B\C)U(C\B).
Therefore z € (B\ C) U (C\ B)) \ A. Then we have z € Y. End. End.
End.

Let us show that (II) Y C X. Let y € Y.

(IT1) Case y € A\ (B\C)U(C\ B)). Theny € A. y ¢ B\ C and
y ¢ C'\ B. Hence not (y € B\ C or y € C'\ B). Thus not ((y € B and
y¢ C)or (yeCandy¢ B)). Therefore (y ¢ Borye C) and (y ¢ C or
y € B).

(IT 1a) Case y € B. Theny € C. y ¢ A\ B and y ¢ B\ A. Hence
y¢ (A\B)U(B\A). Thusy € C\ ((A\B)U(B\ A)). Therefore y € X.
End.

(IT 1b) Case y ¢ B. Theny ¢ C. y € A\ B. Hence y € (A\ B)U (B \ A4).
Thus y € ((A\ B)U (B \ A)) \ C. Therefore y € X. End. End.

(I12) Case y € (B\C)U(C\ B))\ A. Theny ¢ A.

(IT 2a) Case y € B\ C. Theny € B\ A. Hence y € (A\ B) U (B \ 4).
Thus y € ((A\ B)U (B\ A)) \ C. Therefore y € X. End.

(I 2b) Case y € C\ B. Theny € C. y ¢ A\ B and y ¢ B\ A. Hence
y¢ (A\B)U(B\A). Thusy € C\ (A\ B)U(B\ A)). Therefore y € X.
End. End. End. O

Distributivity
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Proposition 0.5. Let A, B,C be classes. Then AN (BAC) = (AN
B)A(ANC).




Proof. AN(BAC) = AN((B\C)U(C\B)) = (AN(B\C))U(AN(C\ B)).
AN(B\C)=(ANB)\(ANC). AN(C\B)=(ANC)\ (AN B).

Hence AN (BAC) = (ANB)\(ANC)U((ANC)\ (ANB)) = (AN
B)A(ANC). O

Miscellaneous Rules
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Proposition 0.6. Let A, B be classes. Then A C B iff AAB =
B\ A.

Proof. Case A C B. Then AUB = B and AN B = A. Hence the thesis.
End.

Case AAB =B\ A. Leta€ A. Then a ¢ B\ A. Hence a ¢ AA B. Thus
a¢ AUBorae ANB. Indeed AAB=(AUB)\(ANB). lfa¢ AUB
then we have a contradiction. Therefore @ € AN B. Then we have the
thesis. End. O
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Proposition 0.7. Let A, B,C be classes. Then AAB=AANC iff B|=
C.

Proof. Case AAB=AAC.
Let us show that B C C. Let b € B.

Case b € A. Then b ¢ AAB. Hence b ¢ AAC. Therefore b € ANC.
Indeed AAC = (AUC)\ (ANC). Hence b € C. End.

Case b¢ A. Thenbe AAB. Indeed b€ AUB and b ¢ AN B. Hence
be AAC. Thusbe AUC and b ¢ ANC. Therefore b€ Aorb e C.
Then we have the thesis. End. End.

Let us show that C C B. Let ¢ € C.

Case c € A. Then ¢ ¢ AAC. Hence ¢ ¢ AA B. Therefore ¢ € AN B.
Indeed ¢ ¢ AU B or ¢ € AN B. Hence ¢ € B. End.

Case c ¢ A. Then c € AAC. Indeed c € AUC and ¢ ¢ AN C. Hence
c€ AAB. Thus c € AUB and ¢ ¢ AN B. Therefore ¢ € A or ¢ € B.
Then we have the thesis. End. End. End. O

FOUNDATIONS_03_4578696040022016

Proposition 0.8. Let A be a class. Then AA A = (.




Proof. AANA=(AUA)\ (ANA)=A\A=0. O
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Proposition 0.9. Let A be a class. Then AA ) = A.

Proof. AAND=(AUD)\ (ANP)=A\0=A. O
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Proposition 0.10. Let A, B be classes. Then A =B iff AAB=
0.

Proof. Case A= B. Then AAB=(AUA)\ (ANA)=A\ A=0. Hence
the thesis. End.

Case AA B = (). Then (AUB)\ (AN B) is empty. Hence every element of
AU B is an element of AN B. Thus for all objects u if u € A or u € B then
u € A and v € B. Therefore every element of A is an element of B. Every
element of B is an element of A. Then we have the thesis. End. O




